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1. The deformation theorem 


Two simplicial complexes, Ko and Ky, are called isomorphic if their respective 
sets of vertices can be so numbered, P; and Q; (¢ = 1, 2, --- ), that Q:, --- Qi, 
is a cell of K; when and only when P;, --- P;,, is a cell of Ao. We will then say 
that the vertices are similarly numbered. 

A complex on a euclidean 2-sphere will be referred to as geodesic if each of its 
1-cells is an are of great circle shorter than a semi-circle and each of its 2-cells is 
a spherical triangle less in area than a hemisphere. Every complex throughout 
this paper will be finite and will be non-singular, in the sense that no two different 
cells of any one complex will have a point in common. 

DEFORMATION THEOREM. Let Ky and K, be a pair of isomorphic geodesic 
complexes on a euclidean 2-sphere, S. Let P; and Q; (i = 1, «++ , n) be the vertices, 
similarly numbered, of Ko and K, respectively. If and only if the isomorphism® 
between Ko and Ky, can be extended into an ortentation-preserving self-homeomor- 
phism of S, it 1s possible to define, for every t (0 S t S 1), a geodesic complex, kK, , 
with vertices P;(t) (i = 1, --+ , n) in such a way that (1) P;(0) = P; and P;(1) = 
Q;(¢ = 1,--- , n) (2) K, and Ko are isomorphic with vertices similarly numbered 
(3) as t increases from 0 to 1, P;(t) traces a continuous curve on S (¢ = 1, +++, 1m). 

The conclusion of this theorem asserts the existence of an isotopic deforma- 
tion of Ky into K, induced by a motion of the vertices, all cells remaining geodesic 
and non-degenerate throughout the motion. The proof of the theorem will 
occupy most of the remaining sections of the paper. Before commencing the 
proof, we state a criterion for the fulfilment of the necessary and sufficient condi- 
tion involved in the theorem. 





' Some of the results of the present paper were included in an abstract entitled The space 
of a variable geodesic complex on a sphere, presented October 25, 1941 to the American Mathe- 
matical Society (Bulletin of the Society, vol. 47, 1941, p. 711). Although the precise struc- 
ture of a space of isomorphic geodesic triangulations of a 2-sphere was there announced, 
the writer has since noted a certain defect, which remains to be corrected, in that part of 
his work. 

* Ernst Steinitz proved a similar theorem for convex polyhedra in euclidean 3-space 
[E. Steinitz and H. Rademacher, Vorlesungen tiber die Theorie der Polyeder, Berlin (1934), 
p. 347]. If a convex polyhedron has only triangular faces, its projection from an inner 
point onto a sphere, S, about the point gives a geodesic triangulation of S. One might 
deduce the present theorem from that of Steinitz by showing (if it be true) that every 
geodesic triangulation of S is obtainable as a central projection of a convex polyhedron. 

* An isomorphism has been defined as a correspondence between vertices, but we use 
the term also for the homeomorphism between Ko and K;, which agrees with the isomorphism 
and is affine on each simplex in terms of geodesic distances. 
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Let 01, o2, 03 be any three different 1-cells of Ao (if such-exist) having a com- 
mon vertex, P;, and let oi, Oey Oe P’; be the respective corresponding cells of 
K,. An ordered set of three 1-cells with a common vertex determines an orien- 
tation of S. 

THEOREM. If Ko (and hence K,) is connected, then a necessary and sufficient 
condition that it be possible to extend the isomorphism between Ko and K, into an 
orientation-preserving self-homeomorphism of S is that, for every possible choice of 
the o’s, the orientation of S determined by (01, o2, o3) agrees with that determined 
by (01, 02, 93). 

This condition was developed in a more general connection by Adkisson and 
MacLane.* The following is a ready extension of the result. 

THEoREM. If K is not connected and K and K’ are isomorphic geodesic com- 
plexes on S, let (Ki, +--+, Ky) and (Ki, tee, K',) denote the respective corre- 
sponding components of K and K’. The given isomorphism can be extended into 
an orientation-preserving self-homeomorphism of S if and only if (1) the condition 
of the preceding theorem holds for each pair K; and K; separately and (2) as i, j 
ranges through all ordered pairs of distinct numbers of the set (1, --- , p), the 
components K ; and K’; are always in regions of S — K; and S — K;,, respectively, 
which correspond under an orientation-preserving extension of the given isomorphism 
as defined for the subcomplexes K; and K;. 


2. Polygonal regions on S 


Let T, with vertices (P;, --- , P,), be a geodesic triangulation of the entire 
sphere S. Let a; (j = 0, 1, 2) denote the total number of j-cells in 7, and let 
vi (« = 1,-+++,a 9 = n) denote the number of 1-cells, hence also the number 
of 2-cells, in the star S(P;). Then it is easily verified that 


(2.1) 2a, = 3a, = , Vi. 

i=l 
The Euler relationship, a — a, + a2: = 2, combined with (2.1), gives the well- 
known identity 


(2.2) 3 (6 — ») = 12, 


several implications of which will enter into our work. For the present, we 
state only the following familiar consequence. 
(A) There exist vertices of T, each of which is incident with fewer than six 2-cells. 
Consider next a region A on S whose boundary, 8, is a non-singular 1-circuit 
made up of geodesic cells. It may be possible to define a geodesic complex cover- 
ing A + 6 and having just one interior vertex. We will denote the set, perhaps 
vacuous, of all possible positions for such an interior vertex by A*, and will 





4. W. Adkisson and Saunders MacLane, Extending maps of plane Peano continua, Duke 
Mathematical Journal, vol. 6 (1940), pp. 216-218. 





ref 


thé 


ani 
tal 
ve 
ori 
if: 
sui 
th 
on 


-_—_ ~*~ 


awe 











DEFORMATIONS OF GEODESIC COMPLEXES 209 


refer to A* as the core of A. It should be recalled that all 1-cells are to be shorter 
than semi-circles and all 2-cells smaller than hemispheres. 

The vertices of 8, cyclically numbered, will be denoted by (R,, R2, ---) 
and the 1-cells by s; = Riis: (¢ = 1, 2, ---), where the subscripts are to be 
taken modulo the number of vertices of 8. The cyclic numbering of these 
vertices determines an orientation of A, hence of the entire sphere S. This 
orientation agrees with the orientation of each of the geodesic 2-cells RR:Ri 4, 
if and only if R is on A*. For each of the values i = 1, 2, --- , the locus of R 
such that RR;Ri41 is a geodesic 2-cell with the required orientation consists of 
the hemisphere, H; , which has s; on its boundary and contains a neighborhood 
on A of the mid-point of s;. Hence A* is the intersection 


(2.3) A* = H,-H2-:- 


(B) Let R; be used to denote not only a vertex of B but also the interior angle of A 
at that vertex. If 8 has fewer than six vertices and if three consecutive angles R; 
are less than x, then A + B is a proper subset of some hemisphere. 

Proor. Suppose the notation such that R,, R2, and Rs; are all less than 7. 
Then the angle R, determines a sector which is the intersection 


(2.4) p2 = Hy-He 


and which has R; and R; on its boundary. We assume 8 has five vertices, since 
the other cases are trivial. Proceeding from R; along ss or from R, along s; , 
we enter the sector po. If s3 and ss; do not leave this sector, then A is a proper 
subset of p.. If one of them, say s;, leaves the sector p2, it cuts therefrom 
a spherical triangle, namely the intersection H,-H2-H; , with R; on its boundary. 
Since 8 is non-singular, ss; can not leave this triangle. Hence Rs; is on H2. 
Also, because s3 is less than a semicircle, Ry must be on H.. Hence A is a proper 
subset of H2, and 8 has in common with the boundary of H2 only the geodesic 
l-cell s.. An appropriate slight rotation carries A + 8 entirely onto H, as re- 
quired. 

Lemma 2.1 If 8 has fewer than six vertices, then A* is a non-vacuous convex 
region. If, in addition, A is not greater in area than a hemisphere, then some 
vertex of B is on the boundary of A*. 

Proor. The convexity of A* will follow from (2.3). We can restrict atten- 
tion to the case where the area of A is at most that of a hemisphere, since the 
contrary case reduces to this one in view of the fact that the cores of Aand S — A 
correspond under the antipodal mapping. We also confine ourselves to the case 
Where 8 has exactly five vertices, for the number of vertices could be increased 
to five by subdivisions if necessary. 

If 4 is at most equal in area to a hemisphere, then A possesses at least one pair 
of non-consecutive angles neither of which exceeds 7. For, otherwise, the region 
S — A, whose area is at least that of a hemisphere, would have three consecutive 
angles less than z in contradiction to result (B). 
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Case 1. No angle of A exceeds r Then A* = A and our lemma follows at 
once. 

Case 2. Just one angle of A exceeds r. The vertex of this angle is easily 
seen to be on the boundary of A*, which is obviously not vacuous. 

CasE 3. Just two angles of A exceed wr, and these angles are consecutive. In 
this case, one can readily verify that the vertex opposite the edge of 8 common 
to these two angles must be on the boundary of A*, and that A* is not vacuous, 

Case 4. Just two angles of A exceed r, and these angles are not consecutive, 
Suppose the numbering is such that the angles R; and R; exceed +. Then the 
hemisphere H; contains R; and R; as interior or boundary points. The inter- 
sections pp = H,-H» and p; = H;-H, are the sectors determined by the interior 
angles of A at R. and R,, respectively. These sectors, since they have s; as 
common edge and both lie on the same side of s; , intersect in a spherical triangle 
(or a sector or a hemisphere) with at least one of the points (R;, R;) on its 
boundary. Now the sector ps = H;-H, has both R; and R; on its boundary. 
Therefore A*, which is the intersection pip2p, , must have either R; or R; on its 
boundary, and the lemma again follows. 

Case 5. Just three angles of A exceed x. This case, with the above, exhausts 
the possibilities. The three angles exceeding 7 cannot be consecutive, since A 
has been shown to have tivo non-consecutive angles which do not exceed rz. 
We will suppose the notation to be such that R,, R., and Rs are all greater 
than z. The sectors ps = H2-H3 and ps = H4-H;, determined by the angles 
R; and R; respectively, meet in a region with R, on its boundary. Our conclu- 
sion will follow if we show that R,is on H;. Now the hemisphere H i=S-Ah, 


contains R; and R; as interior points and has R, and R, on its boundary. If’ 


R; were on A; , then 8 would be entirely on H 1. But A would then contain all 
of H, and part of H}, in contradiction to the fact that it does not exceed a 
hemisphere in area. This completes the proof of Lemma 2.1. 

Lemma 2.2 As 8 varies continuously on S, remaining isomorphic to its original 
position, the region A and its core A* also vary continuously, provided B has fewer 
than six vertices. It is then possible to define a homeomorphism between A* and a 
fixed 2-cell, s) , in such a way that the image of any point on sj varies continuously 
with B. 

Proor. Let sj be the interior of the unit circle about the pole on a plane 
supplied with a polar coordinate system (p, #). The center of sj shall correspond 
to the end-point, C, on A* of the radius of S through the centroid of A*, re- 
garded as a surface in the euclidean 3-space of S. Each radius of sp shall cor- 
respond to a geodesic 1-cell from C to the boundary of A*, and corresponding 
points on these 1-cells shall divide them in the same ratio. Angles at the center 
of sj shall correspond to equal angles at C, with # = 0 corresponding to Ch: 
and with # increasing as the edge s; of 8 is traced from R; to R:. This com- 
pletely specifies a homeomorphism satisfying the lemma. 

Lemma 2.3 Suppose B has fewer than six vertices. Given an arbitrary, bul 
fixed, subset [R] of the vertices of 8, let D be the set of all points on A each of which 








=a , = an on ~~  “-» 
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can be joined to every point of [R] by a geodesic 1-cell entirely on A. Then D is a 
non-vacuous region, star-shaped from every point of the core, A*, of A. 

Proor. If [R] is vacuous, then D = A and the result follows from the defini- 
tion of A*. In any ease, we clearly have D > A*, so that D cannot be vacuous, 
in view of Lemma 2.1. Given any vertex, R;, of 8, let V(R;) denote the set of 
all points on A each of which can be joined to R; by a geodesic 1-cell entirely 
on A. Then D is the intersection of all the regions V(R ;) as R; ranges over the 
set [R]. The above lemma is thus equivalent to the following statement: 
If P is on V(R)) and P* is on A*, then the geodesic 1-cell PP* is on V(R;). We 
may as well take P to be a boundary point of V(R;). The interior of the spheri- 
cal triangle P*PR; is on A; for R;P* and P*P are both on A and R;P is on 
A. Hence every geodesic 1-cell from R; to a point of P*P is on A, and our con- 
clusion is immediate. 

(C) Lemma 2.2 above holds with the region D of Lemma 2.3 replacing A*. 


3. Geodesic representations of complexes 


Lemma 3.1 Let C be any non-singular homogeneously 2-dimensional simplicial 
complex on S, with at least two 2-cells. Suppose C is strongly connected; that is, 
that any two of its 2-cells can be joined by a sequence of 2-cells, in which each con- 
secutive pair have a bounding 1-cell in common. Suppose further that every 1-cell 
with both its vertices on the boundary of C lies entirely on that boundary. Then C 
is isomorphic with some geodesic complex, K, on S, such that S — K consists of 
a finite number of distinct convex regions, with no three boundary vertices on a great 
circle. 

Proor. Our hypotheses imply that C has at least one inner vertex, P. Let 
the star S(P) on C be represented as a star of geodesic cells, So(P), in such a way 
that S — S,(P) is a convex region with no three boundary vertices all on the same 
great circle. This determines the position, as a geodesic cell, of an image for 
every cell of C whose vertices are all on the boundary of S(P). Let these geodesic 
images be added to So(P) to obtain a geodesic mapping, K: , of a subcomplex, 
C,,ofC. This serves as initial step for a recurrent process based on the following 
hypothesis: For some value j > 0, a geodesic complex, K;, has been defined 
isomorphic to a certain subcomplex, C;, of C containing at least j 2-cells. Fur- 
thermore, S — K,;is the sum of a finite number of convex regions, none of which 
has three vertices all on the same great circle. If C; is a proper subcomplex of 
C, there exists a boundary vertex, P’, of C; which is not a boundary vertex of C. 
The typical step of the recurrency commences with the addition to K ; of a geo- 
desic mapping of that part of the star S(P’) which is not on C;. This can easily 
be done so as to preserve the above convexity condition. One then inserts, in 
the positions determined by the mapping, a geodesic image for every cell of 
C — [C;+ S(P’)] with all its vertices on C; + S(P’). This defines K j4:, with 
the required properties. 

Corotiary. Any non-singular simplicial complex, C, on S is isomorphic to 
some non-singular geodesic complex on S. 
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For, C can be regarded as a subcomplex of some triangulation T of the entire 
sphere, and Lemma 3.1 can then be applied to T. 


4. Proof of the deformation theorem 


Lemma 4.1 Let Ko and K, be two geodesic complexes on S which correspond 
under an isomorphism extensible into an orientation-preserving self-homeomorphism 
of S. Then there exist two geodesic complexes, Ty) and T; which cover S, which 
have Ky and K, as respective subcomplexes, and which correspond under an orienta- 
tion-preserving isomorphism agreeing on Ko and K, with the given isomorphism. 

This lemma follows from known properties of 2-dimensional regions. 

(A) As a direct consequence of Lemma 4.1, the proof of the deformation theorem 
in the general case reduces to the proof for a pair of geodesic triangulations, Ty and 
T,, of the entire sphere S. 

The proof for the complexes 7’) and 7; will be by a recurrency. The initial 
step consists in the easy verification of the result in the case where 7) has just 
four vertices. The recurrency is based on the following hypothesis. 

Hyporuesis. For some value n > 4, it is known that the deformation theorem 
holds for geodesic triangulations of S having at most (n — 1) vertices. 

A geodesic complex, K, with vertices (Pi, --- , P,), will be called reducible 
if the two end-points (P;, P;) of some 1-cell can be moved continuously into 
coincidence, all other vertices remaining fixed, in such a way (1) that no cell of 
K becomes degenerate until P; and P; reach coincidence and (2) that when P; 
and P; reach coincidence, the only cells which become degenerate are those with 
both P; and P ; on their boundaries. When P; and P; are thus made to coincide, 
there results a geodesic complex K’ with n — 1 vertices. 

‘Lemma 4.2 Every geodesic complex T which covers S and has at least five vertices 
is reducible. 

Proor. As in §2, we denote by (P;,---, P,) the vertices of T and by ¥; 
(¢ = 1, ---,m) the number of 2-cells in the star S(P;). 

Case 1. There exist two vertices, P; and P;, joined by a 1-cell of T, where 
vitiv; < 10. 

(B) It is always possible, under the hypotheses of this case, further to restrict 
i and j so that the cells on S(P;) + S(P;) will cover a polygonal region, A, whose 
boundary, 8, is a non singular 1-circuit made up of vi + v; — 4 < 6 geodesic 
1-cells. 

To establish (B), we first note that »; = v; = 3 would imply that T has but 
four vertices, contrary to the hypotheses of the present lemma. If »; = 3 oF 
v; = 3, then (B) is automatically fulfilled, but this is not so if »; > 3 and v; > 3. 
If the restriction fails with v; = v; = 4, then S(P;) + S(P,) covers the whole 
sphere, and T is structurally a tetrahedron triangulated by the introduction 
of a vertex in the edge opposite P;P;. If P’ is one of the two vertices incident 
with both P; and P; , then we have merely to let P’ play the role of P; , retaining 
P;, in order to satisfy (B). The only remaining case is, essentially, vi = 4 
v; = 5; this being equivalent to »; = 5, v; = 4. Let the vertices of S(Pi); 
cyclically numbered, be denoted by (P’, P,, P’’, A); and the vertices of S(P;); 
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also cyclically numbered, by (P’, P;, P’”, Bi, Bz). If A coincides with neither 
B, nor By, then (B) is fulfilled. If A = B;, then P’ can be used in place of 
P;, retaining P;, to fulfill (B); and, if A = B,, then P” can similarly be used 
in place of P;. 

Assume restriction (B). We next modify 7' as follows, to obtain a complex, 
T’, with just n — 1 vertices. The cells on S(P;) and S(P;), which cover A, 
are first deleted. The region A is then covered by the star, S(P), of a single 
vertex, where P is any point of the core A* of A, and S(P) is the triangulation of 
A obtained by joining P to the vertices of 8 by geodesic 1-cells. 

We complete the present case of Lemma 4.2 by showing that P; and P; can 
be moved into the common position P in accordance with the definition of 
reducibility. Consider the region D of Lemma 2.3, applied to the A and 8 of 
our present argument, with [R#] denoting those vertices of 8 which are joined to 
P; by 1-cells of T. As P; varies on D, all other vertices of 7’ being fixed, the 
geodesic cells of 7’ determined by P; and points of [R] remain non-degenerate. 
The region, A; , covered by S(P;) in the original position of the vertices varies 
continuously with P;. Hence, by Lemma 2.2, as P; moves continuously on 
D, P; can be made to move continuously so as to remain always on the variable 
core, A; , of A;; all vertices of T other than P; and P; being fixed. The first 
phase of our reduction of T is a motion of P; along a geodesic arc into P [ef. 
Lemma 2.3], while P; varies continuously and stays on A} . The second phase 
is a motion of P; into the position P = P; along a geodesic arc, other vertices 
remaining fixed. It is easily seen that the entire motion satisfies the require- 
ments in the definition of a reducible complex, since (1) P; remains on D and (2) 
P ;remains on the convex region A} until it reaches coincidence with the boundary 
vertex P; = P of Aj. 

Case 2. The condition of Case 1 is not fulfilled. Since 6 — v; cannot exceed 
3, the identity (2.2) implies that at least four of the numbers »; are less than 6. 
If one of these numbers, v;, is less than 5, and if »; < 6 (¢ ¥ j), then the stars 
S(P;) and S(P;) must be distinct, since the condition of Case 1 does not hold. 
If none of the numbers »; is less than five, then, by (2.2), at least twelve of them 
must be equal to five. Hence it is readily seen that, under the present case, 
there must be at least two vertices whose stars are distinct and contain fewer 
than six 2-cells each. One of these, S(P,), must therefore cover a region, A, 
smaller than a hemisphere. The core A* is the locus of all positions to which P ; 
can be moved, the other vertices of 7 remaining fixed, without having any cell 
become degenerate. By Lemma 2.1, some vertex, P;, is on the boundary of 
4*. Hence P; and P; can be moved into coincidence as required by the present 
lemma. 

(C) It remains to prove, on the basis of the above hypothesis, that the deformation 
theorem holds as applied to a pair, Ty and T; , of geodesic triangulations of S, where 
Ty (hence also T;) has just n vertices. 

We work under the same division into cases as in the proof, just completed, of 
Lemma 4.2, 

Case 1. Let (P,,-+--,P,) be the vertices of 7), and let (Qi, --- , Qn) 
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be the vertices of 7, similarly numbered. Then 7» is reducible to a complex 
T, by a motion of P; and P; [see preceding proof for notation] into a common 
position, P;;, on A*, and 7; is reducible to a complex 7. by a motion of Q; and 
Q ; into a position Q., ;. By the hypothesis of the recurrency, Ty can be deformed 
isotopically into 7; as described in the deformation theorem. During this 
deformation, the boundary, 8, of S(P;;) varies continuously. Let A be the 
region covered by S(P;;), and let [R] be the set of vertices of S(P;) on 8 in the 
original complex 7). The corresponding domain D of Lemma 2.3 contains 
P; in its original position. Let §2(C) be applied, and let P; vary during the 
deformation so as to keep a fixed image under a homeomorphism of the sort 
involved in §2(C). When the final position has been reached, let P; be moved 
into Q; along a continuous curve on D [cf Lemma 2.3]. We thus obtain an iso- 
topic deformation, of the sort described in the deformation theorem, carrying 
T, — S(P;) into T; — S(Q;). To extend it to a deformation of To into T; , we 
apply Lemma 2.2 to the varying region A; originally covered by S(P)). 
Throughout the deformation, we let P; retain a fixed image under the homeo- 
morphism of Lemma 2.2. When the deformation is completed, 4; becomes the 
region covered by S(Q;), and both P; and Q; are on the core A; . Hence it 
remains only to move P; along a geodesic 1-cell into coincidence with Q;, as 
permitted by the convexity of Aj [Lemma 2.1]. The deformation theorem is 
thus seen to hold for complexes with n vertices subject to the hypothesis of 
Case 1. 

Case 2. Lemma 4.3 Jf the condition of Case 1 does not hold, there exist three 
vertices (P;,, P;, Pi) no two of whose stars have a 2-cell in common and each of 
whose stars contains fewer than six 2-cells. 

To prove this, suppose first that there are two numbers, v, and v;, which are 
both less than five. Then if », < 6, the three points (P;, P;, Px) satisfy the 
requirements of Lemma 4.3, since the conditions defining Case 1 are not fulfilled. 
If there is just one number, », less than five, then, by equation (2.2), there 
must be at least nine others of the v; equal to five. Among these nine or more, 
we need only select a pair (v;, v) such that S(P;) and S(P,) are distinct, in 
order to satisfy the requirements of our lemma. If none of the »; are less than 
five, then it is easy, from among the twelve or more which must equal five, to 
select three (»;, , vj, vx) so that the stars of (P;,, P;, P,) shall be distinct. 

The isomorphism between 7) and 7) carries Lemma 4.3 over to T;. Atleast 
two of the stars [S(P,), S(P;), S(Px)] and at least two of the stars 
[S(Q;), S(Q;), S(Qx)] must obviously cover regions less in area than a hemisphere. 
Let the notation be selected so that both S(P;,) and S(Q;) have this property. 
Let Ao denote the region covered by S(P;) and let A} be its core. By slight 
displacements, if necessary, arrange that no three boundary vertices of S(P%) 
be on a great circle. Since some boundary vertex, P,, of Ao is on the boundary 
of Ao , by Lemma 2.1, the complex 7’, is veduollile to a complex Ty by a motion 
of P; into P,. Now the complex 7) and the complex 7; have in common the 
subcomplex Ay = To) — S(Pr). Let Bo be the boundary of Ko . 
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Supcase a. It is convenient to divide the remainder of the proof into two 
parts, imposing first a simplifying hypothesis on the structure of Ky, so as to 
bring out the nature of the reasoning. We accordingly suppose that no two 
vertices of By are joined by an inner 1-cell of Ko. Lemma 3.1 then assures the 
existence of a geodesic complex, K, which corresponds to Ky under an orienta- 
tion-preserving isomorphism and has the property that the region A = S — K 
is convex. By introducing geodesic 1-cells joining the boundary vertex of A 
corresponding to P, to the other boundary vertices, we can triangulate A so as 
to extend K into a complex, 7”, isomorphic to 7). It is then possible, by the 
hypothesis of the recurrency, to carry T) into T’ in accordance with the require- 
ments of the deformation theorem. This induces a deformation of Ko into 
K, during which the region Ay varies continuously, so that Lemma 2.2 applies. 
Hence P, can remain on the core Aj and vary continuously throughout the 
deformation. By the definition of a core _ (82), this means that the original 
complex 7) can be deformed isotopically into a complex 7’ which has K for a 
subcomplex. In similar fashion, 7; can also be deformed into a complex 7* 
which has K for a subcomplex. But 7 and 7™ are then identical save for their 
respective vertices corresponding to P,. These, however, can be moved into 
coincidence along the geodesic arc joining them, since the core of the region A 
is convex [Lemma 2.1]. This completes a deformation of 7) and 7; into a 
common position and thus completes a proof of the deformation theorem under 
the present restriction on the structure of Ko. 

Suscase b. Suppose, finally, that there exist vertices of 8) joined by inner 
l-cells of Ko. The complex 7 results from Ky when the region Ao = S — Ko, 
bounded by §p , is geodesically triangulated by 1-cells from P, to the other vertices 
of 8). Hence the following statement. 

(D) The vertex P, is not joined by any inner 1-cell of Ko to any other vertex of Bo . 

Among the 1-circuits of Ky having all their vertices on {po , let 8o be the one with 
the fewest cells. Then 6% is obtainable by replacing certain cells of 6) by inner 
I-cells of Ko which join non-consecutive vertices of By). Let Ao be the region on 
S bounded by 8) and containing Ap ; and let Ko be the subcomplex of Ko consist- 
ing of all the cells thereof on the region S — Ai. Then if Ko possesses more 
than one 2-cell, the hypotheses of Lemma 3.1, read for C = Ko are satisfied. 
Hence there exists a geodesic complex, K’, corresponding to Ko under anorienta- 
tion-preserving isomorphism and having the property that the region 
4’= S — K’isconvex. If K’ possesses just one 2-cell, then A’ = S — K’ is the 
region complementary to a closed geodesic 2-cell. 

(E) In either case, by appropriately filling in part of the region A’, we can extend 
K’ into an isomorphic image, K, of Ko = Ty — S(Px). This filling in can be done 
so that, if A = S — K, then A can be geodesically triangulated by 1-cells from the 
vertex corresponding to P, . 

To establish (E), let it first be noted that the image of P, cannot, in view of 
result (D), be incident with any bounding 1-cell of A’ which is not also a bounding 
l-cell of A. The result (E) can then be readily verified by an adaptation of the 
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proof of Lemma 3.1. In carrying through the details, one should first insert 
the bounding 1-cells of A not on K’ in such a way as to assure the required 
triangulability of A. 

In subease a, the only purpose in making A convex was to assure the possi- 
bility of geodesically triangulating it by 1-cells from the vertex corresponding 
to P,. In the present subease, this possibility is assured by (E). The proof 
can now be completed, with slight modifications, as in subease a. 

This terminates the typical step of our recurrent process and thus completes 
an establishment of the deformation theorem on the sphere. 


5. Deformations of plane rectilinear complexes 


DEFORMATION THEOREM. Let Ko and K, be a pair of finite isomorphic recti- 
linear complexes on a bounded region of a euclidean plane, E. Then if and only if 
the isomorphism between Ko and K, can be extended into an ortentation-preserving 
self-homeomorphism of E, there exists an isotopic deformation of Ko into K; induced 
by a motion of the vertices into their respective images, all cells remaining rectilinear 
and non-degenerate throughout the motion. 

Proor. For the most part, the proof of the present deformation theorem 
consists in reading §§2, 3, and 4, replacing (1) S by E (2) ‘‘geodesic” by “recti- 
linear” (3) “hemisphere” by “half-plane.” Certain simplifications result from 
the fact that in the present case no difficulties arise analogous to those which 
result when certain regions on the sphere are not proper subsets of a hemisphere. 
We outline the principal changes other than the replacements (1), (2), and (3) 
just listed. 

We temporarily postpone consideration of §2. In the rectilinear form of 
Lemma 3.1, the unbounded component of E — K cannot be convex. We can 
however require that the outer boundary of K be a convex polygon and that all 
~ bounded components of S — K be convex, no three boundary vertices being collin- 
ear. The recurrent proof can then commence with any isomorphic mapping 
of the outer boundary of C onto a convex polygon and the introduction of sim- 
plexes corresponding to those inner cells of C whose vertices are all on the outer 
boundary of C. 

The statement of Lemma 4.1 can be changed by letting the complexes 7 and 
T; be rectilinear simplicial subdivisions of a pair of triangles, P;P2P3 and Q,Q:Q; 
respectively, and it can be required that TJ) and T; not subdivide the edges of 
the triangles. Then we can move P;P>P; into coincidence with Q:Q.Q; , keeping 
fixed the barycentric coordinates of each vertex of Ty relative to the moving 
triangle. This leads to the following replacement of §4(A). 

(A) The proof of our deformation theorem on the plane in the general case reduces 
to the proof for a pair of rectilinear triangulations, T, and T, , of a fixed triangular 
region, P\P2P;, where Ty) and T are isomorphic with P; self-corresponding (i = 
1, 2, 3), and where all vertices save (P;, P2, Ps) are inner vertices. The vertices 
(Pi, Pe, Ps) can be kept fixed throughout the required deformation. 

In place of Lemma 4.2, we have the following. 
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Lemma 5.1. A rectilinear triangulation, T, of P:P2P3 with no boundary vertices 
save (P; , Pz , P3) is always reducible, except in the trivial case where T has no inner 
vertices. 

In proving this result, we can use identity (2, 2), provided we count the region 
E — Tasa2-simplex incident with P;, P:, and P;. We immediately deduce the 
existence of a star S(P;) (j > 3) for which v; < 6. The last three sentences in 
the proof of Lemma 4.2 will then complete the present argument; since Lemma 
2.1, with a simplified statement and proof, holds in the planar case. In Lemmas 
2.1 and 4.2, the spherical case is relatively complicated by the possibility of some 
of the regions A not being proper subsets of hemispheres, even when they are 
smaller in area than hemispheres. The planar form of Lemma 2.1 could be 
obtained from the spherical by a central projection of a hemisphere onto a tan- 
gent plane. Case 5 in the proof of Lemma 2.1 cannot occur on the plane. 

The planar forms of Lemmas 2.2, 2.3, and of §2(C) all hold, and they can be 
proved by arguments precisely analogous to those used in the spherical case. 

It remains to consider the recurrent process establishing the deformation 
theorem and commencing just after §4(A). In the present proof, the initial step 
deals with the trivial case where 7 has no inner vertices [cf §5(A)]. The re- 
current hypothesis should now be read with n > 3 in place of n > 4. The 
general step, commencing with §4(C), is directly adaptable to the rectilinear 
case. A considerable simplification results from the fact that nothing analogous 
to Lemma 4.3 is needed, because Lemma 4.3 merely assured the possibility of 
choosing h so that S(P;,) and S(Q,) would each be less in area than a hemisphere. 


QuEENS CoLLEGE, New York. 
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In this note, the writer completes the establishment of the following result. 

Tueorem. Jf M is a triangulable m-manifold, m < 4, then there exists an 
analytic Riemannian manifold homeomorphic to M. 

Since every analytic, indeed every differentiable, manifold is known to be 
triangulable,” this theorem permits us to say that the classes of triangulable 
m-manifolds and of analytic Riemannian manifolds are topologically equivalent 
(m S 4) in the sense that an arbitrary member of either class can be mapped 
topologically on some member of the other class. 

A topological equivalence theorem for two classes of manifolds, or other ob- 
jects, one of which has a more restricted definition than the other, is of obvious 
potential usefulness, for it may carry over to the less restricted class certain 
results previously proved for the more restricted. For an example, note the 
application below of a topological equivalence theorem due to Whitehead. 

In an earlier paper,’ the writer obtained sufficient conditions for the possibility 
of introducing an analytic Riemannian geometry on a topological manifold of 
any dimensionality [H, Theorems I and V]. For the case of a triangulable m- 
manifold, m S 3, the fulfillment of these conditions is there verified [H, Theorem 
III and §11]. For the case of a 4-dimensional Brouwer manifold, the problem of 
verifying these conditions is reduced to a certain deformation problem [H, 
p. 808] pertaining to geodesic triangulations of a 2-sphere. The writer has since 
generalized and solved this problem. Hence the present theorem is justified 
with the restriction, in the case m = 4, that M have a Brouwer triangulation. 
This restriction, however, can be removed, as a consequence of a recent theorem 
due to Whitehead.” Although non-Brouwer triangulated manifolds had been 
shown to exist,” Whitehead proved that every triangulated manifold can be 





1 Presented in part to the American Mathematical Society, October 25, 1941, under the 
title Topological mapping of a Brouwer 4-manifold on an analytic Riemannian 4-manifold 
(Bulletin of the Society, vol. 47, 1941, p. 711). 

28.8. Cairns, Triangulation of the menifell of class one, Bulletin of the American Mathe- 
matical Society, vol. 41 (1935), pp. 549-552. 

3S. S. Cairns, Homeomorphisms between topological manifolds and analytic Riemannian 
manifolds, these Annals, vol. 41 (1940), pp. 796-808. This paper is hereafter referred to as H. 

‘ Isotopic deformations of geodesic complexes on the 2-sphere and on the plane, these Annals, 
immediately preceding the present article. 

5 J. H. C. Whitehead, Note on manifolds, Quarterly Journal of Mathematics, Oxford 
series, 12 (1941), pp. 26-29. 

°S. S. Cairns, Triangulated manifolds which are not Brouwer manifolds, these Annals, 
vol. 41 (1940), pp. 792-795. This reference also contains definitions of all the types of 
manifolds involved in the present discussion. In the terminology there used, we note that 
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subdivided into a Brouwer manifold. Hence statement (A) at the end of refer- 
ence H holds for all triangulable manifolds, and the argument is complete, in 
view of the solution of the deformation problem.‘ 


QurENs COLLEGE, New YorK. 





Whitehead’s theorem establishes the topological equivalence of triangulable, star, and 
Brouwer manifolds, reducing the writer’s hierarchy of five classes of manifolds to topologi- 
cal, triangulable (~ star ~ Brouwer) and differentiable (~ analytic = analytic Rieman- 
nian), where ~ indicates topological equivalence. ll the classes are known to be equiva- 
lent for dimensions less than three, and the triangulable are now known to be equivalent 
to the differentiable for dimensions less than five. 
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1. Introduction 


Let f be a regular mapping (see the definitions below) of the simple closed 
curve M’ into the plane E”. The resulting curve C = f(M) may cut itself a 
number of times; if this number is finite, and the “‘positive” and ‘“‘negative” 
self-intersections are distinguished, the algebraic number J; of them is invariant 
under “regular deformations,” which keep the mapping always regular.’ We 
may determine J; by considering the space & of ordered pairs of points of M’, 
mapping it into EZ” in a manner determined by f (see below), and counting the 
coverings of the origin. The object of this paper is to study the situation in n 
dimensions, for regular mappings of a manifold M" into E*". The main theorem 
(which is trivial for n = 1 and well known for n = 2) is that M” may be imbedded 
in EF". 

An outline of the paper follows. Take E” C E’". It is shown how E” may 
be distorted near the origin, giving a mapping f(E”) C E’” such that there is 
just one self-intersection ; specific equations (2.2) for fare given. By introducing 
such self-intersections into the mapping f of a manifold M" into E’", we may 
alter J; as we please. As in the case n = 1, we express J; in terms of a mapping 
F of Tinto V*" = all vectors in E”", provided that n is even and M is orientable. 
In any other case, J; is only determined mod 2; we must identify (p, q) with (q, p) 
in I (p, ge M), forming a space T*, and let F* map it into V*, formed from V 
by identifying each vector with its negative. The determination of the “di- 
vided degree’”’ needed is accomplished through a study of “locally derivable” 
mappings F* of spaces into V*; these are obtainable, locally, as the projection 
into V* of mappings into V. We carry this theory somewhat further (in §§5, 6) 
than is needed in the present paper; the notions are capable of great generaliza- 
tion. 

After the proof of the invariance of J; under regular deformations comes the 
key theorem (Theorem 4) in the proof of the imbedding theorem; it says essen- 
tially that the number of self-intersections may be reduced by two, if the number 
present is greater than | J; | (or is 2 2, if J; is taken mod 2). It is a curious fact 
that this theorem is proved only in the case n = 3. The proof of the imbedding 
theorem is now immediate if / is closed, and is easily carried out if M is open. 
In an appendix, we prove that the complex projective plane (a manifold of di- 





* Presented to the American Mathematical Society, Sept. 9, 1942. The numbers in 
brackets refer to the bibliography at the end‘of the following paper. 

See [2]. It is shown further there that if I;, = I;, , then there is a regular deformation 
of fo into fi. It would be interesting to know if there is such a theorem in n dimensions. 
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mension 4) may be imbedded in E’; since’ its characteristic is odd, it cannot be 
imbedded in E*. 

We give a brief description of T and F. The set of all pairs (p, u), pe M, ua 
unit vector tangent to M at p, is the ‘“‘tangent space’ S of M. The space T 
consists of S, and all pairs (p, g), p ¥ q (p, qe M); if ¢g — pin the direction of a 
unit vector u at p, we let (p, g) — (p, u). Thus T is bounded by S. F maps 
(p, q) into a multiple of f(g) — f (p), so chosen that S is mapped into vectors ~ 0. 

Norations. A mapping of a manifold M" is smooth if it is of class C’ (has 
continuous first partial derivatives). It is regular if the Jacobian matrix is 
everywhere of rank n, or, n independent vectors at any point are carried into n 
independent vectors, or, each non-zero vector is carried into a non-zero vector. 
It is an imbedding if it is proper (see §24 of the following paper; we may omit this 
if M is closed) and regular, and is one-one; it is an immersion if it is proper and 
regular. Let J denote the unit interval 0 S x < 1. We use @ for boundary 
in both the point set and combinatorial sense. If f maps chains in the complex 
K into chains in K’, its dual f’ is defined by 


(> ao; = py Q; a0; , where flo) = p» Qj o; « 


Scalar products are defined by (} aio7)-(>>Bio3) = DoaiB;. A subscript 2 
commonly denotes reducing mod 2. 


I. COMBINATORIAL STUDY OF SELF-INTERSECTIONS 


2. A particular self-intersection 


We shall define a regular mapping f of class C™ of the interior Q” of the unit 
sphere in E" into EZ" such that there is just one self-intersection, and so that f 
equals the identity, with all derivatives, on the boundary of Q”. 

Derinitions. Let f be a regular mapping of M" into E*". Then for each 
pe M, there is a plane 7;(p) in E*" tangent to f(M) at f(p), of dimension n. 
Suppose f(p:) = f(pe). We say this point is a regular self-intersection if T ;(p:) 
and T';(p2) have only f(p:) in common. Then if wm, ---,U,and, +--+ ,v, are 
sets of independent vectors in M at p; and at ps respectively, f carries these into 
a set of independent vectors in E*” (for definitions, see (4.1) and (4.2)). Con- 
versely, with two such sets of vectors, the self-intersection is regular. If f has 
only regular self-intersections, and there are no triple points f(p) = f(qg) = f(r), 
we say f is completely regular. See also the end of §4. 

For n = 1, a curve with one loop, like the written letter e, gives the required 
self-intersection. Such a mapping of x-space into (y, z)-space may be expressed 
in the form 


2x 1 
wall yee ite FC it+e 


*H. Seifert, Algebraische Approximationen von Mannigfaltigkeiten, Math. Zeitschrift, 
vol. 41 (1936), pp. 1-17, Satz 2; compare E. Stiefel, Richtungsfelder und Fernparallelismus 
7 n-dimensionalen Mannigfaltigkeiten, Comp. Math. Helvetici, vol. 8 (1936), Anhang IT; 
also [3]. 
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1. Introduction 


Let f be a regular mapping (see the definitions below) of the simple closed 
curve M’ into the plane E’. The resulting curve C = f(M) may cut itself a 
number of times; if this number is finite, and the “‘positive” and ‘‘negative” 
self-intersections are distinguished, the algebraic number J, of them is invariant 
under “regular deformations,” which keep the mapping always regular.’ We 
may determine J; by considering the space & of ordered pairs of points of M’, 
mapping it into EZ” in a manner determined by f (see below), and counting the 
coverings of the origin. The object of this paper is to study the situation in n 
dimensions, for regular mappings of a manifold M" into E*". The main theorem 
(which is trivial for n = 1 and well known for n = 2) is that /" may be imbedded 
in E’", 

An outline of the paper follows. Take E" C E’". It is shown how E" may 
be distorted near the origin, giving a mapping f(E”) C E”” such that there is 
just one self-intersection ; specific equations (2.2) for f are given. By introducing 
such self-intersections into the mapping f of a manifold M” into E’", we may 
alter I; as we please. As in the case n = 1, we express J; in terms of a mapping 
F of Tinto V*" = all vectors in E*", provided that n is even and M is orientable. 
In any other case, J; is only determined mod 2; we must identify (p, q) with (q, p) 
in T (p, qe M), forming a space Z*, and let F* map it into V*, formed from V 
by identifying each vector with its negative. The determination of the “di- 
vided degree’ needed is accomplished through a study of “‘locally derivable” 
mappings F* of spaces into V*; these are obtainable, locally, as the projection 
into V* of mappings into V. We carry this theory somewhat further (in §§5, 6) 
than is needed in the present paper; the notions are capable of great generaliza- 
tion. 

After the proof of the invariance of J; under regular deformations comes the 
key theorem (Theorem 4) in the proof of the imbedding theorem; it says essen- 
tially that the number of self-intersections may be reduced by two, if the number 
present is greater than | J; | (or is = 2, if J; is taken mod 2). It is a curious fact 
that this theorem is proved only in the case n = 3. The proof of the imbedding 
theorem is now immediate if MW is closed, and is easily carried out if M is open. 
In an appendix, we prove that the complex projective plane (a manifold of di- 





* Presented to the American Mathematical Society, Sept. 9, 1942. The numbers in 
brackets refer to the bibliography at the end ‘of the following paper. 

1 See [2]. It is shown further there that if Jy, = I;, , then there is a regular deformation 
of fo into fi. It would be interesting to know if there is such a theorem in n dimensions. 
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° . 7 . 2. ° . . . 
mension 4) may be imbedded in E’; since’ its characteristic is odd, it cannot be 


imbedded in E*. 

We give a brief description of T and F. The set of all pairs (p, u), pe M, ua 
unit vector tangent to M at p, is the “tangent space” S of M. The space T 
consists of GS, and all pairs (p, g), p ¥ q (p, qe M); if g — pin the direction of a 
unit vector u at p, we let (p, g) — (p, u). Thus T is bounded by S. F maps 
(p, q) into a multiple of f (q) — f(p), so chosen that S is mapped into vectors ¥ 0. 

Norations. A mapping of a manifold M" is smooth if it is of class C’ (has 
continuous first partial derivatives). It is regular if the Jacobian matrix is 
everywhere of rank n, or, n independent vectors at any point are carried into n 
independent vectors, or, each non-zero vector is carried into a non-zero vector. 
It is an imbedding if it is proper (see §24 of the following paper; we may omit this 
if M is closed) and regular, and is one-one; it is an immersion if it is proper and 
regular. Let J denote the unit interval O S x < 1. We use @ for boundary 
in both the point set and combinatorial sense. If f maps chains in the complex 
K into chains in K’, its dual f’ is defined by 


ye a; 10%) = dai Q;ajo;, Where flo) = pe Qj 0; « 


Scalar products are defined by ()-aioi)-(>08i03) = Tai. A subscript 2 
commonly denotes reducing mod 2. 


I. COMBINATORIAL STUDY OF SELF-INTERSECTIONS 


2. A particular self-intersection 


We shall define a regular mapping f of class C~ of the interior Q” of the unit 
sphere in E" into E°" such that there is just one self-intersection, and so that f 
equals the identity, with all derivatives, on the boundary of Q”. 

Derinitions. Let f be a regular mapping of M" into EZ’. Then for each 
peM, there is a plane 7,,(p) in E’” tangent to f(M) at f(p), of dimension n. 
Suppose f(p:) = f(pe). We say this point is a regular self-intersection if T;(p:) 
and T;(p2) have only f(p:) in common. Then if m,---, uv, and, --- ,v, are 
sets of independent vectors in M at p; and at pe respectively, f carries these into 
a set of independent vectors in E°" (for definitions, see (4.1) and (4.2)). Con- 
versely, with two such sets of vectors, the self-intersection is regular. If f has 
only regular self-intersections, and there are no triple points f(p) = f(q) = f(r), 
Wwe say f is completely regular. See also the end of §4. 

For n = 1, a curve with one loop, like the written letter e, gives the required 
self-intersection. Such a mapping of z-space into (y, z)-space may be expressed 
in the form 
2x pom 1 

ee: 1 + 2°’ i+ 

7H. Seifert, Algebraische Approximationen von Mannigfaltigkeiten, Math. Zeitschrift, 

Vol. 41 (1936), pp. 1-17, Satz 2; compare E. Stiefel, Richtungsfelder und Fernparallelismus 


- n-dimensionalen Mannigfaltigkeiten, Comp. Math. Helvetici, vol. 8 (1936), Anhang IT; 
also [3]. 
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For c = + 10 say, these are approximately y = x, z = 0; hence we may flatten 
out f(M) near z = + 10, to obtain exactly these equations there. For general n, 
the example will again be of a mapping near the identity for large values of the 
z’s, and we shall not trouble to mention the final alterations necessary. (The 
detailed proof may be given with the help of Lemma 11 of the following paper.) 

Consider E‘ as given by moving an E’ parallel to itself in the ys-direction. 
Take E? C E® c E’, and take the above f(M’) C E’. As E* moves, say with 
increasing ye , let the two parts of f(M") near the self-intersection be pulled apart, 
into opposite sides of E” in E*. As y2 continues to increase, the curve may be 
flattened out into the line parallel to the y-axis. If we let y. decrease from 0, 
we pull the two parts of f(J/') away in the opposite directions, etc. This clearly 
defines a self-intersection of the required type. The case n = 2 in (2.2) is easily 
seen to define this mapping. 

For general n, the equations are’ 


(1 +21) +++ (1 +25); 


u= 
2x ; 
(2.2) n=a-—, Yi = % (i = 2, -+-,n), 
1 12; ; 
Yntl = -; Yau = (¢ = 2, ---,n). 


U 


The matrix of partial derivatives, for example for n = 3, is, transposed, 























, 204-2) 9 9 _—2 m(l— si) m(1 — 21) 
u(1 + 23) u(l + xj) u(l + zi) u(l + 23) 
ek 1 0 — 2x2 a(1 — 23) —2aix223 
u(l + 23) w(l +23) u(l + 23) u(l + 23) 
| 4mi%s gy — 223 —2x%2%3 «(1 — - 23) 
| u(L + 2%) u(l + 23) w(l + 23) u(l + 29) 
To show that f is regular, we must find, for each p = (21, --- , 2n), a determi- 


nant of order n which is ¥ 0. It is clearly sufficient to find an element # 0 in 
the first row. Suppose the element dy,4:/8x%,; (= dys/82%,) is 0. Then x = 0, 
and hence dy:/d%, = 1 — 2/u. If this is 0, then u = 2; hence not all the z; are 0, 
and (since 2; = 0) some dy,4;/0a, is ¥ 0. 

Next we find the self-intersections. Suppose 


f(ti, +++, 2m) =f(ti, ---, 24), (a1, +++, an) ¥ (B11, °°* 5 En) 
Since y; = yi (o = 2,---,n),z; =2;fori>1. Since Ynst = Yugi, Ul = U; 
it follows that x," = z{; hence 7, = — 2; ~ 0. Since Y nti = Yanai (¢ > 1), 2 = 





* The equations are seen to be closely related to those defining the singularity (3.3) of 
the following paper. It would be possible to define the required self-intersections and 
singularities in turn, mapping E' into E?, E? into E3, E? into E‘, E* into E5, ete., using each 
time the preceding mapping. 
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0 (i > 1). Since yi =, 


2. ‘ 
ee oe u=1l+23 =2, 
u U 


and z; = +1. Thus the only self-intersection is 
f(1, 0, s)he , 0) = f(-—1,0, soe , @). 


To show that this is a regular intersection, we note that the matrix || dy;/ 
az; || transposed, at (+ 1, 0, --- , 0), is (for instance for n = 3) 


l1 00 7% O 0 
‘er See ae ce 
001 0 O +} 


The elements of the i“ row are the components of the vector af/ax; at (+1, 
0,--- 0). The two matrices with the two sets of signs give a 2n-rowed square 
matrix whose determinant we must prove ~ 0. If we subtract the 7 row from 
the (n, + 7)“ row and expand in terms of the first n columns, we obtain a deter- 
minant with diagonal terms equal to 1 or —1, and zeros below the diagonal; 
hence it is #0. 

Finally, in the boundary of the region >. x; < 100n for example, the equations 
are practically 


¥i =a =1,---,n), y¥i=O0%>n); 
hence we may flatten out the mapping on the boundary. 


3. The spaces T and T* 


Consider M" as lying in E*"** (see [1], Theorem 1). The points of S are the 
pairs (p, v), pe M,v a unit vector tangent to M at p. The points of T — S are 
the pairs (p, qg), g * p. We define neighborhoods in T — © in the obvious 
fashion. To define neighborhoods in & at points of S, we first define a subsidiary 
space T’ as follows. Choose a positive continuous function »(p) (which may be 
made constant if M is compact) such that for each pe M and sphere S(p) of 
radius n(p) in the tangent plane T'(p) to M at p, S(p) plus interior projects (along 
the planes perpendicular to T(p)) onto M in a one-one way. Let 7, be this 
projection. The points of X’ are the triples (p, v, A), p ¢ M, v is a unit vector 
tangent to M at p, and 0 <= dX < n(p). The definition of neighborhoods in I’ 
is clear. We map &’ onto a portion of T by setting 


&(p, Vv; 0) = (p, v) € S, 
®(p,v, \) = (p, r(p + w)) eT —S (A > 0). 


Neighborhoods in I’ map into neighborhoods in T. 

If M is a manifold of class C’, T is a manifold with boundary, of class C"™’. 
Clearly the choice of the imbedding of M” in E’”** does not affect the definition 
of I, but only the particular neighborhoods chosen. 
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The space S* is formed from © by identifying ‘‘opposite points” (p, v) and 
(p, — v). The space E* is formed from T by the above identification, and also 
the identification (p, q) = (q, p). 

Lemma 1. T is orientable if and only if M is. 

Let C be a closed curve in T — © running through (p,q). Let w,---,u, 
and v;, -++ , Un be independent sets of vectors in M at p and at q respectively. 
Then keeping q fixed and letting p move in the direction of u; defines a vector 
a; in T; similarly 0; is defined, with p fixed. Now the ordered set 


(3.1) (ty, -+* Gn, 1, °°* , Dn) 


defines an orientation of T near (p, gq). As we follow around C, the points p 
and gq move along closed paths C; and C, in M. 

Suppose first that 1 is orientable. Then we may carry the vectors of each 
set around so that they come back to the same vectors, showing that T — © is 
orientable. Now take any closed path in T. Clearly any points on © may be 
pushed away from © (replace \ = 0 by A > Oin ZT’). Applying the above proof 
shows that T is orientable. 

If M is non-orientable, let C; be a closed curve in M reversing the orientation. 
Then n > 1, so that we may choose a point gnot on C;. As pruns around (;, 
(p, q) runs arouhd a curve C in fT, which clearly reverses the orientation in T. 

Lemma 2. If n is even and M is orientable, T* is orientable; otherwise, I* is 
non-orientable. 

As before, we need only consider T* — S*. 

If M is not orientable, the proof above shows that T* is not. Now take VM 
orientable. 

Suppose n > 1 is odd. Let o” be a cell in M, represented with coordinates 
Yi,°*+,2%n. Let e; be the unit vector parallel to the z,-axis in E”; this maps 
into a vector u;(p) at p for each peo. Let C bea simple closed curve in o, and 
let p and q be distinct points of C. Then (wm(p), --- , w(q), --~) defines an 
orientation of T* at (p,q). Now move p and gq along the two ares of C into 4 
and p respectively; these vectors are carried into u:(q), --- , w(p), «+ respec- 
tively. Thus a permutation of the vectors is defined, formed by n° transposi- 
tions; n’ is odd. Since (q, p) = (p, q), we have defined a closed curve in &* re- 
versing the orientation. Note that if n is even, then C preserves the orientation. 
If n = 1, essentially the same proof applies, with C = M. 

Suppose finally that M is orientable and n is even. Let C* be any closed 
curve in T* — S*. Take (p, q) = (q, p) in C*. As we run around (%, the 
points p, g separately may be followed in 4, and thus (p, g) may be followed in 
~. If (p, q) comes back into (p, q) in T, the proof in the last lemma shows that 
the orientation is unchanged. If (p, g) comes back into (g, p) in &, let C be a 
simple closed curve in M containing p and q, and as in the proof just above, carry 
p and q into q and p respectively in o”, forming a curve D* in T*. We just saw 





‘ This follows also at once from the fact that IT — @ is part of the cartesian product 
M X M. We shall need later the vectors defined here. 
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that C* followed by D* does not reverse the orientation, and we noted above 
that D* does not either; hence C* does not. 

Derinition. If T or T* is orientable and M is oriented, the corresponding 
orientation of X or T* is defined by the vectors (3.1). 

4, The mappings of T and 2* corresponding to a mapping f of M into an E” 


Take M Cc E*"*' again. Then a vector u tangent to M at p may be defined 
as follows by a parametrized curve P(A) starting from p: 


(4.1) u = lim ———* 


If Vf is the mapping of vectors induced by f, than 
f(P()) — f(p) 
x ; 





(4.2) Vf(u, p) = lim 
A—0 


Note that Vf is a generalization of the gradient of a real-valued function. 
Let | uw | denote the length of u;|q— p| is the distance from p to q in E™"™’. 
Define 


_ J — f(r) 
(4.3) F(p, q) ea gh? PM & 
(4.4) F(p, u) = Vfu,p) — if |u| = 1; 


then, taking P(A) as before, if | w| = 1 in (4.1), 


; _ S(P(A)) — f(p) _ |). f(PO) — fr) 
lim F(p, P = fi - 
a tn PO: Se ey SS N 
= Vf(u, p) = F(p, u). 

Thus it is clear that F is a continuous mapping of T into the space V™ of vectors 
in BE”, 

Clearly F defines a mapping F* of &* into V*. 

Lemma 3. If f is regular, then F maps no point of S intoO, and maps a point 
(p, q) of  — S into O if and only if f(p) = f(q). 

This is obvious. 

Suppose f(p) = f(q), p ¥ q, and u is a vector in M at p. Thenif @ in T is 
defined as in §3, 








F(P(), a) — F(p, 9 





VF (d, (p, q)) = lim 
0 





nN 
ine KE — f(PQ)) _ f@ - iwi, 
10 AL |g — PQ)| la—p| J’ 
clearly 
(45) VF (ai, (p, q)) = ——— Wlus, P). 


lq — pl 
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The space S* is formed from © by identifying “opposite points” (p, v) and 
(p, — v). The space E* is formed from T by the above identification, and also 
the identification (p, q) = (q, p). 

Lemma 1. T is orientable if and only if M is. 


Let C be a closed curve in T — S running through (p,q). Let wm, ---, u, 
and v,,-°:: , Un be independent sets of vectors in M at p and at q respectively. 


Then keeping q fixed and letting p move in the direction of u,; defines a vector 
a; in ZT; similarly 0; is defined, with p fixed. Now the ordered set 


(3.1) (thi, °°, Hn, Hr, °** Dn) 


defines an orientation of T near (p, g). As we follow around C, the points p 
and q move along closed paths C,; and C2 in M. 

Suppose first that M is orientable. Then we may carry the vectors of each 
set around so that they come back to the same vectors, showing that T — Gis 
orientable.* Now take any closed path in I. Clearly any points on S may be 
pushed away from © (replace \ = Oby A > Oin ZT’). Applying the above proof 
shows that T is orientable. 

If M is non-orientable, let C; be a closed curve in M reversing the orientation. 
Then n > 1, so that we may choose a point g not on C,. As pruns around (,, 
(p, g) runs arouhd a curve C in &, which clearly reverses the orientation in T. 

Lemma 2. If n is even and M is orientable, T* is orientable; otherwise, I* is 
non-ortentable. 

As before, we need only consider T* — G*. 

If M is not orientable, the proof above shows that T* is not. Now take WV 
orientable. 

Suppose n > 1 is odd. Let o” be a cell in M, represented with coordinates 
Yi,°*:,%n,. Let e; be the unit vector parallel to the z,-axis in E”; this maps 
into a vector u;(p) at p for each peo. Let C bea simple closed curve in a, and 
let p and q be distinct points of C. Then (w(p), --- , wi(qg), --~) defines an 
orientation of T* at (p,q). Now move p and gq along the two ares of C into q 
and p respectively; these vectors are carried into ui(q), --- , wi(p), -- + respec- 
tively. Thus a permutation of the vectors is defined, formed by n° transposi- 
tions; n’ is odd. Since (q, p) = (p, q), we have defined a closed curve in T* re- 
versing the orientation. Note that if n is even, then C preserves the orientation. 
If n = 1, essentially the same proof applies, with C = M. 

Suppose finally that M is orientable and n is even. Let C* be any closed 
curve in T* — S*. Take (p, g) = (q, p) in C*. As we run around (%, the 
points p, q separately may be followed in M, and thus (p, g) may be followed in 
=. If (p, q) comes back into (p, q) in T, the proof in the last lemma shows that 
the orientation is unchanged. If (p, g) comes back into (qg, p) in &, let C be a 
simple closed curve in M containing p and q, and as in the proof just above, carry 
p and q into q and p respectively in «”, forming a curve D* in T*. We just saw 





* This follows also at once from the fact that IT — @ is part of the cartesian product 
M XM. We shall need later the vectors defined here. 
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that C* followed by D* does not reverse the orientation, and we noted above 
that D* does not either; hence C* does not. 

Derinition. If T or T* is orientable and M is oriented, the corresponding 
orientation of X or T* is defined by the vectors (3.1). 


4, The mappings of T and T* corresponding to a mapping f of M into an E” 
Take M Cc E*"*' again. Then a vector u tangent to M at p may be defined 
as follows by a parametrized curve P(A) starting from p: 
. P(A) — p 
«= fim ———-. 
(4.1) “a r 


If Vf is the mapping of vectors induced by f, than 





(4.2) Vi(u, p) = lim IP a f(p) 


Note that Vf is a generalization of the gradient of a real-valued function. 
Let | wu | denote the length of u;|q — p| is the distance from p to q in E 
Define 


2n+1 


— J — Sp) 
(4.3) ; F(p, q) ae 7: PM & 
(4.4) F(p, uv) = Vfu,p) — if |u| = 1; 


then, taking P(A) as before, if | w| = 1 in (4.1), 


_ f(P(A)) — f(p) _ |. (PO) — fr) 
lim F(p, P(x)) = lim = lim! 
a re oer ey 
= Vf(u, p) = F(p, u). 
Thus it is clear that F is a continuous mapping of T into the space V™ of vectors 
in E”. 
Clearly F defines a mapping F* of T* into V"*. 
Lemma 3. If f is regular, then F maps no point of S intoO, and maps a point 
(p, q) of = — S into O if and only if f(p) = f(q). 
This is obvious. 
Suppose f(p) = f(q), p ¥ q, and wis a vector in M at p. Thenif @ in T is 
defined as in §3, 








VF (i, (p, q)) = lim F(P(A), g) — F(@, 9) 











0 nN 
tig 14a — f(PA)) _ f/@ - rat. 
x0 AL |g — P(A)| ew Fs 
clearly 
(4.5) VF (a, (P, ) = Vf(ui 5 p): 


q- P| 











226 HASSLER WHITNEY 


Similarly 


(4.6) VF (6s, (P, @)) = ——— VI » 4). 
la — p| 
Lemma 4. Let f be a completely regular mapping of M" into E°". Then if 
f(p) = f(@) (p # , F is regular in a neighborhood of (p, q), and maps it over O in 
V" with the degree +1. 
Since f is completely regular, the vectors 


(4.7) Vi(ur, P), oe Vf(un, P), Vile, @), a » Vin, 9) 


are independent; hence so are the VF (a; , (p, g)) and VF (0; , (p, q)). The last 
part of the lemma is a consequence of this. 

We consider briefly manifolds with boundary. If f is regular in MW and on 
the boundary 8M of M (with the obvious definitions, assuming for example 
that aM is a manifold), and f(p) = f(q), p ¥ q, implies that neither p nor q is 
in aM, we call f completely regular. If this is so, F maps no part of T coming 
from points on or near dM into O; we need not be explicit as to the definitions of 
TZ and © for such points. Similarly for F*. 


5. Mappings into a vector space with opposite vectors identified 


Let V = V” be the space of vectors in E”. Let w be the mapping w(v) = 
— vof V intoitself. Form V* = V”* from V by identifying v with — v for all 
v; let r(v) = 2(— v) be the corresponding point of V*. Let O be the zero vector 
of V, and set O* = (0). 

An arc in V — O fromv # O to — v maps under z into a closed curve, defining 
the single element y not the identity of the fundamental group of V* — O*. 

Let T be an (m — 1)-plane in V through O; set r(7) = T*. For any subdivi- 
sion K* of V* — O* with no vertex in 7*, let W*' be the cocycle mod 2 containing 
those 1-cells cutting 7*; let W* be its cohomology class (which is invariantly 
determined). 

Derinition. Let f* map the space R into V*. If there is a mapping f of 
FR into V such that f* = af, we say f* is derivable from a mapping into V, or is 
derivable simply. 

The following lemmas are easily proved. 

Lemma 5. f* is derivable if and only if it is derivable over each component of 
f*"'(v* — 0%). 

Lemma 6. A mapping {* of a connected complex K into V* — O* is derivable 
if and only if any of the following equivalent conditions are satisfied: 

(a) Each closed curve in K maps into a curve in V* — O* defining the identity 
clement of the fundamental group. 

(8) Each closed curve in K maps into a curve cutting T* an even number of times 
(if this number is finite). 

(y) Each 1-cycle of K maps into a bounding 1-cycle of V* — O*. 

(6) f**W* = 0. 
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Derinirion. A mapping f* of a space R into V* is locally derivable (in terms 
of the f; below) if there exist open sets U, , U2, --- , covering R and mappings 
f, of U; into V such that: 

(a) For each i, f* = af; in U;. 

(b) For each 7 and j, either f; = f; or fi = wfj;in UiNU,. 

Remarks. If {U;} and {f;} are replaced by {U;} and {f;}, the definition is 
considered as equivalent if (b) holds for the old and new sets together. (See 
Example 3 below.) Say a set A C R is r-thin if any singular r-cell in R may be 
moved away from A by an arbitrarily slight deformation. If f* ' (O*) is 1-thin, 
and each non-void U; M U; is connected, then clearly (b) is a consequence of 
(a), and any sets of f; are equivalent. Any mapping of a space into V* — O* 
is clearly locally derivable. 

ExampLes. The first four illustrate the meaning of local derivability; the 
fifth illustrates its use in this paper. S and S* are defined in §6. 

(1) Let fy be the identity mapping of Q* = S* plus interior into itself. Let 
f: map each radius from O* into itself, shrinking it by the factor ¢; then fo(p) = 
O* (all p). Then fo is locally derivable, while (as proved in Example 9) f, is 
not if ¢ > 0. 

(2) Take f; as before, and let f; map all points of any radius within a distance 
1 — tof O* into O*, extending f, in an obvious manner over Q*; again fo(p) = O*. 
Then f; is not locally derivable, while frisift <1. However, if a slight change 
is made for t > 0, forming gi, such that each g?' (O*) is 1-thin in Q*, then no 
g: (t > 0) is locally derivable; for the corollary to Lemma 7 below would be con- 
tradicted. Hence, by a Remark above, we cannot make (a) hold. 

(3) Let Ri , R2 , --+ be a sequence of disjoint spheres plus interiors in some EF’, 
approaching a point po. Let f map all of E” but these interiors into 0, and map 
the interiors into V — O; set f* = af. Then if poe U;, there are an infinite 
number of choices for f; , making f* locally derivable in distinct ways. 

(4) Let Ci, C2, --- be a sequence of simple closed curves in EK’, with disjoint 
neighborhoods Uj, Us, ---. Map U; into V* so that f*(C;) defines 7 and so 
that if f*(p) = O* (pe E” — >°U;j), then f* is continuous. If the C; converge 
smoothly to a simple closed curve C, then f* is locally derivable (but see a re- 
mark in Example 2); if the C; converge to a line segment, it is easily seen that 
f* is not locally derivable, even though we can make (a) hold. 

(5) Let Q’ be the unit circle S' plus interior in E’, and let g be the identity 
mapping of Q’ into E”. (We could equally well map Q’ into E”, 2 < r S m.) 
If we identify opposite points of S', Q* becomes a projective plane P’; xg becomes 
mapping f* of P*into V*. _f* is locally derivable but not derivable. A diameter 
of Q* becomes a “projective line” L of P’; set f*(L) = L*. Subdivide P* so that 
L lies on no vertex a;, and set U; = St(a;) (St = star). If f; in U; is chosen 
80 that f* = xf, there, then there is a unique choice for each f; such that if aa, 
is a simplex in P” not cutting L, then fi = f;in St(aa;). Now the W" of (5.1) 
below contains just those a;a ; cutting L; W' ~ 0. If we omit a small concentric 
dise from Q’, and hence from P”,a Mébius strip M’ illustrating Lemma 6 is formed, 
with f’W* being the cohomology class of the part of the above W' lying in M’. 
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(6) Take Q’, S', as in (5). Map S’ into a curve in V* — O* so as to define 
7; map radii of Q’ into segments from O*. Then f* is not locally derivable; in 
the notations of Lemma 8 below, 


of W'-Q =f W'-aQ = W'-f*S' = le. 


If f* is any mapping of Q. into V* — O* with an inner point p going into 0*, 
then a slight alteration of f* may be made which will give a mapping g* for which 
a neighborhood of p is mapped as above; then g* is not locally derivable. 

DeFINITION. Let f* be a locally derivable mapping of the complex K into 
V* such that f*' (O*)is 0-thin, ie. nowhere dense in K. Then the cohomology 
class W' of f* is defined as follows. Take the U; and f; as before. Let K, bea 
subdivision of K so fine’ that each star Sé,(a;) of a vertex a; of K; is in some U,,. 
Set 


iff; = fx; in St(a,a;), 


yh “a: j . 
(5.1) W (a,a ;) \ 4 if fi, = wf; in St(aia)j). 


Then W' is the cohomology class of W’ = > W'(aja;)a,a;. 

Lemma 7. W’' is well defined, and is a cocycle (coefficients mod 2). Altering 
the f; alters it by a coboundary. Its class W' is independent of the choice of K, the 
U; and the f;, provided that the new f; are equivalent to the old. If f** (O*) is 
1-thin, then f* is derivable if and only if W' = 0. 

Remarks. Any such W’ is called a characteristic cocycle of f*. By standard 
theory, that W’ is independent of K is a consequence of the following statement: 
If K, and K2 are such that each St2(a2;) lies in some St;(a1,,), so that a simplicial 
mapping ¢(a2;) = a,, of K2 into K, is defined, and W; is a characteristic cocyle 
of K,, then W: = ¢’ Wi (g’ = dual of ¢) is a characteristic cocycle of Kz; by 
definition, W2(a2;02 ;) = Wi ((a2;a2 ;)) = Wi(a1,@1»;). 

First, since f* '(O*) is nowhere dense in K; , the definition of W’ is obviously 
unique. Next, suppose a definite f;, is changed to wf,. Then if 4, --- , 7, are 
the 7 such that \;, = k, W'(a,a;) is changed if and only if just one of i, j lies 
among the 7, ; thus, if 6 denotes coboundary, 


new W' = old W' + 5>\(a;,)s. 


Now for any sets {U;}, {U;} and equivalent { fil, {f:}, choose K,so that St,(ai) C 
Uy, NU, . Let fi; and fi; denote f,, and f.., respectively, considered in U,,; 
l C (if this is not void); all the f are equivalent. Clearly the f,, and the fi;, 
also the f,, and f;;, define the same W'. The proof above shows that ehanging 
the f;; to the f;; alters W' by a coboundary. 

Now suppose K, and Kz are as described above. In using (5.1) to define W:, 
since St2(a2:) C St:(a1,,), we may take for the f; defined about a2; the same as the 
fi. defined about a,,; then clearly W2(a2:a2;) = Wi(a1,,a1,;). 





* From the corollary below it is clear that the f; may be defined in the stars in K, so that 
no subdivision is necessary in reality. 
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Suppose f* = af. Since f*'(O*) is 1-thin, the given set {f;} is equivalent to 
the single mapping f; hence W may be defined using f. Since W’ = 0, W' = 0. 

Suppose finally that W’ = 0. For a given subdivision K,, and sets {Uj}, 
if}, we have W' = 8X° for some X° = Yoaja; (a; = 02 or 1s). If St(a;) C 
Uy, , set f; =f, in St(a). For each 7 with a; = 12, alter fi to wf;; then (see a 
proof above) the new W ‘= 0. Now for any p in K, say p ¢ St(a;); set f(p) = 
fi(p). This makes f continuous in K, and f* = af. 

Exampue (7). Let f map a circle C into V so that just one point po goes into 
0, and set f* = af. Let Ui and U2 cover C, p not being in U2. Then f; and fs 
may be chosen so that W’ is not — 0, though f* is derivable. Note that f*’ 
(0*) = po, which is not 1-thin in C. 

Corottary. Any locally derivable mapping f* of a cell (in fact, of a complex 
with vanishing 1-cohomology group mod 2) is derivable, if f*-'(O*) is 1-thin in K. 

A direct proof for a cell may be given simply if we build it up as in (b) of Lemma 
12. 

We shall give a lemma which shows immediately whether or not a mapping 
is locally derivable or derivable, provided that f* '(O*) is 1-thin. Since it in- 
volves notions’ not yet generally known, and the lemma is not needed here, we 
shall be rather brief, 

A geometric r-G-cochain X = X’ in a point set R is a pair X D X’ (nucleus and 
nuclear boundary) of closed sets, (r — 1)-thin and r-thin respectively, and a 
group of homomorphisms X-A" of those integral singular chains A’ for which 
Af X’ = aA N X = 0 into G, with the properties X-A = 0 if AN X = 0, 
X-aB" = 0if BN X’ = 0. If G and H are paired to J, set X- oho; = 
>(X-03)-h;. The coboundary 6X of X is the pair of sets X’, 0, with the defini- 
tion (6X)-A’*’ = X-aA™". To any cochain X’ in a complex corresponds in a 
fairly obvious fashion a geometric cochain with nucleus and nuclear boundary 
formed from duals of r- and (r + 1)-cells. 

Since 7* and O* are 0-thin and 1-thin in V* respectively, they give a geometric 
cochain W’ of V*, such that W’-o' counts the number of times mod 2 that o’ 
crosses 7*, This is the geometric analogue of the W’ first defined. If f* is as 
in the lemma below, then 

W}--A’ = W'-f*A’ 


defines a geometric cocycle W}. = f*’/W' in K. Note that 6f*’W' = f*/5W’. 

Lemma 8. Let f* be any mapping of a complex K into V* such that f*"'(T*) 
and f* '(O*) are 0-thin and 1-thin respectively. Then f* is locally derivable if and 
only if f*W" = 0, and is derivable if and only if f*’W' — 0. 

Remark. Using ordinary cocyles, we may replace the condition éf*’W' = 0 
by the following: For any arbitrarily fine subdivision K, of K there is an arbi- 
trarily small deformation of f* into ft such that f; W’ is defined and is a cocycle. 

Suppose f* is locally derivable, using {U;} and {fi}. Take any singular 
chain A’, with aA? N f*1(0*) = 0, so that 6W}.-A is defined. Using a fine 





*See H. Whitney, Geometric methods in combinatorial topology, not yet published. 
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subdivision of A, we may write A = daio% , each oj in some U,, ; since f*" 
(O*) is 1-thin, we may deform A slightly so that > ai(5W}--07) is defined: it 
equals 6W}.-A. Using fi, , it is clear that 6Wj--0; = W'-af*ol = Os: hence 
é5W}. = 0. 

Suppose 6W;. = 0. Each point p ¢ K is in a connected neighborhood U such 
that any l-cycle in U bounds. Choose ~ ¢€ U so that f*(po) # O*; choose f(py) 
so that mf(po) = f*(po). For any p’ e U with f*(p’) ¥ O*, choose an are C in U 
from py to p’ with f*(C) C V* — O* (which is possible, since f** (O*) is 1-thin); 
f(p’) is uniquely definable so that f(p’’) exists and is continuous in C, and f* = 
rf there. We must show that going around a closed curve A’ in U and through 
po (f*(A') C V* — O*) brings f(po) back to its original value. Say A’ = aB*, 
Then W}.-A’ = 6W;.-B’ = 0, from which the statement clearly follows. 
Thus we prove (a); since f* ' (O*) is 1-thin, (b) follows also for suitable {Uj}. 

Suppose f* is derivable; say f* = xf. Then W;. = f’x’W' = f’0 = 0, since 
the cohomology groups of V vanish. 

Suppose finally Wj. = 6W®. Then for any closed curve A‘ in K with f*(A') C 
V* — O*, Wj-A' = W°-aA' = 0; it follows by Lemma 5 and Lemma 6 (8) 
that f is definable throughout K. 

Lemma 9. Let fo be a locally derivable mapping of the complex K into V*, with 
f** (O*) nowhere dense in K. Then there is an arbitrarily slight deformation ft 
of fo (0 < t < 1) such that F*(t, p) = fi(p) is locally derivable, with mappings F; 
equivalent in 0 X K to the given fo,; there, and such that ft (K°") C V* — 0*. 
If A is a closed subset of K with f*(A) < V* — O*, we may make fr = fo in A. 

Remark. As a consequence, it is easily seen (using the various derived 
of K) that fr '(O*) may be made (2n — 1)-thin in K. 

We may suppose fo,; is defined in St(a;); we shall define F; in I X St(a)). 
Let Sé'(a;) be the barycentric star of a;, containing all points on cells of 
the first derived of K which have a; as a vertex. Then St’(a;) C St(a;) and 
DSt'(a:) = K. Takeafixedi. We may define f,,;in St(a;) for 0 < t < t: so that 


fua(K’"* N St’(a)) Cc V* — O*, 
fuilp) = fo.(p) — (p € ASt(a;) U (St(a,) N A)), 


with f.,:(p) arbitrarily close to fo,i(p). For each j such that aja; is a 1-cell of K, 
set 


fel) = fe i(p) or wf .,i(p) (p € St(aja;)), 


according as which holds for t = 0, and set f;,;(p) = fo,;(p) elsewhere. This 
clearly defines F*(t, p) for pe K and 0 <t<t,. Do this for each a; in turn, 
using successive subintervals of (0, 1). (K may be infinite, if it is “locally 
finite.”) If the successive alterations are small enough, we will have automati- 
cally F*(t, p) C V* — O* (pe K*"* £1 St’(a,)) for previous i. Thus all of F* 
is defined. 
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6. Locally derivable mappings into V*"* 


Dermitions. Let S = S°*"” be the unit sphere in V*", and set S* = 8°" '* = 
zs. Then S* is a projective space, which is orientable, since 2n — 1 is odd. 
We may suppose the spaces oriented so that, combinatorially, 7V = 2V* and 
7S = 2S*; thus m has the degree 2. Let P and P* be the projections of V — O 
and V* — O* along rays from O and O* onto S and S* respectively. 

Let L* be a ray from O* in V*. Given any subdivision K* of V* — O* with 
(k*)’"* c V* — L*, we may define a cocycle W = w*"' in K* as follows. 
For anyo =o", Ww"""(¢) = KI(o, L*). This is the algebraic number of 
times that P*e covers L* M S* in S* or, that L* cuts through o. 

Since L* — O* is (2n — 2)-thin in V* — O*, we can consider W as a geometric 
cocycle in V* — O*. Since O* is not (2n — 1)-thin in V* for n = 2, (in fact, 
not 2-thin; compare Example (6) and the corollary to Lemma 7), we cannot 
properly consider it as a cochain in V*, whose coboundary has the nucleus O*. 
In fact, |V* may be considered in a general or in a restricted way: 

(A) If a singular chain A*" C V* has aA" C V* — O*, we may set 6W- A" = 
W-aA°". For example, if A" = S* plus interior, then 2A = S*,andéW-A = 1. 

(B) If we define 6W-A*" only for singular chains A which may be expressed 
as A = >> ayo", with a0;" C V* — O*, then we have always 6W-A = W-aA =0 
(mod 2); see the next lemma. 

Derinitions. For any singular cycle A°”’ C V* — O*, the degree d(A) 
of A" is W°"*- A?" If f* maps a cycle A’”” into V* — O*, the degree 
dy(A) of f* in A about O* is d(f*A). This is clearly invariant under deforma- 
tions; furthermore, combinatorially, 


(6.1) P*f*A = aS*, a = dp(A). 


For any singular chain A°” with aA*" C V* — O*, the degree d(A*") of A*" over 
0* is W""-aA™" (= 6W-A); define d,(A*") similarly. These are obvious 
generalizations of the degree about O or over O in V. 

Lemma 10. Supposen = 2. If f* maps acomplex K into V* so that f*K*"* C 
V* — O*, then of*'W°"* = 0 (mod 2), so that 


(6.2) Wit = tof" WwW" exists. 


The strict meaning of W}? is given by its action on any 2n-G-chain A™ = 
d gio", which is as follows: 


(6.3) w?-> gioi” - oy gi(W7e 0" ’ 
(6.4) Wit -o = kof" We" -o = 3(W"* -f*0). 


_ Since 2n — 1 > 1, ao is simply connected; hence there is a mapping f of a0 
into V — O such that f* = af. Say Pfas = aS. Then 
P*f*ao = P*xfdo = xPfdo = 2aS*; 
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hence 
of We tg = W" frie = WW" -P*ftac = 2a, 


from which the lemma follows. 

Remarks. By Lemma 9 and the remark following it, a slight deformation of 
a locally derivable f* will give an f; such that f}’/W°" and Wie are geometric 
cochains. 


It is not true that aA*" = O implies Wj?-A = L(of*'W"'.A) = 
1(W°"'.f*9A) = 0; see Example (8) below. The second expression has in 


general no meaning, say if the coefficients are integers mod 2. But it’ holds for 
integral A, as is apparent from (6.4). 

DEFINITION. Given a locally derivable mapping f* of K into V*, and a 
2n-G-chain A in K such that f*aA C V* — O*, make a slight deformation 
of f* into fi such that fi(K’"”) C V* — O*, as in Lemma 9, keeping 0A* in 
V* — O*; let the divided degree of A under f be 


(6.5) d ye(A) = Wie -A (which is an element of G). 


Note that this defines d,(A) for locally derivable singular chains A with 
aA Cc V* — O*. It need not vanish for cycles (see Example (8) below). 
Lemma 11. The above degree is independent of the choice of fi , vanishes for 


chains mapped into V* — O*, and is invariant under deformations f; such that. 


F*(t, p) = fi (p) is locally derivable in I X K and f; (aA) Cc V* — O*. = It vanishes 
for all boundaries aB’"**, in fact, for all “cycles of the first kind,” expressible as 
Y giAi" gi C G, A%” integral cycles). 

We prove the last part first. Supposing f7(K°"") C V* — O*, we have 

Wie DL gAi” = Lo gi(Wi?- Az") = Do gAd(W?"*-f*aAz")] = 0; 

also, if A°” = aB"*', say B’"*! = > gio;"", then A?” = } gido;""' is a cycle 
of the first kind, so that W7#-A°" = 0. 

To prove the rest, it is sufficient to show that if 

fiad U fe(K***) U fi(K*") c V* — OF, 
and F*(t, p) = fi (p) is locally derivable, then 
Wir-A = Wyt-A. 

By a slight deformation of F*, keeping F*(0, p) and F*(1, p) fixed, we may 
suppose that F* maps (I x K)*"" into V* — O*, and is locally derivable (see 
Lemma 9); suppose this is done. The chain A determines chains 0 X A, 1 X A, 
IxXxAmlxXkK (if we use the usual subdivision of J X K). Using the fact just 
proved, we have W?"-[a(I x A)| = 0; hence, since (J X A) = 1X A- 
0X A—IX dA and F*(I X aA) C V* — O*, W22-(1 X A) = W320 X A), 
which give the result. 


More Exampes. (8) (Compare Examples (1) and (5).) Let Q*" be 8” 
plus interior R*", and form P*" by identifying opposite points of S’°"*. Thus 
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p™ = S* plus R’". Set f = identity in Q*", and f* = af; this gives a mapping 


_ on - . ° ° ° 
f* of P’" into V*. Now P" is a projective space, of even dimension 2n, and 


hence is non-orientable; it has a fundamental 2n-cycle A*" mod 2. If we sub- 
divide it so that O is interior to a 2n-cell oo" of Q°”, it is clear that 


W??. to == [2(W?"* -ra05")|o = 


Of course A” is not a cycle of the first kind. In the case n = 1, this type of 
mapping illustrates Theorem 1; see the discussion there for n = 1. 

We may deform f* by contracting f*(K) to O*, and then pulling along a 
single ray away from O*. This shows that the assumption in Lemma 11 that 
F* is locally derivable cannot be omitted. 

9) Let f* be the identity mapping of S* into itself. We may consider S* 
as an integral cycle; W°"'-S* = 1. Of course S* bounds its interior (com- 
binatorially); but by Lemma 11, there exists no complex K containing S* in 
which S* bounds, such that there is a locally derivable mapping of K into V* 
which equals the identity in S*, 


7. The intersection number of a mapping 


Derinitions. Let f be a completely regular mapping of M” (with or without 
boundary) into E*"; we suppose E”" oriented. Suppose first that M is orientable 
and niseven. Choose an orientation of M. Suppose f(p) = f(q); let us, --- , Un 
and, --+ , Yn be sets of vectors in M as in §3, each set determining the positive 
orientation of M. Then we say this self-intersection is of positive or negative 
type according as the vectors (4.7) determine the positive or negative orienta- 
tion of E’". Also, by (4.5) and (4.6) (see the end of §3), the type is positive 
or negative according as the degree in Lemma 4 is 1 or —1. Note that this is 
independent of the orientation chosen for M@. The intersection number I; of f 
is the algebraic number of self-intersections in this case, and the number of 
self-intersections mod 2 if M is non-orientable or n is odd. In the case n = 1, 
it is possible to determine J; in a certain sense as an integer; see the discussion 
following Theorem 1. 

Define F and F* as in §4. Clearly F* is locally derivable. Considering 
T* as a singular chain, with integers or integers mod 2 as coefficients according 
as it is orientable or not, define the degree dy(Z) and divided degree dy+(Z*) 
as in §6. Let D denote the distant intersection of M (see [3], §18). 

THEoreM 1. Let f be a completely regular mapping of M" into E*" (M may 
have a boundary). Let the number of self-intersections be finite. Then 

(a) If M is orientable and n is even, 


(7.1) I, = dys(E*) = 34dp(X) = 34(D-M") (an integer). 
(b) If M is non-orientable or n is odd, 
(7.2) I; = dr(E*) (an integer mod 2). 
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(c) If M is orientable and n is odd, 
(7.3) d,(=) = D-M" = 0. 


The theorem shows that /* has more interest than F in this connection. We 
discuss the case n = 1| further later. 

Suppose first that M is orientable and n is even. Take a self-intersection 
Sip) = f(@), p # q. The points of T near (p, g) are mapped by F over O with 
the degree 1 or —1, according as the intersection is of positive or negative type. 
The same is true for the points of T near (qg, p). Thus each positive [negative] 
self-intersection contributes 2 [—2]| to dy , and I; = 3d,y, which is part of (7.1), 
That I; = }(D-M) follows easily from the definition of D. 

Next we prove (c). Take (p, q) again, and define the vectors u; and »; as 
before. Neighborhoods of (p, q) and (qg, p) are oriented by a, --- , 0, and 
i, ,---, &, respectively; since n is odd, they are mapped over O in V*" with 
opposite degrees; hence they contribute 0 to dy. Thus dy = 0. Similarly 
D-M = 0. 

Now consider /’* in T*, T* orientable; clearly F* is locally derivable. The 
only points mapped into O* by F* are points (p, gq) = (q, p), f(p) = f@, p #¢. 
Let U be a neighborhood of (p, qg) in T; it corresponds to a neighborhood U* 
in T*, say under the mapping ¢. Then F* = zFg¢' in U*. Let o* = o®" bea 
cell in U* about (p, q), oriented like T*. If ¢ = ¢ ‘o*, then as noted above, F 
maps o over O with the degree 1 or —1, according as the self-intersection is 
positive or negative. Since 7 is of degree 2, 7F maps o over O* with the degree 
2 or —2, i.e. 


WW" .«F ae = Ww?" |. F*ao* = 2 or —2. 
Hence, by (6.4), 
Wer-o* = 3(W"*-F*ao*) = 1 or —1; 


using (6.5), we see that o* contributes 1 or —1 to dy. Thus I, = dy» (M 
orientable and n even), proving the rest of (7.1). 

Finally we prove (b). In this case, T* is non-orientable, so that it is con- 
sidered as a chain mod 2 in forming d»-(X*). As before, W%2-o* = 1 or —1, 
so that (using (6.3)) W2°-(lo*) = 1s; clearly (7.2) follows. 

THE CASE n = 1. Though &* is non-orientable, we shall use integer coeffi- 
cients. For M we may take the unit circle in the plane E’, described by an 
angle 6 (0 S$ @ < 2r). T* is a Mdébius strip with boundary curve @*. Any 
point of T* — G* is a pair (6, 6’); we may take 6 < 6’. We may let (6, 4) denote 
the points of S*. If we express T* as the image of the triangle (x, y),0 < « 
y & 1, the vertical and horizontal sides will each map into the set S’ of points 
(0, 0). Let Tf be an integral chain covering T*; then, combinatorially, ai = 
S* + 26’, so that by (6.3) and (6.4), with W’ = W*"" as in §6, using (7.1) 
to define J; as an integer, 


I, = Wee St = 4(W'-F*atT) = 4(W'-F*S*) + W'- FS’. 
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A! is the degree of A’ about O* in V**; clearly 4(W'-F*S*) is the number 
of times FS* (or more properly, VF", v eS) winds about O in V’, ice. is the 
“rotation number” of f in M. Now if the point 6 = 0 is chosen so that f(0) 
‘< on a line L of support to f(A) in E” (i.e. f(M) lies on one side of L), it is easy 
to see that FS’ makes half a turn about O,so that F*S’ makes one turn about 
o*, and W’-F*S’ = + 1. Hence I; always differs by unity from the rotation 
number of f(/), again illustrating the warning in §6. 

TororEM 2. Let M” be compact (closed, or compact and with boundary). Then 
the intersection number Is is invariant under regular deformations; if M has a 
boundary, we assume that during the deformation, the boundary is not carried 


across M: 
(7.4) F (aM) Nf(M — aM) = 0 (all ¢). 


This means J;, = I,, , fo and f; being completely regular; other f, need only be 
regular. 

Remarks. If we omit (7.4),it would be simple to give a formula expressing 
the change in J; in terms of the crossings of 0M through M. Thus if M' is a 
closed are, mapped into the written letter e, J; = +1; if we pull it out into a 
line segment, J; = 0, and aM’ has crossed M’ once. 

If M is not compact (and no further conditions are assumed), the theorem 
fails. For example, let M* be the open segment 0 < \ < 4. For0 <$¢t <1, 
let f; be the mapping given by (a, y) = f:(A): 


and let the rest of M’ be carried counter-clockwise around onto the line y = 1, 
and back across the y-axis along y = 1. Then J,;, = —1ift > 0, but J;, = 0. 


Of course J; is not invariant under deformations not assumed regular. 

Suppose first that M is a manifold (without boundary). Since each F , 
maps $* = gI* into V* — O*, and is continuous, dr; = drs, by Lemma 11. 
By the last theorem, J;, = Ty, . 

Now suppose WM hasa boundary. Then dZ* consists of points of S* and points 
(p,q), pe dM or qe aM. The hypothesis shows again that F, leaves dT* in 
V* — O*, and again I;, = I,,. 


II. THE IMBEDDING THEOREM 


8. Discussion of the theorem 


We first give theorems on the possibility of altering J;, and of deforming f 
(keeping J; fixed) so as to reduce the number of self-intersections. The im- 
hedding theorem follows from these. 

THEOREM 3. Given any compact M (with or without boundary), there is a proper 
completely regular mapping f of M" into E*" with any desired I; . 

Let fy be a completely regular mapping of M" into E*” (see [1], Theorem 3; 
it is not hard to extend this theorem to the case that M has a boundary, for 
example if @M is a manifold). Now take a small piece of M, flatten it, cut it 











236 HASSLER WHITNEY 


out, and replace it by a piece with a single self-intersection, defined in §2, or by 
this piece altered by a reflection in E*". Then J,, is changed by 1 or —1 at 
will. Thus J; may be increased or decreased by 1, and hence may be brought 
to any desired value. 

TueoreM 4. Let n be 23, and let fo be a proper regular mapping of a closed 
M" into E°", with at most a finite number of self-intersections. Then there is a 
regular deformation f, of f into a proper completely regular mapping f,, such 
that the number of self-intersections under f; is increased by 2. If the number is 
> |I;|, or is >0 if n is odd or M is non-orientable, we may decrease the number 
by 2. If M hasa boundary, we may keep OM fixed, and keep M from cuiting 
through 0M. 

ProsieM. Does the theorem hold for n = 2? 

For the moment we shall prove merely that the number of self-intersections 
may be increased by 2. The rest of the proof will occupy §§9 through 12. 

First, f may be made completely regular, as in [1]. Suppose this is done. 
Take a small nearly flat portion o” of f(M/). Take peo", and pull p out away 
from o”, around and towards another point g of o", pulling a small portion of 
o” along with it so we always have a regular mapping. We may make the 
moving part of M avoid any other points of M or aM. Say o” was approxi- 
mately in the (a, --- , ¢,)-plane in E’", and say q is the origin O, and we are 
pulling p around in the (a, 2.4:)-plane, and down along the z,4:-axis. We 
may tip the moving portion of o” near p to be parallel to the (21 , 2n42, °° + y Lan) 
axis, as we move p. Now pull pthrough O. Then if the mapping /; is obtained, 
the new self-intersections under f; are clearly on the x;-axis J. The part of 
fi(c") near p intersects 7’ at points on each side of O. These latter points are 
new self-intersections, as required. 

The rest of the proof of Theorem 4 runs as follows. We need merely show 
that two self-intersections of opposite types (or any two, if M is non-orientable 
or n is odd) can be gotten rid of by a regular deformation. Say 


fim) = fim) = 9, f(pi) = fp) = Y;, 


these being of opposite types. Let C; and C, be non-intersecting curves in /, 
C';; joining p; and p; , neither passing through any other point where f has a self- 
intersection. Then B; = f(C;) joins q to q’, and B = B, U By is a simple closed 
curve in f(M). We let B bound a smooth 2-cell ¢, which touches M only at 
B, and show that the part of / near C; may be deformed along near o so that it 
passes beyond B,, thus removing the two self-intersections. Until §12 we 
assume that M is orientable and n is even. 

THEOREM 5. Any smooth n-manifold may be imbedded in E°". 

Remark. This theorem may be generalized to the case of manifolds with 
boundary, but we shall not discuss in what generality. For example, if 0/ 
is a manifold, the extension is not difficult. For the proof, see the proof of Case 
IV of Theorem 6 in the following paper. 
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For n = 1, the theorem is trivial. For n = 2, we imbed the sphere, projective 
plane, or Klein bottle, in E*, and add the necessary number of handles to obtain 
the given manifold. (An imbedding of the projective plane is easily found 
from [3] p. 108.) 

Now we suppose that n 2 3. First, by [1], Theorem 3, there is a proper 
completely regular mapping fo of J” into E*". Suppose M is closed. Then, 
hy Theorem 3, we alter fo to fi: so that J;, = 0, and by Theorem 4, we may get 
rid of all of the intersections, giving the required imbedding. 

Suppose now that M is open. We may suppose that M is connected. Let 
(p:, q(i = 1, 2, ---) be the points with fo(p;) = fo(q:). For each 7, let C; be a 
smooth curve in M from p; to infinity, and let U; be a neighborhood of C; , so 
that U; touches no other U; or qg;. Let 


(p, 7, s(peSo ,O Sr <S1,0 <8 <1) 


represent the points of U; (supposing n 2 2), with r = 0 and 26 < s < 1 rep- 
resenting C; ; the points withr = 1 or s = 0 give the boundary of U;. Deform 
U; into itself by setting 


oi(p, r, 8) as [p, ’, {1 a (1 a 6)(1 = r)t}s]; 


this leaves the boundary of U; fixed. It may easily be replaced by a smooth de- 
formation. Doing this for each 7 gives a mapping f with f(M) C fo(M) — >> C,. 
Clearly f has no self-intersections, and is still proper. 

ProsLeM. Does there exist an imbedding, for M open, with no limit set? 


9. A lemma on bundles of vector spaces 


A bundle 8 of vector spaces is defined as follows. Let Vo’ be a fixed vector space 
of dimension n. Let A be a topological space, the base space, and let {F;} be 
a covering of A by closed sets (we could use open sets). To each pe A there 
corresponds a set of points V"(p); V"(p) N V"(q) = Oif p #q. For each F,;, 
and each pe F;, &r,(p, q) (qe Vo) is a one-one mapping of Vo onto V"(p). 
Let g = &.(p, r) mean r = ép,(p, q). For peF: NM F;, we assume 
EF, (D, f»,(p, q)) is a linear mapping of Vo’ onto itself, which varies continuously 
with p. Because of this, each V”(p) may be considered as a vector space. 
The &», are the coordinate systems; the set of all points on all V"(p) is the total 
space. We write 8 = (SB; Vo’, A). If there exists a coordinate system ¢(p, q), 
defined for p in all of A, then % is simple; ¢ expresses the total space as the 
topological product of A and V7’. 

If we replace V¢° by a sphere Sj’, and linear mappings by orthogonal map- 
pings, we have a sphere bundle (see [3]). 

Lemma 12. Let (@; Vz’, K) be a bundle with a complex K for base space. Let 
kK’ be a (possibly void) subcomplex of K. Let e:,-+- , &m be the unit vectors in 
Vo. Let ¢(p, e:), «++ , ¢(p, e:-1) be defined for p € K, and let ¢(p, e:) be defined 
for p in K', so that these are continuous and independent where defined. Then 
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¢(p, e:) may be extended continuously over K so as to be independent of the other 
¢(p, e:) if either of the following two conditions hold: 

(a) dim (K) S m — 1. 

(b) K can be built up from K’ by adding cells, each having a ceil, or nothing, 
in common with the subcomplex of K' plus the cells already chosen. 

Remarks. In (b), it follows that 8 is simple. If dim (K) = m -—i 41, 
the existence of ¢(p, ¢:) is expressible simply in terms of one of the ‘“‘character- 
istic classes’’ of B (see [3]). 

The proof in Case (b) is due essentially to Wazewski.’ In Case (a), we extend 
¢(p, e:) over cells of K of higher and higher dimensions. That this can be done 
at each step is a simple consequence of the dimensions under consideration 
(see a similar proof in §10), and is fundamental in the existence of the character- 
istic classes (which exist equally well for bundles of spheres or vector spaces). 


10. The 2-cell o 


Choose the C; as described in §8; this is possible, since n 2 3. Let JM; and 
Mz be neighborhoods of C; and Coin M. Let pi; (0 S ¢t S 1) move from p; along 
('; to p; as t goes from 0 to 1. We can suppose p;; is an imbedding of the interval 
(0,1) in M. Then qi: = f(p..) is an imbedding. 

Let E” have coordinates x, y. Let A; be the intervalO S$ « < 1l,y=0. Let 
A» be the are of a circle of radius 1 and with center at (1/2, —+/3/2), which 
joins the ends r and r’ of A; and lies in the half plane y = 0. Let A = Ai U Ap, 
let r’ be a small neighborhood of A in E’, and let 7 be 7’ plus the interior region 
7’. We shall find an imbedding y of 7 in E’" such that 


W)=% Vvr)=_q, WAi) = Bi (i = 1, 2), 


and such that ¥(r) NM f(M) = B, and no tangent plane to ¥(r) at a point q* 
of B lies in a tangent plane to f(M) at q*. We do this first with 7 replaced 
by 7’. 

Let 7? and T? be the planes tangent to f(M;,) and f(M2) at g. Let T” be the 
plane tangent to B; and By at q; it cuts Tf and T? in lines Tj and T;. Bya 
slight deformation of f, we may suppose that f maps a neighborhood of p; in 
M, onto a neighborhood of g in T? , and maps a neighborhood of C; (extended) 
in M; onto a neighborhood of T; (¢ = 1,2). We may map a closed neighborhood 
V of rin 7 linearly onto a closed neighborhood of g in 7” so that a closed neigh- 
borhood of r in A; goes into a closed neighborhood of g in 7; (and hence in B)). 
To this end, we suppose the two ends of A» have been straightened. Call this 
mapping ¢, and define ¢ similarly near r’. 

Let ri, run from r to 7’ along A;, choosing it so that $(ri:) = qi: where ¢ 1s 
defined. Let ui, be a smooth vector function defined in A; and with values in 7, 
such that uj and uj; point in the forward and backward directions along A, 
at rand 7’ (j ¥ 2), and letting wu, and us; turn in the positive and negative senses 
respectively as ¢t runs from 0 to 1. Then w;; is not tangent to A; at ri,. Let 





7, W. Wazewski, Compositio Math. vol. 2 (1935), pp. 63-68. 
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R;, be a segment of length p and center r;,, in the direction of u;,. We may 
suppose V and V’ chosen so that part of their boundaries are formed by segments 
R,, extended, and may choose p so that no R,, touches an Ro, if ri,, and re, 
are outside V U V’. 

Set vi, = Vo(uir, rir) at,points r;, of V UV’. Extend v,, over the rest of B; 
so that it is smooth and not tangent to f(1/,) at qi. This may be done as fol- 
lows (or we could use Lemma 12, (a)). Extend v;; so as to be smooth over all 
of B; except a small piece D;. With a curvilinear coordinate system about D; , 
we may suppose D; lies on the y;-axis, and f(M/,) lies in the (y:, --- , yn)-plane 
E". Now vic = Uic + Vie, Ug, and v;, being tangent and orthogonal to E" re- 
spectively; vi, is #0 at the ends of D;. Extend v;, to be smooth over D;. 
Since 2n — n > 1 = dim (D,), we may extend v;, over D; so as to be smooth 
and ¥0 there. Now set vg, = ve, + 0s, in D;. 

Since ¢ is linear so far, 


Orie + cuit) = Que tov (rite V UD’, | a| S 1). 


We may use this formula to extend ¢ over a closed neighborhood 7’ of A. 

Let ¥’ be a continuous extension of ¢ over r. Since 2n = 5, we may’ replace 
v’ by an imbedding y such that (r) is arbitrarily close to y’(r), and as we ap- 
proach points of A, y approaches y’ closer and closer, together with first deriva- 
tives. It follows that y is an imbedding, and no tangent plane to ¥(7r) at a 
point y(r*) (r* « A) lies in a tangent plane to f(J/) at y(r*). Further, since 
n+ 2 < 2n, we may suppose that ¥(7) N f(M) = B. Now co = y(r) is the 
required 2-cell. 


11. The neighborhood of c 


It is here we shall use the fact that the two self-intersections are of opposite 
types. Our present purpose is to define smooth vector functions w;(g*), --- , 
Wen(q*), for g* €¢, so that these are independent, and if g* = y(r*), 7 

(a) wi(q*) = V¥(e, *), wa(g*) = V¥(e2, 7*), 

(b) w3(q*), +--+ , Wn4i(q*) are tangent to f(M,) at g* for g* eB, 

(€) Wn4o(q*), --- , Wen(g*) are tangent to f(M2) at qg* for q* « Be. 

These show how a, f(J/;) and f(Mz2) lie together in E*". 

Since y is regular, w;(g*) and w2(q*) are independent. Let Vo" be the space 
of vectors in E°", Let e3, +++ , €ng1 AN p42, *** , Con determine the subspaces 

Tt and Ve" respectively. Consider, at each point g* « B, , the vector space 
Vi"(q*) of vectors tangent to f(M,) but orthogonal to B;. Considering 
T“(¢**) as disjoint from Vr ‘(q*) if q** ¥ q*, we have a bundle of vector spaces 
%, with the cell B, as base space; use B; = (B:; Vi’, Bi). By Lemma 12, 
(b), We may find a coordinate system ¢; in it; choose it so that w:(g*), ws(q*), «-* , 
n.1(q*) determine the positive orientation of f(/) at q* ¢ Bi, if we set 


(11.1) w:(q*) = £1(q*, €:) (q* eB, ¢ = 3, see nt 1). 


oeeensen 


*H. Whitney, Trans. Am. Math. Soc. vol. 36 (1934), pp. 63-89, Lemma 6; compare [1], 
Theorem 5, or Theorem 2, with the remarks following it. 
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Since the only vectors at q* ¢ B; which are tangent to both 7 and f(M) are tan- 
gent to B,, the w; are independent so far, and all properties hold. 

Similarly, taking V2 ‘(q*) tangent to f(JZ) but orthogonal to By at g* ¢B, 
gives a bundle (@: ; Vz‘, Bz) with a coordinate system {2. Define w,(q*) by 
(11.1), with ¢, for gre B,,i 2 n+ 2. If we(q*) points positively along B, 
at g*, we may suppose ws(q*), Wn+2(q*), «++ , Wen(g*) determine the positive 
orientation of f(M2) at g*. The properties still hold. (At q and q’, clearly all 
the vectors are independent.) 

Let (8; V3", o) be the bundle with each V(q*) = Vo". (The total space is 
V;" Xo.) In the subbundle (%; Vo", B.) over B., the vectors w,(q*), w2(q*). 


Wns2(q*), «+: , Wen(q*) are independent; w:(g*), --- , W2n.(q*) are independent 
for g* = q and for g* = q’. By Lemma 12, using (a), with K = B;, K’ = 
q U q’, we may extend w;(q*), --- , wn(g*) over Bz so that the 2n — 1 vectors 


are independent. Now recall that the two self-intersections are of opposite 
types (we are supposing that VW is orientable and n is even). By the choice of 
¢; and ¢, this means that 


wi(q*), w;(q*), i ghee Wni(q*), w2(q*), Wni2(Q*), a Wen(q*), 


define opposite orientations of E’" for g* = q and for g* = q’. Now w,(q) and 
w2(q’) may be deformed into w:(q) and —w2(q’) respectively, keeping them 
tangent to o and independent of B, ; they therefore remain independent of the 
other vectors listed above. Hence 


w1(q*), w(q*), +++ , W2n(q*) 


define the same orientation of E’" at g* = q as at q* = q’. It follows that 
Wn+1(q*) may be defined over B, so as to remain independent of the other vectors. 
(If we deform w,41(q*) for q* near q and q’ to become a unit vector orthogonal 
to the other vectors, then w, +:(q*) is uniquely determined so as to be continuous 
and have this property in the rest of Be .) 

By Lemma 12, using (a) again, with K = o and K’ = B, since dim (c) = 
2 < 2n — (n + 1), we may extend w;(q*), --+ , Wasi(g*) over o so that 
wi(q*), «++ , Wn4i(q*) are independent there. Finally, by Lemma 12, using 
(b), since o and B; clearly have the property of K and K’, we may extend wn+2(q"), 

++, Wen(g*) over c. The w,(q*) determine a neighborhood of ¢ in E’", as will 
be apparent from (12.1). 


12. Completion of the proof of Theorem 4 


Consider + C E’ as lying in E*". For each point (a;, a2, a3, °** , Aan), set 
= (a, a2, 0, =e , 0), and 


(12.1) v(+ os p> ae = y(r*) + “? a; w;(p(r*)). 


Since wi(q*), «++ , Wen(g*) are independent and smooth, this is a mapping with 
non-vanishing Jacobian; hence, in a neighborhood of the interior of «, we may 
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invert, and define ¥~. (The w;(q*) are taken of class C’ for this to hold.) If 
we set 
M=v'(G()), N2e=v" (fl), 


then V; and N» will lie in a neighborhood U of 7. If we define a deformation 
of VN. in U which brings it into a position not intersecting N,; , applying y defines 
a corresponding deformation of f; there will then be two self-intersections fewer, 
as required. 

Set (a1, °°* 5 Yon) = (a1, 0, 22, -++,22n). By (a), (b) and (c) of §11, and 
(12.1), for any r* € A; , the tangent plane to N, and hence to (Nj) at r* lies in 


the (v1, 23, °** » Un4i)-plane, and the tangent plane to r(N-2) at r* lies in the 
(11, fn42, °** » L2n)-plane, it follows that 
(12.2) m(N;) MN (Ne) is on the a-axis. 


Let (21) be a smooth real function whose graph x2 = u(x) lies just above A» , 
and lies on the 2;-axis just outside A. Take e > 0 so that the points of N»2 
within ¢ of the (2 , 22)-plane £” form a set interior to N2. Let (A) be a smooth 
real function with 


|nA)] $1, vO) =1, vA) =0 for [Al ze 
For r* = (a1, °++ , Zen), Set 
(12.3) O.(r*) = r* — tr(ag +--+ + ain)ulrirer, 


and consider this as applying only to points of N2. This is clearly a regular 
deformation. For t = 1, it moves the part of Ne lying on A» into a position 
with 4, < 0. Since 7(6,(Ne2)) = w(Ne2), (12.2) gives 


yy a) 6,(Ne) is on the X;-axis. 


But (Nz) does not touch the z-axis; hence this set is void. Furthermore, 
since ¥(7) M f(M) = B, taking ¢ small enough will insure that no new self- 
intersections are introduced. This completes the proof in the case that M is 
orientable and n is even. 

In the other cases, we can get rid of any pair of self-intersections by a regular 
deformation. To show this, it is only necessary to show that C; and C, may be 
chosen in such a fashion that M, and M;, when each is oriented, intersect in 
points of opposite types. 

Suppose M is not orientable. Try a pair C,, C2. If the points are of the 
same type, choose a curve C3 such that C, U C2 reverses the orientation in M; 
then C, and C3 will do. 

Suppose n is odd, and M is orientable. If Ci and C2 will not do, choose C; 
and C so that (with the notation of §9) Ci joins p: and p2 , and C3 joins p: and 
bh. We may suppose C;; coincides with C; near one end and with C; j # 7) 
at the other, and M; = Mj near pi,and M; = M; (j ¥ t) near D; . Orient the 
Mi, and the Mj accordingly (near pi). Then the intersection of the 
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pair (M ‘4 M3) is like that of (1/7, , M;) at q’; hence (compare the proof in Lemma 
2) the intersection is of opposite type from that of (MM, , Mz) at q’, as required, 
The theorem is now proved. 


APPENDIX 


~ 4 
IMBEDDING THE COMPLEX PROJECTIVE PLANE M* nw E" 


Let M° be the space of all triples (2: , 22, 2;) of complex numbers, not all 0. 
If we identify any two triples (2: , 22, 2s), (A¢1, Azz, Azs) (A * O complex), M* 
is obtained. Let [z1, 22, 2s] denote points of M*. 

We first give briefly a topological description of M*, then discuss how an 
imbedding may be found from the topological point of view, and finally give 
equations which are proved to be an imbedding. In terms of the reai variables, 
the imbedding will be analytic; it of course cannot be so in terms of the complex 
variables, since 7 is odd. 

Set z = 2 + ty,, and 

(1) N(a,22,%) =|a|?+ lal? + [2/7 => (e+ yi). 
We remark that, since [z; , z2 , z3] may be normalized to make N = 1, uniquely 
except for a factor \ with | \ | = 1, the 5-sphere N = 1 is expressed as the total 
space of a bundle of 1-spheres with M* as base space. A similar fact holds for 
the (2n + 1)-sphere. 

First we divide M* into three subsets; the points with zs; ~ 0, those with 
z; = 0 but 2 ¥ O, and those with z3 = z = 0. These sets, with normal forms 
for their points, are: 


Q*: all [ai, ze, 1], 
Q*: all [z, 1, 0], : 
Q°: all [1, 0, 0];} — 


Since these are cells, the Euler-Poincaré characteristic of M‘* is 3. S’ is complex 
projective 1-space, equivalent to the extended complex plane, and is topologic- 
ally a 2-sphere. For any [z,, 22, 0] in S’, set 


P*[a,, 2, 0] = all [z1, 2, 2). 


(2) plz: , 22, 23) = | 25|°/(lal>+| 2), 
(9 may be 2), and define the subsets of 1/* 


A: p <1, A: p=1, As: a> 1. 


Set P_[zi, 22, 0] = P*lz, ze, 0] M A_, and define P, P, similarly. 

Clearly A is a 3-sphere (see below), and A. is a 4-cell bounded by it; each is 
in Q*. Since the sets P_(p) U P(p) are disjoint, these form a bundle of closed 
2-cells, with S° as base space. The P(p) form a bundle of 1-spheres with 5 
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as base space; the total space is the 3-sphere A. We remark that this proves 
the 2-dimensional invariant of the bundle to have the value +1; also, that 
mapping each point g of A into p € S* such that q € P(p) is exactly Hopf’s essen- 
tial mapping of a 3-sphere into a 2-sphere.” 

We now discuss the imbedding problem. If we set F*(z,, 22 1] = 7 
this imbeds Q* in 4-space. Of course F* cannot be extended over ? ._ To make 
this possible, let us pull back towards the origin those points with small p; we 


may set 
(3) Fla, 2, 1) = Ld (21, 2) 
? ? N ’ 
or equivalently (the last expression allowable even for z; = 0) 
, 2| 23 | /z Bes 4 
(4) F'[a:, 22, 2s] = Hel (2, #) = 7 (212s, 222s). 


This mapping fails to be regular at points of A, where the vectors pointing 
away from [0, 0, 1] (using (3)) are mapped into the origin. 

Let us introduce three new coordinates into the image space, map S’ into the 
unit sphere in this space, and extend the mapping over M*. Using stereographic 
projection, and one complex and one real coordinate, we find 


= 2 2 
F"la1, 01 = (2 21 22 lal — lal), 
in, te, O lzi |? + | ee[?’ | a? + | 2e/? 





or more generally, 
” -_ 1 = 2 2 
Flr, 22, 23] = 7 2e22, [a [° — | 2/°). 
Combining this with (4), with a slight change, we define our mapping by 
. B40). a = 
(5) Fla, z, 2] = N (2223, 2321, 2122, | 21 ? — |% I’), 


using three complex and one real coordinate, N being defined by (1). In terms 
of the seven real variables, 


(6) sites x (tas + yrYs, Y2ts — T2Ys, MiXs + YiYs, M1Ys — Yrs, 


Li Xe + YPiY2, Yit2 — UWY2, xi + yi si x3 - y>). 


From (5) it is clear that Flz:, 22, 23] = F{Az, Azz, dzs], A complex, i.e. it is in- 
dependent of the manner of writing a point in M’*. 

We now prove that F is regular. Consider first the F’ of (3). Since the set 
*H. - Hopf, Uber die Abbildungen der dreidimensionalen Sphare auf die Kugelfléche, Math. 


Annalen, vol. 104 (1931), pp. 637-665. The mapping also is that determined in the Remark 
following (1). 
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of points (21, z2) with | 2: |? + | 2 |? = 7°, which forms a 3-sphere of radius r 
if r > 0, is mapped into a concentric sphere, F’ is regular wherever the vector 
Vez, at [21 , 22, 1] pointing away from the origin is mapped into a non-zero mul- 
tiple of itself. Set 

a=nait+ytacty, Ny, = 1+ a’ (d real). 
Then the image of 3v,,., is the value when A = 1 of 


afi 2ra” 1 
olf On, Ay; | NR (Ar, -) + xy 1, ) 





— (20"a* — Ny)(1, yr, te, Yo): 
r 


Taking \ = 1, we see that F’ is regular except possibly on a set B;, where 
2a° — N = 0, i.e. 20° = 1+ a',a = 1,orelsez; = 0. With [z,, 2, 2s], we see 
that B; is given by the condition: 


(7) Either z; = 0 or |z|? = ja]? + |z!?, 


ie. B = SUA. 

Define B, , B: similarly, and set B = B,M B.M B;. Then replacing F’ by 
F (where we need not consider the last variable | z: |” — | ze |”), we see that F 
is regular except possibly at points of B. Now B contains only the points 


(8) Piz = (0, 1, zi, Pua = [z, 0, 1], Psz = (1, z, 0), | c | = 1. 


For [0, 0, 1] is not in B; ; similarly for [0, 1, 0] and [1, 0,0]. In case at most one 
zi=0,say|a|S|z|<|2|;thenz #0. Ifz +0, orif z = 0 and | z| > 
| zo|, then | z2.|? < |a|> + | 25/7, and [a 22, 2s] is not in Be, while if 2 = 0 
and | z,| = | z2| , then [21 , ze, z3] = [0, 1, 2/20] = pie, 2 = 23/22. 

We must prove still that F is regular at the points p;.. To do this, it is 
sufficient to show that the 7 X 6 = 42 partial derivatives of the components of F, 
considered as mapping M° into E’, form a matrix of rank 4 at each such point. 
For this proves that the tangent space to M° at any such point is mapped into 
a space of dimension 4 in E’ by F; but the tangent space to M‘* is clearly mapped 
into the same space in EF’. It is of course sufficient to find a submatrix of rank 4. 

For points of M° representing points p;., we choose points with N = 1, 
obtained from (8) by multiplying by a real positive factor. Now 


Piz = (0, 0, x2, 0, x3, ys), t= 23+ y3 = }, 
Por = (211, 41,0,0,23,0), 23 = 21+ yi = }, 
Psz = (01,0, a2, y2,0,0),. ti = a+ y3 = 3. 
The corresponding values of F are: 
at Pie: (t2t3, —ays, 0, 0, 0, 0, aj, 
at per: (0, 0, as, —yts, 0, 0, rity), 


at P32 : ( 0, 0, 0, 0, M1X2, —UMY2, ri —_ xe ane y2)- 
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Consider first a point pi:. Form F; from F by omitting the third and fourth 
of the seven variables. Then since V = 1 and 


—2Qr313 + 23 = 2iys — ys = 0 


at the point under consideration, differentiating (6) gives the following matrix 
for F:/da1 , -** » OF 1/dye : 


| 0 0 xm O 0 
10 0 O x 0 

| 0 0 0 O 2x(x} — 1) ; 
1Ys 0 0 —2y2 | 





This is obviously of rank 4. Similarly, at po. , let F2 omit the fifth and sixth 
variables from F. Then the matrix of dF2/dx,--- , AF2/dys is 





|as 0 0 0 0 | 
/0 0 0 0 ~2as(ai + ai) ||’ 





again of rank 4. At ps-, letting Ff; omit the first and second variables, the 
matrix of 0F3/da, , OF 3/dy1 , OF 3/dx3 , OF'3/dys is 


0 0 0 0 2x 


| 


(0 O y am O 


im 0 0 O Of’ 
0 m 0 0 0 


again of rank 4. This completes the proof that F is regular. 
To show that F is one-one, take any point 


a (wi, We, Ws, Y) - (w1,%1,°°* 4,7) - F(p) 


for some p ¢ M*; we shall show that p = [z, 22, 2s] is uniquely determined, 
ie, the 2; are determined up to a complex factor. 

Suppose first that w; = 0, y = 0. Then one of 2, Zz is 0, and since 
la|*?— | 22 |” = 0, both are 0; hence p is unique. ; 

Suppose next that w; = 0, y + 0. If y > 0, then 2 = 0, |2| > 0 (since 
N>0). Since z; ¥ 0, we can normalize p to [1, 0, 23]. Now 

| 21 |? 1 23 A 
= = — => lS! CUCU Zz ; 

N N’ We N Yes 
hence 2; = w»/y is determined. If y < 0, then 2 = 0, 2 # 0, ete. 

Suppose now that w; ~ 0; then 2: + 0, 2 ~ 0. In this case we normalize 
So that 





N =1, Z = 22> 0. 
If first w; ~ 0, then 





a _ 2 
Wi1W3 = %2%2123 = 22, 2 = 
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determining z2. Now 


Ww 
4 = ao =, 


3 — 
Sis 
wo ls 


so that p is determined. 
Suppose finally that w; # 0, w2 = 0. Normalize as before. Now z; = 0; 





we find, from ws = m1, 7 = |al? — 2, 
2 | ws |? 2 
| 21 | — =F + &2 
Xe 


x2 = Hoy + (7 + 4 ws?) 


Since the square root is > | y |, the minus sign is impossible, and 23 and hence 
z2 = 22 is uniquely determined, as is z; = w;/x2. This completes the proof. 
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THE SINGULARITIES OF A SMOOTH n-MANIFOLD IN (2n — 1)-SPACE* 


By HassterR WHITNEY 
(Received August 19, 1943) 


1. Introduction 


We showed in the preceding paper that any smooth n-manifold M" may be 
imbedded in 2n-space E*". Our primary purpose here is to show that it may be 
immersed in E°”’, provided that n = 2. Then near any point of M, the map- 
ping f into E*"~™’ is one-one, but there may be self-intersections (which may be 
required to lie along curves). Equally important perhaps is the combinatorial 
study of singularities (points where the mapping is not regular). Along with 
true manifolds we study also manifolds with boundary. By a partial manifold, 
we mean a manifold with or without boundary. In simple cases, the boundary 
aM of the partial manifold M will be a manifold. (8M means the point set 
boundary; it need not coincide with the boundary of the chain M if M is non- 
orientable.) Since the question of how general 8M may be allowed to be (we 
insist at any rate that it be a complex) is a rather difficult one, which we expect 
to study further in another paper, we will use the term somewhat loosely here. 
Any special assumptions on @M which may be needed will be made at the 
time. 

It is a highly difficult problem to see if the imbedding and immersion theorems 
of the preceding paper and the present one can be improved upon. Practically 
the only knowledge we have of this is found in the author’s Michigan lecture, 
[3]. The most important result there for the present problem is the existence 
of a closed M* which cannot be imbedded in E’. (We have not studied the 
possibility of immersing it in E°.) This M* is non-orientable; it seems possible 
that any orientable, or any open or partial, M* may be imbedded in E", and 
immersed in E°, Possibly also any M* may be imbedded in E”! 

We touch briefly on the case n = 1. Here M is a circle, or a closed, open, or 
half-open are. Locally, the mapping f into the line E’ is expressible as a dif- 
ferentiable real-valued function x’ = f(x); the singularities of f are the points 
where df/dx = 0. If the mapping is “semi-regular,” the only singularities are 
maxima and minima of f. It is obvious that a slight alteration of any f will 
give a mapping g in which this holds. The combinatorial conditions as stated 
in this paper apply only to the case n = 2, but analogues could easily be given 
for the case n = 1. 

Suppose now that n = 2. If we take a general smooth mapping f of Mm’ 
into E’, the singularities may be quite wild. But again, a slight alteration of f 
will reduce them to a single type; see §3 and Fig. 1. The new mapping is semi- 
regular; these are the mappings which concern us here. 


The combinatorial part of the paper consists essentially in counting the 
KK 


* Presented to the American Mathematical Society, Sept. 9, 1942. 
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algebraic number &,(M/) of singular points (mod 2 if n is even) by means of the 
mapping f in the boundary of M. (As an immediate corollary, &,(M) = 0 
or = 0 mod 2 for all closed manifolds, orientable or non-orientable.) The manner 
of counting may be seen from Fig. 1. If we follow around the boundary aM, 
it cuts through M at one point, p*; hence &,(M) = 1 (mod 2). Or, again, let 
us cut off a strip around the edge of f(/7), and spread it out in the form of a 
circle; we will find that it has a single twist. If we cut this strip into two strips, 
the twist will show up in the linking of the two new strips; combinatorially, in 
the fact that (each being considered as a curve) their looping coefficient is +1. 
These two facts are expressible in the form: 


(1.1) &(M) = KI(f{M*, faM) = LC(faM*, faM), 


M* being M with a narrow neighborhood of @M removed. (1.1) holds in fact 
for any chain A, using A*, which is A with a neighborhood of all (n — 1)-cells 
removed. The fundamental theorem states that this is the algebraic number of 
singular points of 7, taken mod 2 if n is even. The proof in the case that M 
is non-orientable and n is odd is difficult to handle; the intersection theory in 
Part III is needed to unravel the situation. 

The reader may wonder why we are willing to lose preciseness in the results 
by reducing mod 2 whenever n is even. The answer is, the formulas are only 
correct after reducing mod 2 (and in fact, this is all we need in the proof of the 
immersion theorem). This is well illustrated in Fig. 2. There are no singulari- 
ties; yet f(@M) cuts through f(1/) twice, each time in the same sense, so that 
KI(f{M*, faM) = +2. In the proof of the immersion theorem, we cut out 
pieces of f(/) and alter them; it may be necessary to insert twisted pieces such 
as in Fig. 2 to gain the desired end in case n is even. 

Fundamental definitions are as in the preceding paper (including its §4). 
We note also the following (see also §15 and elsewhere). A vector is tangent 
to M at p « M if it points into M or along 0M (if pe aM) at p. It is independent 
of M if it is not in the tangent plane to M at p. A vector field f(p) is independent 
of M if each v(p) is independent of M at p. We may use a complex K in place 
of M; then v is independent of K at p if it is independent of each cell o of K with 
p €G, etc. 


2. Outline of the paper 


A typical singularity is presented in (3.3), and a mapping of a sphere or plane 
with just two of them is given in §4. Though there is only one kind of singular 
point under a semi-regular mapping, we may differentiate between positive and 
negative ones in case n is odd; see the definition in §5. If a single cell is mapped 
by f so that it has just one singularity, as illustrated in Fig. 1, the relation to 
intersections is fairly simple, as noted above. For a partial manifold, or more 
generally, a complex, the relation is worked out in §7. When we express M and 
0M as chains, and sum, both pairs ao? , c} and ac” , o? will appear if 7 # J. 
By the commutation rule for Kronecker indices, such terms will cancel out for 
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n odd, giving the exact value of %,(M) in (8.2); for n even, we get this result 
only mod 2. If f is deformed, f(@M) may cut through itself; yet if n is odd, this 
does not affect &;(7), as noted in Theorem 4. 

To prove the immersion theorem, we need some detailed results on the type 
of looping coefficients which we mentioned above in cutting a strip into two 
strips. Lemmas are given which state that certain alterations of f are possible 
which map 3M into a given position and let M have given directions at points 
of 2M. Next we give a mapping f of an n-cube M, (n even) without singulari- 
ties and with &;(M>)) = +2; compare Fig. 2. To prove the immersion theorem 
in case M is closed and n is odd, we use %;(J/) = 0 to show that the singular 
points may be paired, p; and p; , the two in a pair being of opposite type. If A 
is an are from p; to p;, a neighborhood M, of A then has the property that 
&(M,) = 0. We may therefore alter f in M, to remove these two singularities. 
The other cases do not require much further treatment. Two theorems are then 
given which discuss the position of 0M under an immersion of a partial manifold. 

Suppose M is non-orientable. Let M, be a chain formed by adding together 
the n-cells of M. Then dM, = A + 2B, where A is the sum of the (n — 1)- 
cells of 8M, and B is a sum of cells interior to M. Thus, if M’ is a Mobius strip, 
@M{ is the boundary curve plus twice an arc cutting across the strip. Suppose 
nis odd. It was proved in Part I that (1.1) counts the singularities, provided 
that M,, Mf and aM, are used. But we do not wish to use any interior cells 
of M; it is necessary to show that these always cancel out. It is clear that in 
this case we cannot use K/(fM*, f a M), since by an alteration of f we might 
move f@M across itself, which would alter the Kronecker index. Moreover, 
LC(f a M*, f @ M) is not defined, since 2M* and @M cannot be made into cycles. 
But if we choose that n-chain p*f 8 M formed by deforming f 4 M in the yen—- 
direction to infinity, we may study KI(faM*, p*faM). This leads finally 
to the required result. The definition of &%;(M) required, in (20.5), is more 
complicated than before; its necessity is shown by an example in §21. 

In an appendix we take up some topics which are less fundamental in the paper. 


I. SINGULARITIES AND INTERSECTIONS 


3. The general type of singularity 


DeFinition. The mapping f of the n-manifold M” (without boundary) into 
E* is semi-regular if it is of class C® (so that we may apply Lemma 2) and is 
proper, and for each p ¢ M, either f is regular at p or the following holds: With 
a suitable coordinate system about p, 


1p 
and the 2n — 1 vectors 


(3.2) a) 2 Ss) Si ... &. 
O21 |p’ d22\p’ Xn |p’ 0241022 |p’ 7 021 92n |p 
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are independent. This condition holds then in any coordinate system for which 
(3.1) holds; see [4]. The z,-direction is uniquely determined except as to sense. 
If M is a partial manifold, we assume also that f is one-one in a neighborhood 
of the boundary. (See the appendix, Lemma 25.) 

Derinition. The semi-regular mapping f is completely semi-regular if: (a) 
For any double point f(p) = f(g) (p or q may be in 0M) the two tangent planes 
to f(M) there have only a line in common. (b) f(@M) does not contain the 
image of any singular point. (c) If n 2 3, there are no triple points f(p) = 
f(q) = f(r); if n = 2, there is no such triple point with p ¢ aM, and there are 
no quadruple points. The self-intersections are then along smooth curves; see 
§22. 

Lemma 1. Arbitrarily close to any f there is a completely semi-regular f’; we 
may make f’ be one-one in a neighborhood of 2M, and may make f’ of class C. 

This is proved without the “completely,” for manifolds, in [4]. For partial 
manifolds, we first imbed a neighborhood of the boundary (using the methods 
in [1]), then extend the mapping over the interior of M, and apply the proof 
mentioned to the interior. It is now easy to make the mapping completely 
semi-regular (see [1], especially §9, (D)). 

Lema 2. Let f be semi-regular. Then for any singular point p there exist 


(curvilinear) coordinate systems (a1, -°-+ , tn) about p and (yi, +++ , Yon—1) about 
f(p) such that f is given near p by 
. Yi = %, 
(3.3) Yi = 2, j (¢ = 2, ---,n). 
Ynti-1 = U2, 


This also is proved in [4]. If f is of class C*"**, of class C®, or analytic, the new 
coordinate systems will be of class C’, of class C*, or analytic respectively. 
In case n = 2, the mapping is 


(3.4) r= wu, y =2, = WwW; 


eliminating wu and v gives z = +y+/z. For each y, the cross-section is a parab- 
ola; as y passes through 0, the parabola degenerates to a half-ray, and opens 
out again (with sense reversed); see Figure 1. The only self-intersection is at 
v = 0, mapping into the positive x-axis; in the general case, at x2 = --- = 2, = 0, 
mapping into the positive y;-axis. 


4. A mapping of a sphere or plane with just two singularities 


The examples we give here not only are interesting as illustrating mappings 
of whole manifolds with definite singularities, but are useful in the proof of the 
fundamental Theorem 6, in the case of an open manifold. 

Let So be the n-sphere xj + --- + a4, = lin E"*'. We define a smooth 
mapping f of E"*’, and hence of Sj, into E*"’ by the equations 


Y= %, 
(4.1) Yi = Un+1 ; (7 = 2, eee ; n). 
Ynti-1 = %%, 
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For n = 2, transposing terms gives 
f(z, y, 2) = (a, zy, 2). 
The effect of fis to turn the part x < 0 of the sphere inside out. More explicitly, 
f squeezes the cross-sections Sz for each x so that for x = 0, the circle S! turns 
into a line segment, and for x < 0, into an ellipse with sense reversed. There 
are obviously two singularities, at (0, 0, +1). 


—* 0 singular point 











i 








Fig. 1 


The matrix of first partial derivatives in (4.1), transposed, is 











To find the singularities, take any p = (1, --* , tn41) € So, and any vector 
0 = (1, +++, Ungi) tangent to Sj at p; then v is orthogonal to p — O (0 = 
origin), so that >> via; = 0. The vector v is mapped by f into a vector we shall 
call V/(v, p) (which may be considered as the derivative of f along v; see the 
preceding paper §4); it is 


vi, p) = Kw Zz 


= (Ung1, 02, °°* Un, 122 + 201, °°", Tn + Uni). 
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Suppose this vanishes, with v + 0. Then vw» = --- = Un = Ungi = 0, hence 
v, ¥ O, and since 27; + viti = 112; = 0 (i > 1), we have x = --- = 2, = 0, 
Also po vit; = Vt, = O, and hence 2, = 0, and tn41 = +1. Thus the only 
singular points are 


pi = (0,---, 9, 1), p2 = (0,---, 0, -1). 
Near each p, we may determine x,41 in terms of 21, ---,2,, and thus write 
f(t, *** ,2n, Inq) = F(t, -** , Xn) in So ; 


we find dF /ax|,, = 0. Computing dF /dx; and dF /dxdx; at p: and at p, 
shows at once that these singularities are of the required type. 

From the mapping f in (4.1) we obtain a mapping ¢ of E” into E’"™ as follows. 
First, interchange 2, and 2n41 : 


filtr , °°* 5 2ny%nq1) = (Z1, °° Bn Pnzitey °° »Tn412n). 


Near the point po = (0, 1, 0, --- , 0), this is very close to the identity mapping 
of Sj into Sj C E"*' C E’"*: a slight deformation of f; into f. will bring it to 
the identity in a neighborhood U of po in So’. By stretching U — pp into the 
part of E” outside some (n — 1)-sphere, fe transforms into the required mapping. 

A mapping f of E” into E’”” with two singularities may also be defined as 
follows: 


u = (L+ 21) +++ (1 + 25), 


i 221 - ih oa 
(4.2) n= u-—, Yi = Xj (i = 2, .n), 
1 12; ’ 
n ee we = 2, nd — }), 
Yai = = Yn . (i n— 1) 


Note that far from the origin, f is very near the identity. Hence a slight altera- 
tion of f will make it the identity outside some sphere. (Compare the proof 
of Lemma 11.) Comparing with the preceding paper, §2, we see easily that / 
is regular except at the points pz = (0, --- ,0, +1); at these points, af/dax = 0. 
At p, for example, the vectors (3.2) form a diagonal determinant, whose elements 
d; are d; = 2,d; = 1 (i = 2,--+, n), daai = —l dng: = 4 (§ = 2,---,n — 1); 
hence f is semi-regular. 


5. The orientation of singular points 


We shall discuss the following problem. Given a singular point p and a neigh- 
borhood U of p, are there any orientation properties of E or of U determined 
by the set of points f(U)? Let A be the are of self-intersection through p (i.e. 
part of the z-axis, in the coordinate system of Lemma 2). It turns out that 
for n odd, an orientation of E is determined, while for n even, an orientation of E 1s 
determined by one of A near p. We shall show in fact that the following defini- 
tions are permissible. 
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Derinitions. Weuse the above notations. If is odd, the singular point is 
positive or negative according as the vectors (3.2) determine the negative or 
positive orientation of E. If nis even, the positive side of M at p is the direction 
along A such that, if the x-axis points in that direction, then the vectors (3.2) 
determine the negative orientation of E. Note that W need not be oriented or 
even orientable. The reason for the choice will appear in Lemma 6. 

Lemma 3. The above definitions are independent of the coordinate systems 
employed. 

Take two systems {2,;} and {2;}, with af/az,|, = af/ax,|, = 0. We may 
rotate the aj-axes (¢ > 1), obtaining {x;}, so that 


of ff 


ax: |,  ~* az; a; > Oforz> 2. 








Pp 
The definitions with the {x;} are the same as with the {2;}. 

If n = 2 and a < Q, let us replace xo by —zx; . This does not affect the 
orientation of A, and since both af/ax: |, and a°f/ax{ ax: |, are reversed in 
direction, the vectors (3.2) with the new {x;} determine the same orientation 
of E as with the old {2;}. 

Now if a; < 0, replace 2; by —2;. Suppose first that n is odd. Then the 
n — 1 vectors a f/axy day Mig BPH af /dx; dx, |» are reversed, but no others 
of (3.2) are changed. Thus the same orientation of E is determined. Suppose 

“next that n is even. Then the orientation of E is reversed; but the new z;- 
axis now points in the other direction along A. 

With all the a; > 0, we may deform the {x,} system into the {x;} system. The 
vectors (3.2) remain always independent, so the same orientation of E and of A 
are determined, completing the proof. 

Lemma 4. If f is given by (3.3), and the coordinate systems determine the positive 
orientations of M and of E, then for n odd, the singular point is negative, while for 
n even, the positive direction in M at p is along the negative x-axis. 

It is sufficient to show that the matrix formed from the vectors (3.2) has a 
positive determinant. Differentiating (3.3), we see that the determinant is 
diagonal, with one 2 and the rest 1’s on the diagonal; hence the determinant 
is2> 0. 


6. The intersection &;(1/) of M with 0M under f 


We shall count the number of times that f(a) cuts through f(J/) in rr. 
The definition given here suffices in the orientable case; an interpretation in 
terms of the manner in which M attaches to aM will be studied in §9. The 
latter discussion will apply also to non-orientable partial manifolds such that 
0M can be made into a cycle; see §14. 

If A’ and B’ are singular chains in an oriented E’**, such that A M aB = 
dA 1 B = 0, then their Kronecker index KI(A, B) is defined. In particular, 
let o’ and o* be oriented cells with just one common interior point p, their tangent 
planes at p having only pin common. Let wm, --- , u, be independent vectors 
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tangent to o’ at p, determining the positive orientation of 0’; choose »,, --- , », 
similarly for o*. Then the intersection is positive or negative (KI = 1 or —1) 
according as u,, --- , U,, v1, °** , Vs determine the positive or negative orienta- 


tion of E’*’. 

Derinition. Let f be a semi-regular mapping of the orientable partial 
manifold M” into E°"’. Choose an orientation of M. With an infinite sub- 
division of M — aM, we obtain an infinite singular chain M°. The boundary 
of M is oriented, and becomes a chain 0M. We define 


(6.1) °,(M) = KI(faM, fM°) = KI(fM°, faM), 


if this is finite. If aM is compact, it will be finite, since f is proper. 

We now give the definition without the help of the infinite chain M°. 

Lemma 5. Let U be a neighborhood of 8M in which f is one-one. Let M* be 
a singular chain such that 


(6.2) M — M* C U. 
Then (LC = looping coefficient) 
(6.3) &,(M) = KI(fM*, f aM) = LC(f a M*,faM). 


For we can write M° = M* + M’ where M’ C U; since f is one-one in U, 
KI(f{M’, f aM) = 0. 

Lemma 6. Let the situation be as in Lemma 2. Let o be an oriented n-cell, 
lying in the coordinate system, and obtained from the sphere es x; = B° plus interior 
by cutting off the part with x, > a, where0 <a <6. Then for n odd, Mc) = 1 
or —1 according as the singular point is positive or negative, while for n even, 
X(c) = 1 or —1 according as the x-axis extends in the positive or negative direction 
in M. 

Remarks. It is easily seen that for n odd, &(o;) is the same as &(c) if 1 
is obtained from the sphere by cutting off the part x, < —a; this follows also 
directly from Theorem 4. In the proof of Theorem 6 for n even, we need only 
the obvious fact that &(c) = 

Let p = (—a, 0,---,0), gq = (a, 0,---,0). The only intersection of 
f(@M) with f(M°) is f(p) = f(g). It is clear from Lemma 3 that we may suppose 
that the coordinate systems determine the positive orientations of M (or ¢) 
and of HE. Now the result of Lemma 4 holds, so that it is sufficient to show that 
Lio) = — 

Let é:, +++ , én be the unit vectors in E”; these determine the positive orienta- 
tion of o, while at g, the vectors e, --- , e, determine the positive orientation 
of dc. We must show that the vectors 


(6.4) of | of | vee ae 


O21. ia isnt ” On - |, Ox. | le’ ” OX | qd 
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determine the negative orientation of E*". The two sets of vectors give the 


matrices 
—-2a O -* 0 0 ‘vs 0 } 
0 l eee 0 —a eee 0 } || 1 eee 0 a eee "| 
| | 
Pe to eee ae , | cceeeteeeteeeseeeeeeeee Hl 
0 O --+ 1 O cos —all 10 O «++ 10 «+ al 


Putting the second below the first forms a determinant D which we must prove 
negative. Subtracting the i™ row from the (n + i — 1)" row (i = 2,---,n) 
gives a determinant with zeros below the diagonal, whose value is 


D = (—2a)(2a)""" = —(2a)" <0, 
as required. 


7. The self-intersection of an n-complex mapped into E”"™ 


We shall consider mappings of a finite n-complex K into E°"' which are one-one 
in U for some neighborhood U of K""*. Of course K might be a subcomplex of 
a complex of higher dimension. We note that any mapping may be approxi- 
mated to by one of the required type, even if the cells of K are replaced by more 
general bounded smooth manifolds; see §16. The considerations will be con- 
siderably generalized in Part ITT. 

Let K’ be a subdivision of K such that any cell of K’ with a vertex in K"™’ 
lies in U. For each oriented o? of K, let o? be the sum of the similarly oriented 
n-cells of K’ in of which do not touch de0;. For any chain A” = p ajo; set 
A* = }\ aj; . The coefficients a; are integers. 

DerinitTion. Generalizing the definition in §6, we set 


(7.1) &(A") = KI(fA*, fa”) = LC(faA*, fad"). 


Note that, if M = > o; , then M* = : o: , which is not the M* previously 
used; but the two definitions of &;(J/) agree, as is apparent from (8.1) below. 
Lemma 7. Under the above conditions, we have the point set relations 


(7.2) flac?) N f(aoz) = 0, 
(7.3) flo? — of) Nf(ao;) = 0 for i ¥j. 


For do} and a0; , also oc? — of and dc; , are disjoint point sets in U. 
THEOREM 1. Let the mapping f of K into E’"* be one-one in K" NU, U a 
neighborhood of K""* in K. Then for any n-chain >> aio? , 


(7.4) (di aso?) = Do ai &(o?) for n odd, 
(7.5) (Li aio?) = Yo a:&(o?) (mod 2) for n even. wet 
Remark. We could allow double points f(p) = f(q) with both p and q in 
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kK", for this would not destroy the relations (7.2) and (7.3). But & would 
not then be invariant under slight deformations. 

We may suppose K = K” in the proof. Set 7? = f(c7), tT; = f(o2). First, 
by (7.2) and (7.3), KI(z; , 87) has meaning for all i andj. Hence 


&(>. aio?) = KI(D) a7? , 8 Ds ast?) = DY asa; KI (7; , 477) 
i t 7 i,j 


= LaiKI (ci , or?) + YD aalKI (cf , arf) + KI(sF , ar?) 


t<2 


Now by (7.3), 87; does not intersect 7? — t; if i ¥ j, and a7? — a7; boundsa 
chain 7; — r; which does not intersect the boundary of r; . Hence, by ele- 
mentary properties of the Kronecker index, 


KI(r* , ar?) = (—1)"KI (877 , r?) = (—1)"KI (1? , 47; ) 

= (—1)"KI(r; , a7;) = (—1)"KI (77 , a7”). 
Consequently 
(7.6) & (Lae?) = Lai Xo?) + fh + (YX a;a;KI(r; , 77), 


from which the theorem follows. 


8. Relation between singularities and self-intersections in M/ 


We are now ready to prove the fundamental combinatorial theorem in the 
orientable case. It will be the primary object of Part III to prove the theorem 
in the non-orientable case; if n is odd, we need a new definition, (20.5), of (1), 
and a slight further restriction on f. 

THEOREM 2. Let f be a semi-regular mapping of the compact partial manifold 
M" into E"”. Then for n odd, &,(M) is the algebraic number of singular points, 
while for n even, it is congruent to this number mod 2. 

Remark. We could find an exact expression for &;(J/) when n is even with 
the help of the classification of self-intersections in §22. 

First replace f by a completely semi-regular mapping (Lemma 1), which we 
again call f. Let pi,---, p, be the singular points. About each p; choose a 
cell o as in Lemma 6. We may let these be cells of a subdivision of M (which 
need not be simplicial) into smooth cells.’ Moreover, by first deforming the 
cells of the subdivision slightly so that (n — 1)-cells touch the curves of self- 
intersection in interior isolated points only, and then deforming slightly again, 
we may obtain a subdivision K such that f is one-one over K". By Lemma 25, 
it is one-one in a neighborhood of K". Also, since M — >>4_, o? contains no 
singular points, we may suppose that f is one-one in each o? , i > u. 

Define K’ and the a; as in §7, and M* as in §6. Now 


f(@M) NSD? — of) N M*] = 0, 





3 Rather than prove this fact, we could easily construct a subdivision containing cells 
o;" approximately like the cells o” , and note that 2(o,") = &(o"). 
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and hence 
(8.1) KI({M*, faM) = KI(doo?, faM). 
Applying theorem 1 gives 
Bu 

&(M) = 2 &(o?) for n odd, 
(8.2) . 

L,(M) = > (oc?) (mod 2) for n even, 
since {(o/) = O for 7 > u, as f is one-one there. The theorem now follows from 
Lemma 6. 


THEOREM 3. Let f be a semi-regular mapping of the closed manifold M” into 
E’"". Then for n odd, the algebraic number of singular points vanishes, while for 
n even, it vanishes mod 2. 

This is a corollary of the last theorem. 

ExampLe. For n = 1, the theorem says that a (semi-regular) real-valued 
function defined on a circle has the same number of maxima as minima. 

We give finally an invariance theorem whose proof requires Lemma 9 below. 

TuHEeorEM 4. Let f, be a deformation of the compact partial manifold M such 
that fy and f, are semi-regular, and for some neighborhood U of 8M, each f, is regular 
inU. Then if n is odd, fo and f; have the same algebraic number of singular points, 
while for n even, they have the same number mod 2. 

The hypothesis on f, shows that each &%,,(M) may be defined as in §9. By 
Lemma 9, it is constant for n odd, and is constant (mod 2) for n even. The 
theorem now follows from Theorem 2. 


9. Looping coefficients of vector fields in manifolds in space 
Derinitions. Let K” be a finite smooth complex in E”™, and let v(p) be a 
continuous vector field in K’, independent of K”. Then there is an « > 0 with 
the following property. For every «,0 < « < @, if 


(9.1) ¢v.(K) = allp + e(p), peK, 


then K {1 ¢,,(K) = 0. Now for any chain A’ in K, ¢,,-A is a chain in ¢,,(K). 
For cycles A’, we define 


(9.2) Q(A, v) = LC@,,A, A). 


Because of (9.1) it is clear that the result is independent of the choice of «. The 
definition will be extended in §14. 

The following lemma gives the relation to the previous ¥. 

Lemma 8. Let M” be a partial orientable manifold, and let f be a semi-regular 
mapping of M” into E’"*. Let v(p) be defined in (aM), and independent of f(aM), 
and point into f(M) at each p. Then 


(9.3) &(M) = 2(faM, v). 
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To prove the lemma, we’ note that for ¢ sufficiently small, the set of all ¢, , 
(aM) for 0 S ¢ S e projects in a one-one manner into a subset M’ of M, and 
M’ contains all of M within some neighborhood of aM. Setting M* = VM ~ yy’ 
defines a chain M* to which Lemma 5 applies. Clearly 


&(M) = LC(faM*, faM) = LC(.,.aM, faM) = &(faM, »). 


Let f be an imbedding of the r-manifold M’ in E*™" and let v(p) be defined so 
that v(p) is independent of f(M) at f(p). If deformations f; and v, are given so 
that each f, is an imbedding and each v, is independent of f,(J/), clearly &(fM, v) 
is constant. The next lemma (used in the proof of Theorem 4) generalizes this. 

Lemma 9. Let f, be a regular deformation of M’ in E”** such that fy and jf, 
are imbeddings. Let v, be a continuous vector field independent of f.(M) for each t. 
Then 


L(fiM, 1) = LfoM, vo) for r even, 
L(fiM, v1) = LfoM, vo) (mod 2) for r odd. 


Remark. The lemma clearly holds if M’ is a cycle in a complex K", f; being 
a regular deformation in each closed g;. The crossings (see below) may be 
taken interior to n-cells o? = U; of K. 

It is easily seen by the methods in [1] that a slight alteration of f, for0 <t <1 
will give a new f, with the following property. If, for a certain t,, f;, is not 
one-one, say go = f1,(p1) = fi,(p2), then this is the only double point, and the 
portions U; and U2 of M near p; and p are crossing each other as t moves through 
t,. That is, if wia,---, ui are independent vectors tangent to f,,(U;) at q 
(¢ = 1, 2), and 


a! = Ofe(Pr) | a Ofc(p2) | 
Ot tat Ot itm,’ 


then these 2r + 1 vectors are independent. 

Take ¢’ and t’”’ very close to t: , with t’ < t; < t’. Since & is constant over 
intervals containing no such ¢,, it is sufficient to prove that the relations hold 
with f,, and f,,, replacing fo and f;. We may clearly accomplish the deforma- 
tion f; in two steps: first, push f,,(U,) in the direction of u’ so that it crosses 
fv (U2) (pushing f,-(p:) a distance (t’’ — t’)u’); second, deform the result into 
fu(M). We may replace v, by v,, = v in all this if t’ and t” are close enough 
together. We now need merely prove the relations for the mappings before and 
after the first deformation, which we call g,, using 0 < ¢ < 1. 

Set 


M, = g(M), N,= dv,e(M ;) (0 Si S 1); 


with a small « > 0. Except in U,, these are independent of ¢. They define 
singular chains A and B such that (with M oriented) 


M, = Mo = OA, N, = No -- OB. 
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We find 
A = 2(M,, v) — (Mo, v) = LC(N1, Mi) — LC(No, Mo) 
= LC(aB, M:) + LC(No, Mi — Mo) 
= LC(aB, Mi) + (—1)'"LC(aA, No) 
= KI(B, M,) + (—1)""KI(A, No). 


Since un, °** , Wir, w’ are independent, we may suppose A f) B = 0. Also go 
is one-one in M — U,.. Hence we may clearly suppose 


KI(B, g\(M — Ue)) = KI(A, o0,eg0(M — U2)) = 0. 
Therefore 
A = KI(B, giU2) + (—1)""KI(A, $0,¢goU2) = [1 + (—1) JKI(A, goU2), 
which proves the lemma. 
II. THE IMMERSION THEOREM 


10. Some deformations related to certain vector fields 


We first show when one vector field in M’ C E”*' may be deformed into 


another one. In Lemma 11 we show how the boundary of a partial manifold 
may be moved over to a desired position, and in Lemma 12, we show how the 
boundary may be twisted to point in given directions. 

Lemma 10. Let M’ C E*”*? (r = 1) be a connected closed orientable manifold, 
and let vo and v, be continuous vector fields in M, each independent of M. Then 
there is a deformation v,(0 S t S 1) of v% into v; so that each v, is independent of M, 
if and only if 2(M, vo) = LCM, »;). 

Remark. If the normal bundle of M’ in E”™’ is simple,” the proof is easy to 
give. 

The necessity of the condition in the theorem is clear; we shall prove the 
sufficiency. We first deform vp and 2 into fields of unit normal vectors. Next, 
let K be a simplicial complex forming a fine enough subdivision of M so that 
each cell of K is nearly flat, and so that vp is nearly constant in each cell. Now 
as considerations of dimensionality show at once, we may deform 1; so that 4 = 
» in K"". We now suppose vp and »; are of this nature. 

Let {o;} denote the similarly oriented r-cells of K. For each p ¢ M, let S(p) 
denote the unit r-sphere about p whose plane is normal to M at p, and let S’(p) C 
S(p) denote the subsphere orthogonal to v(p). Let So denote a fixed r-sphere, 
and q, a fixed point of it. For each co; we introduce a “coordinate system” 


* See [3]. The present lemma belongs properly in the subject considered there. Some 
of the details omitted in the present proof may be found there. In the present paper we 
need only the case that M is a sphere. By cutting it into two cells and using the theorem 


that any sphere-bundle over a cell is simple, the proof could be materially simplified in this 
case. 
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into the S(p) as follows. For each p ¢ ¢; and each q € So , &:(p, q) is a point of 

S(p); for each p, it is an orthogonal (distance preserving) mapping, and this 

mapping is continuous in p; furthermore, &(p, go) = vo(p). (Since the co’ are 
r—l 


nearly flat, it is easy to construct é; first over the part So of Sq orthogonal 
to qo, So as to map into the S’(p); it is then uniquely extendable over Sj.) Let 


-E'(p,q7) =@ if qd = Ep, 9). 
If we orient M and Sj, orient the S(p) so that the orientations of M and S(p) 
at p determine the positive orientation of Z, and choose the £; so that they are 
rotations (i.e. sense-preserving), then each t;'(p, &;(p, q)) for each p will bea 


rotation. 
Set 


(10.1) vi(p) = £7'(p, i(p)). 


Since v(p) = vo(p) in d0;,, ¥i(p) = qo there. Hence ¥; maps o; into Sp so that 
dc; goes into gq , and thus y; has a degree d; over oj. Set 


(10.2) X(v.) = Do diay . 


Since dim(K) = r, this is a cocycle. 

Suppose v; is deformed as follows. Take any of ';¥.(p) = q here. As ¢ runs 
from 0 to 1, let ¥:.(o5 ') sweep’over Sj with the degree a; , keeping ¥;:(d07 ") = q 
and Wa(o;') = q. (Thus if J is the unit interval 0 < ¢ < 1, and V(t, p) = 
vip), Vi maps I X o* ‘into Sj with the degree a;.) We may extend’ y;, over 
the rest of M, requiring that it be independent of ¢ except in the cells of St(0;’). 
Set 


vi(p) = Ep, Wilp)), pee), each i; 


then vo(p) = v,(p), and each »; is a field of unit normal vectors. Let d, denote 
the degree defined with the help of v;. Then clearly for any o%, 


d; = d; + [oj *:o3]a;, 
and hence 
X(v1) = X(n) + ajdo7*. 


Since we may carry out this process for each o7 in turn, we may alter X by 
any coboundary. 

For a small ¢ > 0, if wx(o;) denotes the cell ; displaced in the direction of v 
a distance ¢ (this mapping need not be one-one), then 


(10.3) Q(M, vu.) = LC(D> w05 , M) (k = 1, 2). 


We shall show that 
(10.4) LC(w0; — woo; , M) = d;. 





3 See ALEXANDROFF-Hopr, Topologie I, Berlin, 1936, p. 501 Hilfsatz Ia. 
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This quantity is defined, since » = 1, in do;. Let us flatten o; into o’, lying ina 
space EH". A slight alteration of vp will make it constant in ¢}. Let E"™' bea 
plane through a point poeo;, orthogonal to EZ’, and consider Sj as the unit 
sphere in E"* about t Po - If we project the aela wa; — woo; parallel to L” into 
E™ and then in E’* away from po into Sj , woo; will go into a point, say go , and 
wo; will go into a chain w’o;. Now 


LC (a0; aed WO; ? E’) on LC (o" o; ? E’). 


This also equals LC(w’o; , Po), considering this as defined in (which is oriented 
like S(po)). We may suppose the é; chosen so that after the above alterations 
and projection, vi(p) + p becomes the point y¥;(p). Hence 

LC (w'o; , E’) = d;. 


Interpreting the looping coefficients as Kronecker indices shows that the looping 
coefficients with E’ are the same as with M. Thus (10.4) is proved. 
Adding the equations (10.4) gives 
Dd; = LC(Y ww; — Dd) anos, M) 
* Q(M, 01) bia UM, Uo) = 0. 


Since M is closed, connected and oriented, there is a one-one correspondence h 
between the cohomology classes of dimension r of M and the integers, given by 


h(>> aio;) = M->> aio; = > a. 


“ +1 


It follows that 
h(X(n)) = Dds =0, XO. 


Consequently we may deform 1 into v; so that X (v;) = 0, ice. d’; = 0 for each 
1. Now by a theorem of Hopf,’ we may deform y;, into go in each @; , keeping it 
at @ in d6;. This defines a corresponding deformation of v; into vw in @; , keep- 
ing it fixed in @¢;. Thus x is deformed into vp in M, and the lemma is proved. 

Lemma 11. Let fo and f; be imbeddings of the manifold M" in E”. Let L(p) 
be the segment fo(p)fi(p). Let no two of these have common points. For each 
pM let there be a plane T(p) = T’"(p) in E” such that 

(a) fo(p) and fi(p) are in T(p), 

(b) T(p) has only fp) in common with the tangent plane to fi(M) at fi(p) (= 
0, 1), 

c) The function T(p) is smooth (Compare [1], §24). 

Then there is a smooth deformation ¢, of E’ (0 S t S 1) sucn that 

(d) each , is an imbedding, and qv is the identity, 

(¢) di(folp)) = filp) (p eM), 

(f) for a given neighborhood U of the set of all ne L(p), op) = p for 
etal — Uand0 St S 1. 


‘See J ALEXANDROFF-Hopr, loc. cit., p. 504, Satz III,, or H. Wartney, Duke Math. J.. 
vol. 3 (1937), pp. 46-50, Appendix. 
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Remarks. Any segment L(p) may reduce to a single point fo(p) = filp). 
If M is a partial manifold, and fo = fi , together with first partial derivatives, in 
aM, the proof below holds, and each ¢, is the identity, together with first partial 
derivatives, at all points of 2M. The most important application of the lemma 
is to the case M’ = 8M"; a given mapping fo of M" is then altered to f, , so that 
fiis a given mapping in aM. If the mappings are of class C”, we may make each 
@, of class C7. 

Take any pin M. By (a), (b) and (ce), it is easy to see that for some neigh- 
borhood U> of po and some ap > 0, the set of points gin planes T(p) with p ¢ U, 
which are within a distance a» of L(p) fills out a neighborhood of L(po) in EZ’ in 
a smooth one-one way (compare the proof of [1], Lemma 21). Hence, since the 
L(p) are distinct, there is a positive continuous function a(p) (or a constant 
a > Oif M is compact) such that if R(p) is the set of points of T'(p) within a 
distance a(p) of L(p), then the R(p) fill out a neighborhood of pi L(p) in asmooth 
one-one-way, and >, R(p) C U. We may choose a smooth function n(p) > 0 
such that if L’(p) is the segment L(p) extended in each direction by the amount 
n(p), and C(p) is the cylinder (of dimension v — r) in T(p) with axis L’(p) and 
of radius n(p), then C(p) C R(p) for pe M (see [1], Lemma 25). It is easy to 
set up an expression depending smoothly on 7(p) and the (locally oriented) 
length of L(p), which defines a smooth deformation of R(p) into itself with the 
properties that it is constant in R(p) — C(p), carries fo(p) into fi(p), and is an 
imbedding for each ¢t. Letting this define ¢, in } R(p) and setting ¢,(p) = 
p in E” — >> R(p) proves the lemma. 

Lemma 12. Let M"(n = 2) be a partial manifold, let 3M be a closed manifold, 
and let f be a mapping of class C” of M into E’"~* such that in some neighborhood 
U of aM, fis an imbedding. Let u(p) be a smooth vector field in 8M, pointing into 
M at p in 0M; set 


v(p) = Vf(u, p), peaM. 
Let v'(p) be a smooth vector field in f(@M), independent of f(a@M), such that 
L(faM, v’) = WfaM, v). 


Then there is a smooth mapping f’ of M into E such that f’ = f in M — U, f' is an 
imbedding in U, f’ = f in aM, f’ is arbitrarily close to f (but not together with first 
derivatives) in M, and 


Vi'(u,p) = v'(p), peam. 


Remarks. The assumption that aM is closed could be easily removed. A 
more accurate statement about the class of f and of f’ could be given, but we 
shall not need it. 

Since we need define f’ in U only, we may consider U as lying in E’"™*, and let 
f be the identity; then v(p) = u(p). Set 


pr =pt+tw(p), OStS1. 
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% 


y2n—1 


This is a smooth mapping of J X aM into E (Since f is of class C’, v and pr 
are of class C’ in terms of the original coordinate systems in M.) For some ty) > 
0. this is an imbedding for the values 0Osts lo, since u is smooth. For t 
small enough, we may project pi into U. Say p; projects into p,. Now the 
points of U near aM are uniquely expressible in the form p, (pedM,O0 St S 


lo), and 
dpe 


i ee v(p). 


By Lemma 10, there is a deformation v:(p) (0 St S 1) of v'(p) = v(p) into 
v(p) = v:(p), such that each v; is independent of 3M. We may replace v;(p) 
by a smooth function v; *(p) as follows. First set 


vi (p) = vo(p) (t < 4), vi (p) = 01(p) (t = 3), 
vi (p) = v-(p) (’ = 3(¢¢ — 3),4 St S 3). 


Then v; (p) is smooth except for } < ¢ < 3. Now approximate to v;(p) by a 
smooth vector function v; (p) for } < t < 3, the approximation being closer and 
closer, together with first partial derivatives, asi— § or{—>3. (See[1], Theorem 

(a) and (d). We could either make use of Theorem III of the author’s paper 
in Trans. Am. Math. Soc., vol. 36 (1934), pp. 63-89, using first derivatives for 
t<4and¢ > 2, or note simply that in the approximation in Lemma 6, ioc. cit., 
with m = 0, the first partial derivatives have automatically the desired approxi- 
mation property.) Setting v:(p) = v; (p) fort < } and¢ = $ makes v; smooth 
for 0 < ¢ S 1 (see [1], Lemma 10). Moreover, with a close enough approxima- 
tion, v; (p) is independent of aM for 0 < ¢t < 1. 


IV 


wis wl 


Set 
v(p) = Pe 
For certain numbers a and 8 to be determined later, with 0 < a < 8 < t, set 
(10.5) pi = pt I Vs)a(p) ds (0<t<a), 
(10.6) pP=pt . Veja(p) ds + [~ v,(p) ds (2 St <8). 


Cov er dM with a finite set of coordinate systems {z;}. Let V be the maximum 
of | vr (p) |, | vp) | , | avt (p)/ax; |, | dv.(p)/dxi|. Now 
dpi ap, an 


== Uta (Pp) (tS a), ar = Peal) (t 2a); 


since v1 (p) = vi(p) = v(p) = vo(p), the mapping thus defined is smooth. Also, 
since 
op: _ op + * avs/a() ds (t 


s a), 
02; 02; 0 Ox; 
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and similarly for t 2 a, we find 


/ 
| Op. aS op | < VB 


lau; deel = (0 Sts 8). 


Since the dp/dz; are independent for each p, and ap,/ dt is independent of them, 
‘ - ’ 3 

by choosing 8 small enough we may insure that the dp;/dx; and dp,/dt are inde- 

pendent for each p and ¢; hence the mapping is regular. Moreover, since 


t 
Dh =pt I v.(p) ds, 


we have 
’ ” * 8 
Ps — Ps = I Vs/a(p) ds -f v.(p) ds, 
and 
/ 
erie < | 9Ds uty OD | < 
| ps — ps| S 2Va, lias.’ deel 2Va, 
Op, op, 
oe * a |, 7 |%-a(p) — ra(p)| - 


Hence, keeping @ fixed, we may choose a so small that the mapping p; at t = 6 
is arbitrarily close to that of p, at 8, together with first derivatives. 
Set 


o(t, p) = pi — De (t < 8), o(t, p) = 0 (t = b). 


This is a mapping of the part of U outside B < t < t), which we have just seen 
may be taken arbitrarily small, with first derivatives. Hence, by [5], there is 
a smooth extension of ¢ through 6 < ¢ S t&, which may be taken arbitrarily 
small, together with first derivatives. Setting 


P=Pt+ot,p) C<t<bh) 


completes the definition of f’in U. By making ¢ and its first derivatives small 
enough, we insure that we have a close approximation to f, and that the new 
mapping is regular. Since 
ap: * ’ . 
“HE |p — 20 (P) = rol) = v'(P), 
t=0 


we have Vf’(u(p), p) = v’(p), completing the proof. 
11. A twisted cube 


We wish to show how, for n even, an n-cube in E”" can be slightly altered in 
position so that, on one face, there will be a “double twist’’. 
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TuzorEM 5. Let Mo be an n-cube in E" C E°"", n even and = 2, and let Ny 
be one of its faces. Then there is an immersion f of My in E*"” with the following 
properties: 

(1) f is arbitrarily near the identity 9. 

(2) f = 0 in Mo. 

(3) f = 0, together with first derivatives, in AM) — No. 

(4) &)(Mo) = 2 or —2 at will. 

It would be easy to make f of class C™. 

That it is possible to have 2,(Mo) ¥ 0 can be seen at once as follows. Take 
the mapping of an (n — 1)-cube into E’"” with just one self-intersection as 
defined in the preceding paper; translating E’"”” in E°"' gives a mapping f of 
M, into E°" with a line of self-intersections, and with 3M, intersecting itself 
in two points. Make slight deformations so as to remove the self-intersections 
of aM,. Since n is even, it is easily seen that pulling 8M» away from itself at 
one of these points in opposite directions has the opposite effect on &;(M»); hence 
we may obtain &,(Mo) ¥ 0. 

We must show how a mapping may be obtained to have also the remaining 
properties. We shall first describe geometrically the case n = 2. Take a long 
rectangle of paper, carry the right hand end up, towards the left, down (cutting 
through itself), and to the right again; it will then be approximately in its original 
position, except for the presence of a somewhat cylinder shaped portion near 
the middle. This mapping may be defined by 


2a ae 
~ 1 + ai? ye + o?? 
the y-axis pointing East (to the right), the y-axis up, and the y;-axis South. 
By pulling the right half fairly taut, and a little to one side, the cylindrical 
piece is made very narrow, and is pulled to a sharp angle, say to about 12° from 
the direction from left to right. This renders the two long edges nearly straight 
again. (If a thin strip is cut off one of the long edges, it is found to have no self- 
intersections, and may be formed from a straight strip by simply twisting one end.) 

The two long edges are now made into straight lines by a slight distortion of 
3-space. A contraction in one direction turns the edge (now a rectangle) into 
a square. The resulting mapping has all the required properties except that 
there is a twist along two edges instead of along only one. Let us round off the 
corners. We could now either curl over all the right hand edge (see the proof 
below), or greatiy contract the lower and right hand portions, pulling one twisted 
part of the edge all the way around the right hand end to a position near the other 
twisted part (see the figure). The figure shows all these operations except for 
the straightening of the wavy edge. 

We turn now to the general case. By analogy with the above, we shall take 
the self-intersection defined in the preceding paper, for E”"* mapped into E’"”’, 
“ translate E’"~* in E>" but moving it at an angle @ = tan (1/10) instead 
of 1/2, 


(11.1) y= 1% Ys = Xe, 
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Set 
ul = (1+ a3) +++ (1 + 25-4), 
2 * 
nu, Y= % (¢ = 2,---,n—-1), 
(11.2) \ 
NX; 
Yn a ue? Yn+i-1 _ = G _ 2, »n — 1), 


Yen = In + 10%. 


For x, fixed, we obtain the mapping referred to. Since that mapping is regular, 
and x, appears in Y2,-1 only, the present mapping is regular. Let us call it f). 
The self-intersections are: 


(11.3) fo(l, 0, --- , 0, a — 10) = fo(—1, 0, --- , 0, a + 10). 








(7 


Zz, 

















Fia. 2 


Let M, be the part of FE” defined by | z, | S 100. Consider the affine mapping 
f’ of M, into E’"™ defined by omitting the terms in (11.2) containing w’: 


(11.4) Yi = %i, Ynsi = 0 (Gi =1,---,n-—1) 
Yn1 = I, + 10%. 


Then fo is close to f’, together with first partial derivatives, except near the 2,- 
axis. (Taking n = 2, the reader is advised to plot the parallelogram y: = 1, 
Ys = % + 3x, for|a| S 3and|a| < 9.) 

Our next object is to replace the mapping fo by a mapping f2 with the same 
kind of self-intersections, and such that for any p = (21, «++ , Zn), and some 4, 


(11.5) felp) = f'(p) if |#,| = 100 or > ai2Za. 


t=1 
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We shall do this by defining a deformation ¢, of E°"™, and setting 


(11.6) filp) = o:(fo(p)) (0 st < 2). 


Let Nj and Nj be the parts of 01, with zx, = 100 and x, = — 100 respectively. 
For each ge E°"", let T(q) be the n-plane containing gq which is parallel to the 
axes Of Yi, Yn> Yntiy *** » Ysn-2. We Shall define ¢, in two parts. First, ¢, 
(0 < ¢t < 1) will carry each point g = fo(p) near f’(aM;) in the plane 7(q) into 
{'(p), and will be the identity in E*"~ outside a neighborhood of f’(a@M,). Then 
¢,(q) is near q if q is far from the yen1-axis. Consequently it is easy to define 
¢, (1 S$ t S 2) soas to make (11.5) hold. 
First, note that 


A(u) = A(u; a, b) = 1 -3(§=8) +2(4— 2) (asu&b) 





b-—a b-—a 
has the properties 
A(a) = 1, A’(a) = A(b) = A’'(b) = 0; 


hence, if\ = 1for2 < aandA = Oforz > b,Aissmooth. The maximum de- 
rivative of —\ is at x = 4(a + b), and has the value 3/[2(b — a)]. 
For each g = (y1, +++, Yon-1) in EZ” there is a unique point 


11.7) =*(g) = (t1, Yo, *** > Yat, 0, «++ 0, Yon-1) (x is b= we) 
= f'(t1, Ye, +++ Yn, 100) 
in f'(N7) N Tq). Also, 
(11.8) o*(q) = folti, Yr, *** » Yn, 100) 
isin T(q), and is clearly the only point of fo(NT) in T(q). Set 
e'(q) =|o°(q) - al, 
and | 
(11.9) $.(q) = q + a(p*(—; 1, 9Ie*(@) — o*(@)I, renee 


Thus for any go = fo(po) €fo(NT) and any q in 7(q) within a distance 1 of , 
% moves q by that vector which carries fo(po) into f’(po); if q is at a distance 9 
from qo, then ¢,(q) = q. 

Set w = Yon1 — 10y,, and define the half-spaces 


Et:w>0, Evww<0. 


Since w = 100 at points of f/(NT), and max [2z,/u’] = 1, w = 99 at points of 
f(NT). Hence if p*(q) < 9, w(q) = 9, and qe E*. We may therefore, using 
Ny in place of Nf , define x(q) etc., and define ¢,(q) for p (q) < 9 so as to have 
corresponding properties. Setting ¢:(q) = q in the rest of E*"* completes the 
definition of ¢: fort S 1. 








eee ee . 
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By direct substitution, we find that for any p = (%1, --- , 2a), taking x, > 0, 


filp) — fol(p) = Mo*(p); 1, 9e(p), 


Qn; 1 11 Xo 2 

1 142 1“n-—1 

v(p) = = ,0,°°:,0, -,- se ge ” ,0 ’ 
U U U Uu 








them tI wha + at + ad) + 2h. 
Hence, for any p ¢ , with sufficiently large tities + 24, fi(p) is close to 
fo(p) and hence to f’(p), together with first partial derivatives. Consequently, 
for some a, if g = fi(p) is at least a distance a from the y2n_:-axis, and hence 
yi + --- + y;,-1is large, then 2] + --- + 2,-1 is large, and the above statement 
holds. For such values of gq, set 


(11.10) w(q) = f'@ -—fA@; 


Then w and its first derivatives are small if qg is at least a distance a from the 
Yon—1-axi8; it vanishes in f’(0M,) = fi(@M,). It follows that w may be extended 
over E’"” so that it is small everywhere, together with first partial derivatives, 
and vanishes in f’(@M,). (This fact may be proved as follows. By a contrac- 
tion in each (2n — 1)-plane yon_1 — 10y; = a, we may bring the set A, of points 
distant at least a from the y2,_;-axis into A, ; then w is carried into w, say, de- 
fined in [f’(M;) M Ai] U f’(aM,). By taking a large enough, we may make w, 
and its first partial derivatives arbitrarily small. We now apply the theorem 
of [5]|—the fact that A; is not bounded is clearly inconsequential,—and reverse 
the above contraction.) We now set 


(11.11) oq) = q+  — 1)w(q) (lst 


Then each ¢, is an imbedding, and (11.5) holds. 
Consider EZ” as a subspace of E*""*. If we define the affine mapping of E’”"” 


IA 


2). 


vi 4s =y¥(@ =1,---,2n—2), Yana = Yoni — 101, 


this carries f. into a mapping f; , where 


fs(p) = V(fe(p)) (p eM) 
such that, by (11.5), 


n—l1 
(11.12) fp) =p if |x| =10 or Da 2a’. 
i=l 


Next we shall change f; to f, so that f, = identity, together with first deriva- 
tives, at all points of Ny. Let M, be a partial manifold contained in M; and 
containing all points of M, with aj + --- + 2°_, <a’. For instance, let M: be 
the set of all points of E" whose distance from the (n — 1)-cell x, = 0,23 + °° + 
v,-1 < a, is at most 100. Then fs(p) = pin dM.. Let u(p) be the inward 
normal at pedM,. It is carried into a vector field v(p) in E’"™ by fs. Let 
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'(p) be defined in a4; and lie in E°"™, let it equal v(p) in aM. — NT U NZ, 
a let it be the inward normal in 6M, n Ny; define it in 2M2 NM NY so that 


(11.13) L(aMz, vn’) = L(aMze, v). 


Let f; be the mapping given by Lemma 12. Then fi(p) = p in 0Mz, and setting 
fu) = pin M,; — Mz gives the required mapping f;. We may let fi(p) = p 


ie az a 


i=] 


Now contract E*"* with a factor 100 in the yon_s-direction, and with a factor 
b > ain the other directions. This carries f, into a mapping 


f(p) = O(f(0""(p))). 


A certain rectangular parallelopiped M , lying in M, and containing M; is carried 
into the cube 
|a:| 1 @@ =1,--+, 2). 

Since fi(p) = pin M, — M!, and fy leaves yon-1 unchanged, choosing b large 
enough makes f arbitrarily near the identity 6 in M). Clearly f(p) = pin 
aM, and af(p)/ax; = d0(p)/ax; in 2M, — No, where No = 0M, N 6(N7). 
There remains to prove (4) of the theorem. 

Since a reflection in Z’"* will cause a change in sign in &, it is sufficient to 
show that &-(M)) = + 2. Clearly 


L(Mo) = &,,(Mi) = &, (M2). 


Since u(p) points into M; , and f; carries u(p) into v’(p) while f; carries u(p) into 
v(p), Lemma 8 and (11.13) give 


&y, (Mz) - (aM, ? v’) ” L(aM, ’ v) —_ L;,(Me). 


Since the changes from fy to fe and to fs in Mj, , and hence in Mz, are obtainable 
by deformations of E’”*, which leave Kronecker indices unchanged, 


L,,(Me) = %, (M2). 


Hence there remains to prove 


(11.14) &/,(Mz) = KI(foMz , fodM2) = + 2. 
The intersections of fo(@M2) with fo(M:) are: 
ti = (—1, 0, --- , 0, 100), pi = (1,0, --- , 0, 80), 


Po = ( 1,0,---,0, —100), p. = (—1,0,--- , 0, —80), 
piedMe, Di € M2, fol(pi) = fo(pi). 
Let A and B be the parts of Mz satisfying: 


A:-2smS5-—3, Bi} Su 2, 











a 
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respectively; we let these be chains, oriented like M2. Then A and B contain 
neighborhoods of p> and p; in M > respectively, and 0A and @B contain neighbor- 
hoods of p; and ps in @M, respectively. Since fo(@A) and fo(@B) do not intersect 
B and A respectively at other points, and n is even, we have 


KI (foM2, fodM2) = KI(foB, fodA) + KI(foA, fodB) 
KI(foB, fodA) + (—1)"KI(fodA, foB) 
—_ (1 + (—1)"|KI(foB, fodA) = + 2, 


completing the proof. 


12. Proof of the immersion theorem 


We can now prove the following theorem, with the help of Theorem 2; recall 
that that theorem is proved with the exception of the case M non-orientable, 
n odd. 

THEOREM 6. Given any n-manifold or partial manifold M (n = 2) of class C” 
(v = 1 finite or infinite), and a continuous mapping f of M into E 
immersion g of M arbitrarily close to f, of class C’. 

REMARK. By Lemma 1, we may make the mapping completely semi-regular. 

We suppose M is connected; otherwise, we would apply the theorem to each 
component of M separately. It is sufficient to find an immersion g of class (’; 
for a sufficiently close approximation to g by a mapping g’ of class C” is auto- 
matically an immersion also. We may suppose that is of class C’’; if it were 
not, we could take a manifold or partial manifold M* of class C’*, and an im- 
bedding ¢ of M onto M*, set f*(q) = f(@ ‘(q)) (q « M*), find an immersion g* of 
M*, and set g(p) = g*(¢(p)) (pe M). Finally, by Lemma 1, we may suppose 
that f is of class C’’ and semi-regular. We must now divide the proof into four 
cases. 

CaseEI. Mis closed, and nis odd. By Theorem 3, we may name the singular 
points p; , Pi s*** fs D. in such a manner that p; and D; are of opposite types. 
If we show how to approximate to f by a function g’ in which p; and pi are no 
longer singular points, and with no new singular points, a repetition of this 
process gives a function g approximating to f and without singular points; 9 is 
then an immersion. 

The method of proof is as follows. Join p; to p; by an are A in M. (This 
may be taken as an are along which f has a self-intersection.) A neighborhood 
of A in M may be expressed as the image of a sphere plus interior go ;f then 
gives a smooth mapping f* of Q¢ into E°"”’, with two singular points q: and qi 
of opposite types. If we approximate to f* by an immersion g*, which agrees 
with f*, together with first partial derivatives, in aQj , this gives the required 
g in M. 

We shall describe the construction of g* in the case n = 2, in spite of the fact 
that 2 is not odd. By Lemma 2, we may suppose that f* near gq: and q is as 
shown in Fig. 1. We may choose the mapping of Qj into M so that near f*(@) 
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(and similarly, near f¥ (an) )f*(Q0) goes up to the top line x; = 0 in the figure, 
and down again a short distance, to 2; = —8. If we cut off small pieces R and 
R’ of Qe containing q: and gi respectively, so that the new figure ends at x; = 8 
near these points, then it is pretty clear that by pushing part of 2, = 8 into part 
of 2; = —B, we can change f* to an immersion h’, so that h’(a(Q3 — R U R’)) = 
f*(@Qo). Since Q¢ is easily mapped into Qj — R U R’, we obtain h with h(q) = 
f*(q),  € Qo . 

Noting that the part 0’R of dR inside Q; must, under f*, curl over the top 
edge in Fig. 1, we see that watching the image of the vector normal to aQ; , 
under f* and under h’, as we go along dR — @’R and along @’R, along the latter 
we obtain one complete twist more than along the former. The same is true 
near 1 . Asa result, since the singular points are of opposite types, %,(Q;)) = 
(Qo). Therefore we may apply Lemma 12, and obtain from h a mapping 
q* which, like h, is an immersion, but agrees with f*, together with first deriva- 
tives, in dQ¢ . 

We turn now to the proof for Case I. Turning to §22, (c), we see that given 
pi, P) may be chosen so that these two points are the ends of ares A and 4’, 
forming a smooth curve in M, and both mapping into a single are in E°"™’. 
(We could take, for A, any smooth are in M which ends like the above are at 
py: and at p;.) Choose coordinate systefms about m and p; as in Lemma 2; 
they are of class C’. With the proper choice of the 2,-direction in each case, 
the ends of A are given by 


(12.1) Osu ¢, Y= +> =x = 0. 


It is easy to define independent smooth vector functions v;(p) (¢ = 2, --- , n) 
along A so that v:(p;) and +0;(p;) are in the «,-directions at p, and pi respec- 
tively. By considering M as lying in E°"™’, and projecting the points 
p+ > aw;(p) into M, we may define a coordinate system throughout a neigh- 
horhood of A. We may extend the system beyond p; and p;. We have now 
a neighborhood of A expressed as the imbedding of a cylinder in M, and the 
ends of the cylinder are mapped approximately into the sets defined by 


(12.2) m= -B wmt-e--+2,S a. 


(Note that 2; may be replaced by —2; in Lemma 2.) If we alter the two ends 
of the cylinder slightly so that they coincide with x, = —8, and then round 
off the two edges (which are near 21 = —8, 42 + --- + 2, = a’), we obtain a 
partial manifold Qj , expressible as a sphere plus interior. 

let y be the imbedding of Q7 into M; set 


f*@ =f¥@) (q€ Qo), 
a=V (nm), =v" (pi). 


We may clearly suppose that f* is an imbedding in some neighborhood of @Q;' . 
> 2 ‘ a / 
We now consider (2; , «++ , t,) as coordinates in Qo near q: and near q; ; then the 
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sets defined by (12.2) with a replaced by a’ = a/2 are parts No and Nj of agi. 
Let \ be a real-valued function of class C” such that 


At) = 1 if [t| S o’/2, At) = O if {t| = a’. 
Let R and R’ be the parts of Qj about q and q; respectively, defined by 
(12.3) —B Sm S —B + WA(e2 + --- + 2)". 
Then if Ry = Q? — RU R’, OR) is a manifold of class Cc’, and f* immerses R, 
in E°"". For each qe E’""', let T1(q) be the n-plane through q parallel to the 
axes Of Y1, Ynti, Yn42,°** > Ynr- If Tip) = Ti(f*(p)), pe No, these planes 
cut f*(No) in the manner prescribed in Lemma 11. Moreover, if 

Ni=e@R—No, Ni =aR'—Ni, 


then each T(p) (p € No) cuts f*(Ni) in exactly one point fi(p). Pushing Nj and 
Nj onto N; and Nj clearly defines an imbedding 6 of Qj’ onto Ry such that f; (p) = 
f*(0(p)) agrees with the above fi in No and Ny. Now § and f*, defined in 
No — ANo, satisfy the conditions for fo and f; in Lemma 11; define ¢, by that lemma, 
and set 





hi(p) = dl (p)), peQe. 


Carry out a similar deformation of E’" about f;(R’), forming the mapping h 
of Q? in E’". Then (see the remarks following the lemma) h is of class C’, 
and h(p) = f*(p) (p « Qo). Since f* is an immersion of Rp , fi and h are immer- 
sions of Qj. By taking 6 small enough, we may make h an arbitrarily good 
approximation to f* (not of course with first derivatives). 

Let u(p) be the inward normal vector at p in dQ¢.. If we replace h by 9’, 
using Lemma 12, so that 


g*(p) = f*(p), —-Vg*(u(p), p) = Vf*(u(p), p) ~— (p € Qo), 
then g* = f*, together with first partial derivatives, in dQ, ; hence, if 
g'(p) = g*(¥'(p)) (pev(Qs)), —g(p) = f(p) otherwise, 


g’ will be smooth in M. Since h and hence g* (see Lemma 12) is an immersion 


in Qo , g’ has no singular points in ¥(Q¢), and the proof for Case I will be com- 
plete. 


To apply Lemma 12, we need merely prove 
(12.4) L(hdQs , VA(u)) = L(hAaQe , Vf*(u)). 


By Theorem 2 and Lemma 8, these numbers are the algebraic number of singular 
points of h and f* in Qj. It is 0 for h, since h is regular. It is also 0 for f*, 
since f* has just two singular points, gq, and gq; , and these are of opposite types. 

Case II. M is closed and nis even. By Theorem 3, the number of singular 
points is even; call them p:, pi, °°: , Ds, p.. If we proceed as under Case I, 
the only difficulty is at the last step; the two numbers in (12.4) may differ from 
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each other by any even integer 2k. Set M* = ¥(Qo). Choose k points r,, --- , 
r,in @M*. For each 7, we may express a small piece M; of f(M — M*) about r; 
as the imbedding ¢; of an n-cube 1/;, one face N; going into part of f(aM*). 
4f the M’, are small, and we take M; C E*"™, we may in an obvious fashion extend 
¢; to be an imbedding of a neighborhood U; of M; in E*"” into E’". Let 0; 
be the mapping of 1/; into E’"™ given by Theorem 5, with 6; = identity in 
aM; , together with first partial derivatives in 0M; — N;. Then 


F(p) = ¢:6.0: S(p) (pef '(M;)), F(p) = f(p) otherwise, 


defines a smooth mapping of M — M*, agreeing with f except in the f-'(1/‘). 
Choosing the correct sign in (4) of Theorem 5 in each case, we obtain 


(12.5) L(haQs , Vh(u)) = L(haQe , VF*(u)), 


where F* and its first partial derivatives are defined at points of 8Qs in Q,’ in 
terms of F with the help of the imbedding y. We may now apply Lemma 12 
as before. 

Case III. Mis open. Choose compact partial manifolds /;in M by Lemma 
20, Appendix. We shall define mappings fo = f, fi, fo, --- with f; arbitrarily 
close to fi1, such that f; is regular in M;, and f; = fi1in Mi1. Theng = 
lim f; exists and is an immersion. 

Suppose f;; is properly defined. The number of singular points of fi; in 
M; is finite; none are in M;_,. It is sufficient to show how an arbitrarily slight 
alteration of f;_1 will get rid of one of these, say p:. By (c) of Lemma 20, we 
may join p; toa point pin M — M;by anare A C M — M;-_; ; we may clearly 
keep A away from @M. Takeasmall neighborhood U of p2 , and express a neigh- 
borhood of f:1(U) in E’" as the image ¢ of part of E’"™', so that for E” C 
FE’, ¢(E") contains f;.(U). Using the last mapping of §4, we may then alter 
fi1in U so that it has two singular points, say p; and p; ._ If n is odd, then by 
Theorem 2, these are of opposite types; hence one of these, say 1 , is of opposite 
type to that of p:. Applying the proof in Case I, we alter f;-: in a neighborhood 
of A, together with U, getting rid of the singularities at p; and p;. If n is even, 
we apply the proof in Case II, using p; and either of Pi : Pr ; 

CasE IV. M is compact but not closed; then 01/ # 0. Add a small piece 
onto M along part of @M, and remove a closed n-cell from the new portion, 
obtaining a new open manifold M’, with M C M’, and extend f through M’. 
By Case III, we may alter f to give an immersion g of /’; this defines an immer- 
sion g of M, and completes the proof of the Theorem. 


13. Further immersion theorems 


We consider here what may be done with dM in an immersion of M. 

THEorEM 7. Let f be a smooth mapping of the connected partial manifold M” 
into E*" (n > 2) which is an imbedding in a neighborhood of 2M. If M is not 
compact, there exists an immersion g of M in E°"™* which is arbitrarily close to f 
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and equals f in a neighborhood of AM. If M is compact and n is odd [is even), 
g exists if and only if 2;(M) is = 0 [is = 0 mod 2]. 

Using Lemma 1, we first replace f by a semi-regular mapping, which we 
again call f. If M is not compact, we may clearly apply the proof in Case IIT 
of the last theorem. If M/ is compact, the proof in Case I or in Case IT applies. 
That the condition is necessary is a consequence of Theorem 2. 

THEOREM 8. Any compact partial manifold M may be immersed in E**" 
so that the mapping f is an imbedding in a neighborhood of AM, and 


f(aM) N f(M — aM) = 0. 


We shall not discuss the case of open manifolds. The theorem being clear 
if n = 2 (all M* being known), we assume n = 3; also we may suppose M is 
connected. Let fy be the immersion given by Theorem 6; by Lemma 1, we may 
suppose fy is completely semi-regular. By §22, Appendix, the intersections of 
fo(@M) with fo(M — aM) are on ends of ares as described in (e3) and (¢). Since 
the number of such ares is finite, it will be sufficient to show how to get rid of 
an intersection of either kind. 

Consider first an intersection as in (e4). Let A and B be the ares of M with 
fo(A) = fo(B), and let U be a neighborhood of A in M. It is easy to define a 
smooth imbedding g of M in itself which is the identity outside U, and squeezes 
the whole are A up into a part of U beyond the end point of A which 
is in IJ — @M, so that 


g(M)NA=0. 


(Use a coordinate system about A, as in the proof for Case I of Theorem 6.) | 
If we choose U so small that 


f(U — A) N f(M — U) = 0, 


and set f(p) = fo(g(p)), we will clearly have removed the arc of self-intersection 
without introducing any further intersections. 

Now take the case (e3). Say fo(A) = fo(B), all of A being in M — aM. Since 
n = 3, we may extend A in one direction, forming a smooth are A’ with one end 
in dM, so that 


f(A’ — A)N fo(M — A) = 0. 
We now define g and f as above, with A’ in place of A. 


III. FURTHER INTERSECTION THEORY 


14. Looping coefficients of vector fields in complexes in space 


Using the definition of §9, we shall discuss “looping coefficients” of vector 
fields and pairs of vector fields with pairs of cycles in a smooth (not necessarily 
finite) complex K’ C E”*'. We derive two formulas which are useful, in 
particular, in studying 2,(/) for a partial manifold M", f(M) CE’™*,n=r+1. 
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In the rest of Part III, we study the situation when the above cycles are replaced 
by chains. 

For any r-chain A of K, define the r-chain ¢,,.A as in §9. Assuming v inde- 
pendent of K, we shall take ¢ (or a positive continuous function « = ¢(p) if K 
is infinite) so small that 


(14.1) bv.a(K) Ndvg(K) =0 if -e<a<B<e. 

Generalizing (9.2), set (for finite r-cycles A, B) 
(14.2) L(A, B, v) = LC@,,-A, B). 

If we cut a closed manifold M" into two parts M,; and M2, and v(p) points 
into f(M,) at f(p) in f(@M,) (where f(M) C E’"*), then the following lemma, 
withr=n—1,A = B = faM,, relates &;(M,) to&;(M2). The lemma will be 


generalized in (19.10). 
Lemma 13. Take K and vas above. Then for finite r-cycles A and B, 


(14.3) 2(A, B, v) = (—1)'"&(B, A, —2). 


By (14.1), B = ¢,0B may be deformed into ¢,,_.B without touching ¢,,.A, 
¢,,A may be deformed into A without touching ¢,.B. Hence 


LC($v,<A, B) = (—1)" “LC(B, ¢y,<A) 
=(—1)""LC@,,_.B, $v,eA) 7 (—1)'"' LC (o-», B, A), 


which proves the lemma. 
Remark. Let a, B, y be oriented arcs in E’ joining the points p and g. Set 
A=a-—8,B=£8-—y. Then it is easy to define v so that 


R(A, B,v) = 1, R(B, A,v) = 0. 


Suppose there is a small ‘fin’ stretching out from K, in the direction of a 
vector field u(p) (independent of K). Then 2(A, B, v), or &;(M) ete., may be 
determined by studying the intersection of ¢,,.A etc. with this fin. To show this, 
note first that by deforming ¢,,.A into ¢,,sA, we define a chain y,,2,3A such that 


(14.4) Ovv.agA = ov,gA _— $v,aA ay ¥v,0,80A. 


Now let u(p) be a continuous vector function in K, independent of K, such that 
K, u, v are independent in K’~'. That is, for each o’, face o”', and pea”, 
the 2-plane through u(p) and v(p) has only p in common with the tangent plane 
tog’ at p. We may suppose u, v are unit vector functions. Then we may 


take any », 0 < » < e, and define 
(14.5) 2(A, B, u,v) = KI (bu.A, Wo0,eB). 


Note that if aA = aB = 0, then this is defined without the restriction that 
K, u and v be independent in K"™. 
This quantity is reducible to the former: 
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Lemma 14. Jf dA = 0B = 0, then 
(14.6) (A, B, u, v) = Q(B, A, v) + (—1)'2(A, B, u). 
In particular, 
(A, A, v, v) = 2Q(A, A, v) (r even), 
= 0 (r odd), 
By the method of proof of the last lemma, we find 
(A, B, u,v) = KI (Wo0,eB, bu,gA) 
= LC(q,.B — B, du,A) = LC@,,.B, A) — LC(B, ou9A) 
LC(¢o,-B, A) + (—1)'LC (uA, B), 


(14.7) 


which gives (14.6). 
15. The type of complex we shall use® 


In the rest of Part III we shall use only complexes that are simplicial, or at 
least have certain properties of simplicial complexes. In particular: 

(a;) Each closed cell ¢" may be represented as the (smooth) one-one image 
6(a9) of a convex closed cell in E”. 

(a2) Each closed r-face ¢’ of o” is the intersection of n — r (n — 1)-faces 
gf. -+« oc a ov. 

(as) For peo’, the tangent planes to the «7 * there have only the tangent 
plane to é’ in common. 

It will be convenient to call the tangent cone T'(a’, p) of &’ at pea’ the set of 
all vectors v tangent to a’ at p; i.e. the set of all possible limits lim [¢(t) — p}/t, 
(0) = p, d(t) ea’. The tangent space I'(a’, p) is the set of all linear combina- 
tions of vectors of I'(¢’, p). We say a vector of I is parallel tog’ at p. In terms 
of this, (a3) is equivalent to 


(15.1) (a, p) = Par’, p) N--- NFER, p) (p ea’). 


A cell may be in the form of a cube for example. Note that we may not 
subdivide a proper face of a cell without subdividing the cell itself, for then (as) 
would be contradicted. 

Given pe K, let T'(K, p) denote the set of all tangent cones of closed cells 
containing p,at p. These form parts of linear spaces which are unrelated except 
for those corresponding to incident cells. It is not so easy to give meaning to 
I'(K, p). 

Suppose f is a smooth mapping of K into E”. If f is regular in the part of a 
closed cell ¢ near p ¢ ¢, then 


P(f(a), f(p)) = VAT (G, p). 


This is true with K in place of ¢; now I'(f(K), q) is formed of cones lying in FE’. 





5 The author expects to give a more general theory of this subject in a paper on ‘‘Com- 
plexes of manifolds.”’ 
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We shall say f is an immersion of K if it is regular (in each closed cell) and 
proper, and is an imbedding if, in addition, it is one-one, and further, Vf is one- 
one in each T'(K, p). In the latter case, we say K is a complex in the second 
space. 

ExameLe. No complex may be imbedded onto a pair of tangent circles. 

Lemma 15. Any complex K” may be imbedded in E*"** so that it has no limit set. 

It is not difficult to define an imbedding cell by cell, by the methods in [1]; 
of course it is easy and standard if K is simplicial. For the last statement 
(trivial if K is finite), compare [1], p. 665, footnote 32. 

We shall let o; denote the cells of K, and set r; = f(c;). If K lies in E’, we 
may let 7; denote its ceils, thinking of f as the identity mapping. 

Lemma 16. Let K lie in E”. Then each 7; may be enclosed in a larger cell 
r’, of the same class C” as K, such that if r} is a face of r;, then 7,’ lies in r;’. 

Remark. The lemma extends in an obvious way to the case, if K = K", 
that f is an imbedding in a neighborhood of each dc? . 

Of course we take r; = 73. Suppose the tr, +++, 7; have been con- 
structed. Take any 7; , the image 0(7) of a convex cell 7) in LE”. It is easy to 
define extensions of the boundary cells of 7) , and define @ over these, mapping 
into the extended faces 7, of 7;. Because of (a3), we may now extend 6 over a 
neighborhood of 7;. In a sufficiently small neighborhood, which may be taken 


as a convex cell, @ is an imbedding. 


16. On general position of a complex and vector field in space 


Let f be a smooth mapping of a complex K (see §15) into E”. We say f is in 
general position if it is proper, and: 

(b:) For each s, f is regular in K* at all points of K”™’. 

(b2) For each s, each p eK’ and each qe K”*", if p ¥ q then f(p) ¥ f(q). 

(bs) If wm ¢€ T(K’, p), weT(K”’, p), um ~ w, then Vf(m, p) ¥ Vi(u, p). 

One could combine (b;) and (b3) in a more complicated statement. Note 
that (bs) uses T, not T. Any imbedding of K" into E’, v = 2hn, is clearly a 
mapping in general position. From the above we deduce: 

(by) fis regular in K* if vy => 2s. 

(b2) f is one-one in K* if vy => 2s + 1. 

(bs) Vf is one-one in I'(K’, p) if vy = 2s. 

Let (y:, +--+ , y) be a coordinate system in E’, and let x be the projection: 
T(r, *** Yt, Yr) = (Yr, °**, Yor) Of LE’ into y. 

Say f is in general position with reference to the y,-direction if the above holds, 
and in addition, af is in general position in E”"', We could obviously generalize 
this, using a set of independent directions. 

Let v be a continuous vector field, defined in a closed subcomplex of K, and 
with values in Z’, Then Vv has values in E”*. We say f and v are in general 
position if f is, and also: 

(bs) For each s, v(p) is independent of any (4°) at f(p) for all points p « K ". 
P = each s, v(p) is independent of Vf[P(7i, p) + T(z7°", p)], where 

efined, 
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Letting o” “’ be a face of o° shows that (bs) is a consequence of (bs). We 
shall often omit (bs). 

Finally, f and v are in general position with reference to the y,-direction if the 
above holds also for #f and Vzv. 

Lemma 17. Let K be of class C’, let f map K into E” with no limit set, and let 
V1, v2, +++ be smooth vector functions, each defined in a subcomplex of K and with 
values in E”, Let f and each v;, be in general position. Then by an arbitrarily 
small rotation of the axes we may make this hold with reference to the y,-direction. 
The lemma holds if we omit (bs) in the hypothesis and conclusion. 

Remarks. If K is not of class C’, or the », are not smooth, we may use a 
C'-homeomorphic K’ which is of class C*, and smooth »;, approximating to the 
v,. The application will be to the case that K, is a subdivision of a smooth 
manifold M", K = Kj", and the x; are independent of the (n — 1)-cells of K 
and tangent to the n-cells of K. We could use several independent directions 
in place of the single y,-direction. If K = K’, we could allow the limit set L; 
of f to exist, provided it is of zero (v — r — 1)-extent. 

Exampue. Let K be a subdivision of an open are, and let f map K into E’ 
so that it winds like a ball of string, having a 2-sphere as limit set. Then f is 
proper, but no projection into E” is proper. 

To prove the lemma, let S’’ be the unit sphere in E’; its points may be thought 
of as directions in E”. Let Ra be the set of all those directions parallel to f(K’) 
at a point of f(K”*"). Let Rw be all those through points f(p) and f(q) with 
p«K*,qeK”*”, p ¥ q, (which implies f(p) ¥ f(q)). Let R.s be all directions 
of vectors u’ = Vf(u, p), u = wm — w, meT(K’, p), weT(K”, p), u # & 
(which implies vu’ ~ 0). Let R.s be all those defined by v;(p) plus a vector parallel 
to some f(é°) at pe K” *”. If we are using (bs), let Rs be all those defined by 
ve(p) + uy + us, u; = Vf(us), um eP(7, p), wel(7, °°, p). 

Since the directions parallel to f(K*) at a point p form a set of finite (s — 1)- 
extent in S”', and this set varies smoothly with p, R. is a finite or denumerable 
sum of sets of finite (v — 2)-extent.° In Ry, since p and q range over sets of 
finite s- and (vy — s — 2)-extent respectively, R.. is a (denumerable) sum of 
sets of finite (v — 2)-extent. In R., take any p in any o’, and suppose o° is 
a face of o° and of o” **. If wm ¢T(@, p) and weT(e"*’, p), these range over 
sets of finite s- and (vy — s — 1)-extent respectively. But adding a vector of 
I'(¢', p) to each leaves their difference unchanged; hence wu, — w2 ranges over 
sets of finite (vy — 1 — f)-extent. Letting p vary shows that the directions 
vary over a sum of sets of finite (vy — 2)-extent. Since the directions defined 
by ux(p) + Vf(u, p), u eT (a, p), form a sum of sets of finite s-extent, R. is as 
required. In Ris, vx(p) + ui + uy, p fixed in o‘, defines directions of finite 
(v — 2 — t)-extent; hence R,; is as required. 

Consequently by [1], Lemmas 13 and 14, R = bi R,; has no inner points in 





6 See [1], in particular, Lemma 15. It would be possible to use dimension instead of 
extent. 
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s’", so that arbitrarily near the y,-direction there is a direction not in R. Ro- 
tate axes so as to make this direction the new y,-direction. Then since any 
vector not in this direction projects into a non-zero vector, it is easily seen 
that f and each v; are in general position with reference to the new y,-direction, 
completing the proof. 

Lemma 18. Any smooth complex K" may be mapped into any E” so that it is 
in general position with reference to a given direction. 

Remark. This is a generalization of the imbedding and immersion theorems 
of [1] for manifolds. 

By the remark to the last lemma, we may suppose that K is of class C*. Im- 
bed K" in E”, » = max [v, 2n + 1], so that it has no limit set (Lemma 15). It 
is then in general position. By Lemma 17, applying a small rotation makes it 
in general position with reference to any chosen direction. If u = »v, we let 
this be the given direction. If u > v, we choose any direction; projecting in 
this direction into E** gives a mapping in general position in E**. Repeat 
the process till we reach E”. 


17. The fins and corresponding projections 


Take a smooth complex K = K" C E”™", and let K and v be in general posi- 
tion with reference to the ye,4:-direction (using the identity mapping), omitting 
(bs). We shall suppose K and v are of class C’: if this is not so, and we do not 
wish to change K or v, we could replace the normal planes T(q) below by a 
smooth function T(q); the properties given will then hold. 

Let {73} denote the cells of K. Each 7; may be enclosed in a larger cell 7; 
of class C? (Lemma 16). Suppose v is defined over 7; ; extend it to be of class 
C* over 7;. With small enough 7;, we will still have general position. Set 


(17.1) ov,(p) = p + to(p) (p € 71). 


For any point set R C 7;, let ,(R, t) denote all points ¢,,,,(p) with peR 
and with 0 < ¢’ S t; let &*(R, t) denote the same, with 0 < ¢/ < t. We call these 
the fin and deleted fin respectively of r;, v and ¢. Since K and v are of class 
(*, t; may be chosen so that the double fin ®,(7;, t;) U @_,(7; , t;) is expressed by 
¢ as an imbedding of the product of 7, and the interval —¢; < ¢ S t;. More- 
over, for each q in the double fin, if To(q) is the set of all points in the normal 
plane 7'(q) to the fin at q which are at a distance S t; from q, then these fill out 
a closed neighborhood W,(r; , t;) of the interior of the double fin in a one-one 
way, being again the imbedding of a product. If we set 


(17.2) P.(7’) =@ if d €T(Q), 


this is a smooth projection of W,(7; , t;) onto the double fin. Finally, let A,(R, ¢) 
denote all points q’ e T(q), with qe®;(p, t), peR, such that |q’ — q| S 
tlq—p|. 

Since K is in general position with reference to the y2,+:-direction, omitting 
(bs), the (b,) give 
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(br) 7 iS regular in K. 

(b: ) If peK"’, geK, p ¥ q, then mp ¥ mq. 

(b3 ) Distinct vectors in K at any point map under 7 into distinct vectors, 

(bi) Vrv(p) is independent of any e*(s < r) at p for p eK” 

(be) There is a neighborhood V* of K” ‘in K such that if peV*, qeK, 
p ~ q, then 7p ~ mq. 

To prove (be), we use (br 1 ) and (b;) to show that 7 is one-one in a neighborhood 
of any point of K”’, use (b2) to show that 7 is one-one in K” *,and apply Lemma 
25, §24. 

Let v, , v2, °:* be vector functions in K with the same properties as v, such 
that at most a finite number are defined in any 7; , and for each v, , some v; 
equals —v,. For any R, let NR denote all points whose distance from R is Si. 
We shall choose numbers t; > 0 such that the following properties hold, for any 
7; and v; defined in 7; . 

(c:) Av, (7; Ni,7% , ti) C Wo, (74, th). 

(c2) #), (7% iti) N&»,(7;, ts) = 0. 

(¢3) bn (ri , ti) n TO», (O75 , ti) = 0. 

(e4) Ay, (7: ao ,t) Nr = 0. 

(es) mA, (7; M N.,77, ti) N wari = 0. 

(c¢) tA», (7; NN.,d7;, ti) N wri = 0. 

It is sufficient to prove each property (c;) separately. We shall write A in 
place of A,,. We may use a single k, since but a finite number of » are defined 
in r;. (¢e1), (e2) and (cs) are clear. The proof of (cs) is essentially contained 
in that of (cs), so we turn to (cs) and (¢¢). 

Take pe@r;. For a small enough t;, if g’ A(t; M Nu,p, th), say q’ € To(q), 
qe%,(p’), p’ € 7: Nip, then g — p’ = av,(p’), and lq’ —q|salqa-?7|, 
so that the angle between p’q’ and v;,(p) is small; also p’ — p is approximately 
a vector w ¢€ (7; , p); furthermore, for any p” 7 N N.p, p” — p is approxi- 
mately a vector uw ¢ I'(7; , p); therefore, by (bz), we may suppose that 


Val(q' — p') + (p' — p)] A Vay” — p), aq’ # ap”. 
This gives 
mA(7; Nip, th) N2(73N Nip) = 0. 
Since 7; — N,,p is compact, because of (b2) we may clearly take f& < t; so that 
mA(7; Nip, tr) N x(7; — Nip) = 0. 
The last two relations give 


aA(r; N Nip, t) A x(7%) 


I 
= 


and hence (with ts < t) 


wA(r; MN .,075, ts) NM 2(75) = 0, 





p 
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proving (cs). Next, since (r; — N,,07;) 1K” = 0, (bs) gives, for some ty < ¢s , 
rA(r; — N.,07; , ts) N (Ari) = 0. 
Combining this with the last relation gives 
mA(r; , ts) N x(d7z) = 0, 
proving (cs). 
Remark. With the help of (bs) we could prove (recalling that A is proper) 
wAr, (7; ,t)) NxK"™ = 0. 


18. The numbers ¢*, and ¢*, 


We give here, and with the ij.» of §19, the promised generalization of the 
looping coefficient of §14. Let K" and each v; be in general position in E”™ 
with reference to the y2,:-direction, as in §17. For any (finite) singular chain 
Ain E, let p'A and p A be the (infinite) singular chains formed by deforming A 
to infinity in the ye,4:-direction and the negative y2,4:-direction respectively, 
oriented so that 


(18.1) ap°A = —A — pp dA. 


We shall show that the following definitions are permissible. 
Derinit1ions. Choose the ¢; so that (c;) through (cs) hold. Let ¢,,,A denote 
the singular chain A, pushed a distance ¢ | v | in the direction of v, and oriented 


like A; see (17.1). Set 
(18.2) tz», = KI (v,,1,77, p Ti) (if ve is defined in 7%), 
(18.3) ct = KI(ri, p*7} (i ¥ j), 
where 7; is any cell lying in 7; and slightly smaller than 7; , oriented like 7° . 
Note that £,, does not depend on the orientation of 7; . 

We shall prove commutation properties of these: 


(18.4) tt, = (-1)'"- » 
(18.5) th = (-v s. 


In the proofs of these and other relations, the following properties of Kronecker 
indices are useful: 

(di) KI(A, p*B) is defined (for finite A and B) whenever dim A + dim B = 2r, 
and 


ANB=0 
We must show that 
dA 1 p*B = 0, AN ap*B C (ANB) U(AN p*aB) = 0; 


these follow from the above relations. 


rA 1 raB = 0, raA fl eB = 0. 


’ 
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(de) If A, and B are singular chains, A, being continuous in A (A) S \ S \)), 
and each KI(A,, B) is defined, then KI(A,,, B) = KI(Ay,, B). 

This follows either from continuity, or by making use of chains formed by 
deforming A,, and @A,,, with standard properties of the index. 

(ds). If KI(A, B) is defined, and Cy (AX S A S Ai) satisfies C\, = aA, 
C, M B = 0, then this defines a deformation A, of A such that 3A, = C\ and 
KI(A, , B) is defined. 

This is clear if we let A, equal A plus the “‘path” of Cy, , Ao S A’ SX. 

To prove (18.4), and show incidentally that (18.2) is permissible, choose | 
so that —v, = v,. By (di), we see that each of 


KI ($o,,1;7% ? pd», 17%), KI (»,,.73 ’ Pp b—0y,;7%) 


is defined for 0 < ¢ S ¢t; ; for the three relations in (d:) follow from (e:), (cs) 


and (es), using both 4% and v;. Consequently, by (de), 
flop = KI (7; ’ 0 b—vy,t;7%) KI (p*¢—»,,1;7% ’ Ti). 


In the above proof, if A = ¢-»,,1,7;, we used tA | wari = OA N a7} = 0. 
These give 


KI (pA, p 87) = KI(p*dA, p 7;) = 0, 
and therefore, since dim p*A = r + 1, 
the, = —KI(p"A, —7; — p dri) = —KI(p*A, dp 7) 
(—1)'KI(ap"A, p17) = (—1)'KI(A + "AA, p 73) 
= (-1) "KI @-,4;75, 9 TH) = (—1) PE» - 


Next we discuss (18.3) and (18.5). Because of (bs), ¢7; is defined and inde- 
pendent of the choice of any 7; , so long as 7% — 7, C V*. Since 


mT: nN waT; = ror: Nn rT, = 0, 
we find, as in the proof of (18.4), 
rt, = KIG*e?, of) = -KIG*s}, —1f — ort) 


—KI(p*r;, 8p 77) = (—1)'KI(ap*r}, p73) 


= (-1)'KI (rj + p*tarj, p 73) = (-1) Sj. 


We shall prove still a lemma regarding the ¢,,. Since 7; = 0(&}), > convex 
in E", the parts near doo of radii from an inner point of oj map under @ into ares 
which we may suppose fill out 7; M N.,07;. With these ares, we may define 
a deformation g, such that 

(e:) g,(p) carries p along the are in 7; N N07; on which it lies into 47; . 

Lemma 19. Let A be any singular chain such that (writing N for N,, and 
A,(R) for A,(R, t:)) 





“— Fr) 
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(18.6) A CAy(tiNN7), 84 CAy (7; Nar?). 

Then there is a number a and a chain B such that 

(18.7) KI(A, p*7i) = akin, , 

(18.8) 0A —ad7; = 0B, BCA,,(7;M Nar; U (7; N Nari). 

The last relation determines a uniquely, even if we assume merely B C W,,(7; N 
Tit, by (ca), (es), (cs) and (d), KI(A, p*r{) is defined. We shall define a 
deformation h, of A (0 S A S 3) such that 


(18.9) hsA = abr, ,1;7; - 
Also KI(h,A, p~7;) is defined for each \; (18.7) follows from this, together with 
(18.2) and (de). 
For any q eb, (7; M Nzj) and q’ € Ty(q), set 
hy(q’) = (1 — Ada’ + Ag ; 0 <=) <1); 


this is defined in A,,(7; M N74), by (c:), and hy(q’) = P»,(q), by (17.2). From 

the definition of A,, we see that h,A obeys (18.6) so far, simply because A does. 

Moreover, h:A is in the deleted fin @3,(7; M Nri), and haA C #32.(r; N Nar%). 
Next, for each g = $»,,:(p) (p € 7;) in the deleted fin, set 


hian(g) = (1 — AVG + Adoy,t;(P) (0 <=) S 1); 


this is a deformation of ®> (7;) in itself; applying it to h,A defines h,A (0 S X S 2) 
so that (18.6) continues to hold; now 


heA © duet: Nr),  hedA CS oey,t;(7: M N@7%). 


Next, applying ¢,,,,, to the deformation g, defines h,, 2 S A S 3; by (e:), 
it keeps bv, .0; (74 M N@r?) in itself. This defines a deformation of dh2A, and 
hence of h2A, so that (18.6) continues to hold; see (d3). Now 


hsA & y,,1;(7%)5 h3aA = dh3A C y,,1;(07%). 


Since ¢,,,, is one-one in 77, the only (r — 1)-cycles in ¢»,,:;(87;) are multiples 
of the cycle ¢,,,1,87; ; this proves (18.9) and hence (18.7). 
The deformation h, of 2A (0 < X S 3) defines a chain B, such that 


OB, = 0A —, Abe, 1,97: 5 


Since ®,,(87;), properly oriented, is a chain B, bounded by ¢.,1,877 — 97°, 
B = B, + aBy satisfies (18.8). 

* prove the uniqueness of a in (18.8), suppose it held with a’ and B’ also; 
then 


(v’ —a)ari=aC, C=B—BCW,,(7,N Naz, ti). 











af 
- 


284 HASSLER WHITNEY 


If we contract the fin ,,(7;) onto 7;, we may carry C into C’ C7;, and the 
above holds with C’ in place of C. Since N,,@7; does not cover all of 7; , this 
implies a’ — a = 0. (1 


19. Application to complexes K" mapped into E*** (1 


In this section we suppose that f, of class C*, maps K" in regular position in 
E°*"™ with reference to the y2,-:-direction. We may suppose K imbedded in 
E’"*". Extend each cell ¢! to a cell o;’ as in Lemma 16; we may extend f over 
these in turn so that the properties in Lemma 16 and the remark following it 


hold. Set 7;° = f(c,’). Taking these cells small enough, we may suppose the 

properties (b1), (be), (bs) still hold. , 
We shall determine open sets U; and U’ in K (which now consists of the ¢;’) 

such that: rm 


Ge" cu, x*"<e. 
(f.) U;NU; CU' if it ¥ j. 
(fs) f is an imbedding in U = >> U;. 
(fs) If pe U, p’ € U’, p & p’, then af(p) ¥ af(p’). TI 
We shall restrict the U; and U’ further later. That f is locally an imbedding 
at points of K”’ is an immediate consequence of (b:) and (bs), using s = n, 
v—s=n-—1. The proof of (f;) and (f,) is now the same as the proof of (bg). 


It is easy to choose sets U; satisfying (f;) and (fo) (and thus redefining U) if we ha 
make use of the sets 7 — U’. A 

Set r =n —1. For each pair of incident cells o; and of , let o,f be the part = 
of o;”" on the side of o;’ which includes of , and let uix(p) (p €o,’) be the unit (1 


vector tangent to o;; and normal to o,’ at peo,’. Set vu(p) = Vf(uie(p), p). 
The following property shows that we may use the results of §§$17 and 18. 
(fs) fand each vi, , also f and each —v, , are in general position with reference 
to the yen—-direction, (bs) being omitted. (Here, f is considered in K”™ only.) 
We need merely prove (b,) for f and zf; this follows at once from the properties th 
of general position; compare (f;) and (f,). 
Set V; = f(Ui), V = f(U), V’ = f(U’). 
Next, by further restricting U’ and then the U; , we may obtain: 





(fe) rif Vi © deg (te Ni ,75, ti), . 
' (f2) rik AV! C Ap, (77 ON :,875, ti). Pe 
These are obvious consequences of the definitions of 777, vi, and A». gr 
Now let K’ be a subdivision of K so fine that the following holds: pr 
(fs) Any cell of K’ with a vertex in ¢j lies in U; ; any cell with a vertex in 
K’"" lies in U’. - 
Each oriented cell « of K becomes now a chain Sdo of K’. Let [of °: ail (L 
denote incidence numbers. Define the following chains of K’, and use r = f(0) : 
as before: ' (I 
a = sum of s-cells of K’ in o; with no vertex in dc% , each oriented like o; . 
oi, = sum of n-cells of of, which have a vertex in o; but none in do; , each 
oriented like [o7: of ]ox . (i 


oi, = that part of — dc% whose cells have no vertex in a; . (1 
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We prove the following relations: 


(19.1) arn = 73 — tae + Aw, Aa CV’. 
(19.2) Ore” = Do loi: otlrn + Bi, B,C V’. 


First, supposing a; a face of o; , note that each cell of the chain 
Sdrt — (te” + [o5: of Iris) 


has a vertex in a7 — 7; hence the chain lies in V;, where U; = > oils, 
V; = f(U;). Also, clearly 


aSdrf = Sdarh = (ot: of |r; + Cu , Cac Vi. 
It follows that 
A(t” + [o%: of lrix) = (03: of lve” + Dee, Da & Vs. 


This last relation, with (19.1), gives 
ann" = (ot: oflrn + Dat Aw. 


Now neither 7," nor tj, have any cells with vertices in 7;. Hence neither 
has Dy + Ax, and it follows that each cell of Ax, is a cell of Dix. . Therefore 
An CV;. Since ri, 77” and tik, are in V; , each point of Ay isin some V;N V; 
= f(U; N U,) (see (fs)) with 7 ¥ i, and therefore in V’, by (fe). This proves 
(19.1). 

Next, since 


ok ok n =) 
D lo}: of lrj ’ Dix , Aw are in V;, 
it 


the last relation for 07,” gives 


B, = or" — >» loi: oflrn CG Vi. 
i 


Since B, is independent of i, this holds for each 7. Now if B; had a cell with a 
point p in just one V;,, (clearly B, C >> V;), using % in the last relation would 
give a contradiction. Hence each p is in at least two, and hence in V’. This 
proves (19.2). 

With the help of the new chains, we shall find new expressions for the numbers 
in §18: 


(19.3) tte, = KI (ri ’ pt: (loj: oi | # 0), 
(19.4) 3, = KI (ri, ,p Ts) (loi: of] # 0,7 ¥ 9). 


First, since each cell of ou is a face of a cell of o7, , Which has a vertex in oj, 
(fs) gives: 


(19.5) tr Cre Ni. 














286 HASSLER WHITNEY 


Taking the boundary of (19.1) and using (fs) gives 
(19.6) Orie = Or; + OAn CTU NV’. 
These relations, with (fs) and (f7), show that we may apply Lemma 19, which 
gives 
KI (rie, pti) = Abies, - 
We must show that a = 1. By (19.6), 
Orn — ar; = [Aux — (7 — 73’)).- 


By (fs) and (19.1), Aw — (7; — 77") CV’. Since this chain is also in 7,’ U 7}? , 
applying (f7) gives (18.8) with a = 1. The uniqueness of a in (18.8) completes 
the proof of (19.3). 

Next, taking 7 ¥ Jj, since 


y-—r CV, ra CcVv, (f—17;)Nra =0, 
(fs) gives r(r5 — 77") N x(t?) = 0. Hence 
KI (tik , pt) — p*7;") = 0. 
Similarly, using (19.1), we find the two relations 
KI(Ax, p*1;") = KI (riz, p*d7;") = 0. 

By (fs), KI (rx , r ") = 0. This, with the last relations, gives 

= KI (riz, 8p°7;") = + KI(1r3’ — rie , p*r;’). 
Hence 

KI (rie, p15) = KI (ri' , p*13") = KI(ri" , p*7}"), 


which gives (19.4). 
We now give an extension of the results in §14, in particular, of Lemma 13. 
DeFinit1ion. Let K’ and v be in general position in E”*’, with reference to 
the yer4:-direction. With the notations of §18, and a sufficiently small positive 
continuous 7(p) in K, set 


(19.7) bije = KIQ@.97i , p*7). 

Save possibly for sign, this is a direct generalization of (14.2). The commuta- 
tion rule is: 

(19.8) Mii = (-1) yj. 

The proof is easily carried out, with the help particularly of (bs), as follows: 

KI (p75 , bonti) = KI(p*$-v97} , 7%) 

—KI(p"$_v97; , 9p 73) = (—1)"KI(dp"$~0.975 5 p 7%) 
(1) "KI (g-097} 075) = (—1) je - 


a 
Kij,v 





or 


W 


Q 
a 


th 
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DeriniTion. With the above notations, set 


(19.9) g*(A, B, v) = KI (vA, p~B). 
The commutation rule, generalizing (14.3), is 
(19.10) g*(A, B, v) = (—1)' "2(B, A, —»). 


To prove this, suppose A = >> a;7r;, B = > b;t;. Then, writing ¢ for 
bon» 
@(A, B,v) = 2) a:b; KI (74, p*r}) 
4) 


= » ai bite + Se (a:b; wij + a; diuti.r) 


t<7 


= (-1)(D basta» + yD (b: 0; wij,» + ba: uz,-»)] 
t i<j 
which, by the same proof, equals (—1)'""&"(B, A, — v). 


20. Application to partial manifolds M” mapped into FE" 


The following theorem contains essentially Theorem 2 if n is odd. Let 
&(M) denote the algebraic number of singular points if n is odd. 

THEOREM 9. Let M” be a partial manifold, let K be a subdivision of M (with 
the properties of §15), and let f be a semi-regular mapping of M into E*"™ so that 
f maps K in general position. For each a * in aM, let v;(p) point into M at f(p), 
pea! . Then letting >.’ denote the sum taken over just those cells in 8M, we have: 

(a) If n is even, 


(20.1) Zs ta, © be Com, © Ze bm 
(b) If n is odd, 


(20.2) 22y(M) = DU’ (be, + ie,) = Le’ (Eho; — Fin.) 
We consider first the case that M” is a single cell o; . Using the previous nota- 
tions, setting 0 = [eo ’:of] and noting that dj = 0 or 1, we find, with the 


help of (19.2), (19.3) and (19.4), 
(or) = KI(rz" , Om) = —KI(r;" ‘ dp Ore) 
= (—1)""KI(67%" , pare) = (-1)"" ys Bix Dix KU (rik p°7; 
17 


= (-1)""1D Foo + ODO On dng + FF). 
v i<j 
Using first + and then —, we find, with the help of (18.5), 
(—1)""&or) = Lo thea + Do dndn(Si; + $7), 


t<] 


Sor) = (-1)"" DO Bina — Le On delSFe + ST). 


<1 
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Adding these and using Theorem 2, gives 
(20.3) [1 + (—I)"&i(o?) = Do [Eben + (—D” “EFvcal, 


from which the theorem for this case follows, with the help of (18.4). 
By (20.3) and (18.4), we have, in the general case, 


[1 + (—1)""] > @ (or) = dX d (Evi — Er), 


° —l- =e 
where for each i we sum over all k such that o? is a face of of. Ifo?’ isin- 
e = 
terior to M, then of is a face of two cells of and a; , and vj; = — vx ; hence 


(thon — Elon) + (Ebon — Five) = 0. 


Thus all these values of i drop out. For each i with o?* C aM, there is just 
one k, and v; = vi. Hence the theorem follows. 

REMARK. Clearly both sides of (20.2) are independent of the subdivision K 
of M employed. All the terms are independent of the chosen orientations of 
cells. 

DEFINITION. Let M be.a partial n-manifold, n odd, with the property that 
there exists a continuous vector field u(p) defined in 2M, u(p) being independent 
of each closed cell of 2M containing p, and pointing into M. Let K be a sub- 
division of M and let f be a semi-regular mapping of M into E’”™ such that f 
maps K in general position with reference to the yen—:-direction. Set v(p) = 
Vf(u, p). Set 


(20.4) A”* = }°’c?"", summed over the cells in aM, 


these cells being oriented arbitrarily. Let e be the unit vector in the Yon 
direction. Then for a(p) > 0 sufficiently small in 0M, and n(p) > 0 sufficiently 
much smaller than a(p), define (using the definition of y in §14 and recalling that 
n is odd) 


L(M) = ZK (bonfA, Pe0,afA) + KI (bonfA, p-e,0,afA)] 
= KI (ofA, We.0,afA) = KI (0 fA, Vev,afA)]. 


Remark. If the hypothesis of general position in Theorem 9 does not hold, 
we may apply Lemma 17 to make it hold; that &;(M) is independent of the ro- 
tation chosen follows from the proof below, in which general position is assumed. 

COMPLETION OF THE PROOF OF THEOREM 2. We must prove &;(M) = &,(I/). 
Because of (20.2), it is only necessary to show that (for n odd) 


(20.6) KI (bo9fA, veo,afA) = >,’ te, . 


For each o/' in 2M, we may deform »;(p) into v(p), keeping it tangent to 
and independent of ¢?~'; hence tie, may be replaced by £7,. Since both sides 
of (20.6) are independent of the subdivision employed, and zf is regular in 
K"™” and hence in 0M, we may suppose that K is so fine that for each pair gad 


(20.5) 
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* of cells of AM with a common vertex, af is an imbedding in 6? 0) go. 
Since also xf is regular in M at points of K"” * it follows at once that for pile 


enough a(p) and (p), 
KI @v97i » ¥e0,a7}) = 0 (i # j). 
Exactly as in corresponding proofs in §19, we see that 
KI (bva7i 5 ¥e0,aT:) = KI (bv97i , pti) = Ein. 
We find therefore 
KI(6caf4, VeoafA) = 2’ KI (ben 7%, ¥oo073) 


om a KI ($0.9 Ti ? We.0,0 Ti) = sy tt ’ 


taken over the cells of 0M, which completes the proof. 


21. The necessity for the type of formula in (20.5) (n odd) 


One might expect that a single term on the right in (20.5) would suffice’ 
without the factor 4. This is the case if the cells oj of dM can be so oriented 
that yo; is a cycle, but not in the general case, as we shall show. 

To compare the two terms, note that 


Y—e0,a = —-e,a,0 = —We—a,0} 
hence, subtracting one of the terms from the other, 
A = KI @vafA, Ve0,afA — P-e.0,afA) 
= KI @v fA, be,-aafA). 


Let e’ be the unit vector in the yon-2-direction. By deforming ¢,,, C into 
¢’4C, we define 6C for all C C aM, with the property 


a0C = de’ ar do9C — 6aC; 


we may take this in general position together with the chains y considered, with 
reference to the yo,-:-direction. From the obvious relations (for small (p)) 


de SA n We,—a,afA et 0, 
fA N beafA U d.,-afA) = 0, 


(21.1) 


we obtain 
A = KI (bonfA — de’ nfA, Ve—a,afA) 
—KI(a0efA + 0afA, We,a,afA) 
—KI(0afA, We,-a.afA) — (—1)"KI(@fA, dpe-a,afA), 
(21.2) A = —KI(6fdA, We,-aafA) + (—1)"KI(OfA, We,-«,af8A). 
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As a corollary, A = 0 if the cells oj of 4M can be so oriented that their sum is a 
cycle. 

Remark. The last fact follows also on applying Lemma 14 to Y(fA, fA, 
v, + e). 

ExAaMPLe. We shall show that A may be ~ 0. Take a cylinder plus interior: 


got+y<s1,-1s2z81; 
identify the two ends, after reflecting one across a diameter: set 
(z, i 1) al (x, — Y, 3). 


A “Klein bottle B’ plus interior” is formed; this is a partial manifold M’*, with 
aM = B’. Let K be a subdivision of M*. We may imbed B’ in F* in sucha 
fashion that for any continuous vector field v(p) in B’, independent of B’ at points 
of K’ N B’, 

KI1(¢.Bo , Bj) = —4 in E*, 


B; being >.’o; , o; in B’, and 7 being small; see [3], p. 107, Fig. 4, and the top of 
p. 108. Now take E* C E’. Then clearly, from the above, 


A = KI(bv9Bo , ¥e,-«,2B) = —4 in E’. 
If, for instance, we take v = (e + e’)/2'”", then (20.5) reads 
&,(M*) = 3[-4 +0] = —2. 
Mapping M’ into E’ so that v points into f(M) gives the result stated. 
APPENDIX 
22. The self-intersections under a completely semi-regular mapping 


Let A be the set of points p of M such that for some q ¥ p, f(p) = f(q). We 
shall discuss A and f(A). 

Let pi, po, °°: be the singular points. By Lemma 2 and the definition of 
completely semi-regularity, there is a neighborhood U7 of p; such that A NL i 
is given by a. = --- = z, = 0; thus this is an open arc, mapped by f doubly 
intc a half-open arc. We may suppose U7 NM U; = Ofori ¥ j. 

Choose U;*, p; e Ui*, UT* C UF, andset M’ = M — )\U7*. Take p,qin 
M’,p ~ a, f(p) = fq). If p,qeM’ — aM’, there are neighborhoods U and V 
of p and qg in M’ such that f(U) M f(V) is a smooth open arc in E, the image of 
smooth open ares in M’; if one of p, q is in 2M’, these are half-open arcs. We 
may cover M’ by neighborhoods U; such that each f(U) NFU) (UL NU; = 9) 
is void or a smooth open or half-open arc. These ares in M’ together with those 
in >» U7" fit together to form simple closed curves or ares; in each direction on 
each arc, we end either at a singular point or at a point whose image is also the 
image of a point of 2M, or we reach no limit point of M (this can occur only if 1 
is open). Moreover, it is not hard to see that there is a grouping of these curves 
into pairs (the two in a pair need not be distinct), in one of the following ways: 
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(a) There may be two distinct closed curves, with one closed curve as image. 

(b) A single closed curve may be mapped doubly over a closed curve. 

(c) If the closed curve contains any singular points, it contains two, and is 
mapped into an are. 

(d) An are may have one singular point interior to it; then (dj) it is open at 
both ends, or (dz) one end stops at aM and the other stops interior to M. 

(e) A pair of arcs, each containing no singular points, may map into an are. 
Then (e:) both are open, or (e2) each is half open, one ends in 0M, and the other 
ends interior to M, or (e3) one has both ends in aM and the other has both ends 
interior to M, or (es) each has one end in 0M and one end interior to M. 

If n = 2, we have the same subdivision into cases, but the curves may cut 
through each other. The case n = 1 is trivial. We could further subdivide 
the cases by taking into account orientation properties. 

Remark. If f is not proper, the set A need not be closed; for example, we 
may map a strip M’ around and around in the interior of a torus so that A is 
dense in M*. Still A is expressible as a union of curves. 


23. On the covering of an open partial manifold by a sequence of compact 
partial manifolds . 


Let M be a partial manifold (in particular, a manifold). Since it may be 
covered by a denumerable number of coordinate systems, and each is compact, 
M may be covered by a sequence of compact partial manifolds. We wish to 
show how partial manifolds with certain properties may be chosen. Let a 
proper half-open arc A in a point set R mean the one-one continuous and proper 
image (Ao) of the half-line 0 < x. We shall say A runs from ¢(0) to infinity 
if, for any compact subset B of R, there is an x such that ¢(x) e R — B for 
¥ 2 XM. 

The following lemma is used in the proof of the immersion theorem for open 
manifolds. 

Lemma 20. Let M be an open connected partial manifold. Then there is a 
sequence M, , Mz, --+ of compact partial manifolds in M such that 

(a) M; C Migs — OMigs (i = 1, 2,---), 

(b) M = Zz; M iy 

(c) any point of M — M; may be joined to infinity by a half open arc which does 
not touch M; . 

Remarks. It may be shown that each M; may be taken as connected, and 
such that 4M; is a closed manifold (not necessarily connected); but we do not 
need these facts here. For the present purpose, by a “partial manifold” we shall 
mean merely the closure of an open subset of some open manifold. 

To start with, let My’, My’, --- be the sets in M covered by a fixed set of co- 
ordinate systems, so that M = >> M’. Set Mi = My. Since M 1 is compact, 


we may choose yw so that Mi C >-#2,(My — aMy). Set M2 = om Mi. 
In general, choose uj; so that M, C >-#i4!(M; — aMz), and set Mia. = 
Mit) 


ini! M,. Then M,C Mi41 — 0Mi41, and M = pm M;. 
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Let M; be the set of all points p of M for which the following is not true: For 
each j there is an are A joining p to a point ge M — M', , such that A C M — 
M;;. We show first that M; is compact. If not, then there is a sequence p, , 
p2,°:: of points of M; with no subsequence which converges in M. Since 
each M’, is compact, it contains at most a finite number of the p; ; hence we may 
suppose the p, chosen so that p;« M — M’,, allj. Since M is connected, there 
is an are A;in M joining p, to p;. Let q; be the last point of A; in M's41 for 
j > i, and let A(p;) be the are q;p i: Since Mj 41 is sage and aM’ 541 18 closed 
in M; i+ there is a subsequence a1 ; q , °°: Of G1, @, °** converging to a point 
q of aM‘4,. For some connected ssidadihidelueed U of q, u <M —M;. Choose 
sso that q.eU fork = s. Let p, correspond to q. For each j > s, p;eM — 
M;, and from A(p,), A(p;), and an are in U, we find an are in M — M; joining 
p. to p;. Hence p, is not in Mj, a contradiction, proving that M; is compact. 

Clearly all boundary points of M; are in M’; ;;hence (a) holds. Since M, CM - 
(b) is true. To prove (c), take pe M — M;. By definition of the M;, there is 
an are A; joining p to a point pi4, in M — M%,,, such that A; C M — Mj, 
there is an are Aj41 joining p;4, to a point piy2 in M — Mj42, such that Ai, C 
M‘:41, ete. Since >) M’; = M, these ares give a proper half open arc A joining 
p to infinity, such that A C M — M’;. Moreover, A © M — M; ;forifqe AN 
M;, then part of A gives an are in M — M; joining q to a point in an arbitrary 
M — M,, contradicting the definition of M;. This completes the proof. 


24. On proper mappings 


We recall the definition from [1]: The limit set L; of a mapping f of a space 
R into a space R’ is the set of points q e R’ such that for some sequence {px} in 
R, f(p.) — q, while {p,} has no limiting point in R. f is proper if f(R) NL; = 0. 
Note that if 2 is compact, the limit set under any mapping is void. If f is proper 
in R, it is proper in any closed subset of R. If f maps R into a single point, 
f is proper if and only if R is compact. 

Remark. If f is one-one and continuous, then clearly f is proper if and only 
if f* is continuous. 

We give first a characterization of proper mappings without use of sequences. 

LemMa 21. A mapping f of a locally compact separable metric space R into a 
similar space R’ is proper if and only if for each point p € R (or equally well, each 
self-compact subset A C R) there is a neighborhood U of f(p) (or of f(A)) in R’ and 
a self-compact subset B of R such that 


(24.1) f(R — B)NU =0. 


We may suppose FR is not compact, the lemma being trivial otherwise. Let 
R,, R:, --+ be self-compact subsets of R with R; C Ri, and R = > R; (see 
the proof of Lemma 20). Suppose first that the condition in its strong form 
does not hold; then a self-compact subset A is given; say A CR,. Let {Ui} be 
a sequence of neighborhoods of f(R;) such that [] U; = f(R,). Ineach R — Resi 
choose a point p; so that f(p;) « U; ; we may suppose that the p; are distinct. A 
subsequence may be chosen so that f(p,,) — q ¢ f(R,); thus f is not proper. 
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If, conversely, f is not proper, say f (pi) > q = f(p), {pi} having no limit in R. 
For some subsequence {~,;}, Pr; ¢R — R;. Since each compact subset of R 
is in some R;, the condition does not hold, using p. 

We state without proof: 

Lemma 22. A mapping f of R into R’ is proper if and only if antecedents of sets 
compact in f(R) are sets compact in R. 

Lemma 23. <A continuous proper mapping of R into R' maps sets closed in R 
into sets closed in f(R). 

Suppose A is closed, while f(A) is not closed in f(R); then q: , q@, ++ - exist in 
f(A), qi 79 7 S(R) — f(A). Choose p; so that f(pi) = qi. If the sequence 
‘(p;| had a limiting point p, then say p,; — p; since f is continuous, @; = f(Pr,) 
f(p). But q;— q; hence f(p) = q, and q « f(A), a contradiction. This shows 
that f is not proper. 

We state without proof: 

Lemma 24. Let f be continuous and map closed sets into closed sets; and let the 
antecedents of single points be finite sets of points. Then f is proper. 

The following lemma is needed in one or two places in the present paper. 

Lemma 25. Let R and R’ be locally compact separable metric spaces. Let f, 
mapping R into R’, be continuous, proper, and locally one-one. Let A and B be 
closed subsets of R such that 


(24.2) ifpeA, qe B, p ¥ 4 then f(p) # f(q). 
Then there are neighborhoods U of A and V of B such that 
(24.3) ifpeU, qeV, pHq, _ thenf(p) # fq). 


The proof is not very difficult; we expect to give it as an application of much 


more general ideas in another paper. 
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THE CLASSIFICATION OF SPHERE BUNDLES 


By N. E. STEENROD 
(Received September 1, 1943) 


1. Introduction 


Whitney has introduced [13] the general notion of one space A being a fibre 
bundle over a second space B. It is a topological condition on a function f 
mapping A onto B which insures that f shall have a high degree of smoothness. 
It is the topological counterpart of the analytic requirement, in case A and B 
ara differentiable manifolds, that f shall have a Jacobian of maximum rank at 
every point. Fibre bundles should prove of importance since they arise in many 
connections. The factor spaces of a Lie group form a lattice of fibre bundles 
(see Theorem 1). The spaces of tensors over a manifold are fibre bundles [9]. 

Among the simpler bundles are those for which the fibres (inverse images of 
points of B) are k-spheres. One of the main problems with which Whitney 
has concerned himself is the classification of the k-sphere bundles over a given 
space B. 

In the present paper, this problem is reduced to a familiar problem of topology. 
A factor space M7 of the rotation group of a (k + 1 + 1)-sphere is selected, and 
it is proved that the equivalence classes of k-sphere bundles over a complex B 
are in 1-1 correspondence with the homotopy classes of maps of B in M7. 

In addition, the homotopy groups of Mj are computed for dimensions <6. 
This leads to a complete solution of the classification problem when B is a sphere 
of dimension <6. 

Sections 2 and 3 contain definitions and discussion of fibre bundles and related 
concepts. Sections 4, 5 and 6 contain the statements of the principal results 
without proofs. Sections 7 and 8 are concerned with showing that covering 
homotopies exist in a fibre bundle. With this mechanism and its consequences 
at hand, the proofs of the main results are given in the remaining sections. 


2. Fibre bundles 


The concept of fibre bundle is somewhat complicated. There must be given 
three topological spaces. The first of these, denoted by A, is called the fibre 
bundle. The second, B, is called the base space; and the third, F, is called the 
fibre. There must likewise be given a fixed map y of A onto B; it is called the 
projection. (It will appear from subsequent conditions that, for each point 
b « B, y'(b) is homeomorphic to F.) There must also be given a fixed group 
G of homeomorphisms of F, so that F is a space with a geometry. Finally, 
there is given a family {N} of neighborhoods covering B, and, for each N, a 
function ¢y mapping the product space N X F homeomorphically onto y (VN) 
so as to satisfy two conditions. The first of these is 


von(b, y) = b forbe N,yeF. 
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For the second, define ¢y,» (b « N) to be the map F > y '(b) given by ¢ya(y) = 
ov(b, y); then, for any b e Band neighborhoods N, N’ containing b, we must have 


ox. voy’s € G. 


The functions ¢ are called the coordinate functions. 

The entire structure can be pictured in A somewhat as follows. The space A 
is decomposed continuously into disjoint closed sets denoted generically by F 
and referred to as fibres. Each F possesses a geometry G. A sufficiently small 
neighborhood of an F can be resolved into a product space in such a way that the 
fibres F’ neighboring F appear as parallel sections, and under the parallel dis- 
placement F — F’ we have in addition GG’. The space B is the space whose 
points are the fibres of A, and y is the natural map A — B which attaches to 
each point of A the fibre containing it. 

If the group G consists of the identity alone, then the functions ¢y can be 
amalgamated into a single function which represents A as the product space 
B X F, and A is called the product bundle. 

If F is a linear space and G is the full linear group, A is called a bundle of linear 
spaces. This is the case of importance to differential geometry since the tangent 
space of a differentiable manifold M is such a bundle. In addition each manifold 
of tensors of a specified type over M is a bundle of linear spaces with the base 
space M [see 9]. 

If F is a k-dimensional sphere (k-sphere) and G is the full orthogonal group, A 
is called a k-sphere-bundle. In case G is the group of rotations (i.e. the orthog- 
onal transformations preserving orientation), A is called an orientable k-sphere- 
bundle. 

If the differentiable manifold M has a Riemann metric, then, by selecting the 
unit sphere in the tangent space of each point, one obtains a sphere-bundle 
over M. A similar operation is possible in the tensor spaces of each point. 

By a change of coordinates in the neighborhood N, we shall mean the substitu- 
tion of a function dy for oy such that the fibre bundle conditions still hold, and, 
in addition, for b e N, we have ¢yx¢v,€G. If is a continuous map N — G, 
we obtain a change of coordinates if we set ¢v,, = ¢v,» (b). In general we do 
not wish to distinguish between a bundle and one obtained from it by coordinate 
transformations. This leads to the notion of equivalence of bundles. 

If A, A’ are two bundles over the same base space B with the same fibre F 
and group G, they are said to be equivalent if there exists a homeomorphism 7 
of A’ onto A which, for each b in B, maps the fibre y’'(b) of A’ onto the fibre 
¥'(b) of A in such a fashion that, for any neighborhoods N, N’ containing b and 
attached to A, A’, respectively, we have 


(&) enh: ft. 


Clearly any number of coordinate changes in A merely replaces A by an 
equivalent bundle. 
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If, for example, G is the group of all homeomorphisms, the condition E js 
unnecessary. 

The classification problem for fibre bundles is the following: For fixed B, F 
and G, exhibit one and only one A from each equivalence class. 

Now let B, F be fixed and let G, G’ be two groups of homeomorphisms of F 
such that G CG’. If A isa fibre bundle over B with fibre F and group G, then 
the same coordinate functions @ represent A as a fibre bundle over B with fibre 
F and group G’. This new bundle A’ is distinct from A since the groups of the 
fibres are larger. The transformation A — A’ carries equivalent bundles into 
such, and is therefore an operation on equivalence classes. It is to be expected 
in general that this correspondence of classes is a many-to-one map and need 
not be a mapping onto. 

Since the identity homeomorphism of F is contained in every G, the product 
bundle B X F determines an equivalence class of bundles relative to B, F and G. 
A bundle of this class will be called a product bundle with little danger of confusion. 

It is sometimes convenient to consider an equivalence of two bundles not 
possessing the same base space and fibre. Let A, B, F, G be a bundle and 4’, 
B’, F’, G’ a second. We shall say that they are equivalent (in the unrestricted 
sense) if there exists a homeomorphism 7 of A’ onto A which carries fibres into 
fibres, inducing thereby a homeomorphism 7 of B’ onto B, and is such that, if 
T(b’) = b, be N and b’ € N’, then the homeomorphism dv oton’.p of F’ onto F 
must carry the group G’ onto G. 

For A, A’ to be equivalent, it is necessary that B, B’ be homeomorphic, and 
that F, F’ be homeomorphic in such a way that G’ corresponds to G. Assuming 
these conditions satisfied, we cannot specify these correspondences in advance 
unless we wish to consider the restricted equivalence defined earlier. 

On the other hand, two bundles A, A’ with the same B, F, G may be equivalent 
in the unrestricted sense but not in the restricted sense. Of course, in such a 
case, t would of necessity induce a non-trivial transformation of B, or of F or of 
both. Naturally there are fewer equivalence classes in the unrestricted sense. 

In our main problem equivalence will be used only in the restricted sense. 


3. Analogy with group extensions 


We digress for a moment to remark the analogy between a fibre bundle and 
a group extension. In the group case F and G coalesce into the group G, B is 
likewise a group, and A is an extension of G by B (i.e. G is an invariant subgroup 
of A and A/G = B),. 

The equivalence of two extensions parallels the equivalence of two bundles; 
in the first case r is isomorphic, in the second, homeomorphic. 

The problem of classifying bundles with fixed B, F and G is the analog of de- 
termining all extensions of the group @ by the group B. 

We shall see that these ideas come together quite naturally when A, B and G 
are topological groups. 
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4. Summary of principal results 


If Ris a topological group and K is a closed subgroup, the symbol 2/K is used 
to denote the set of left cosets of Kin R. The natural map R — R/K attaches 
toeach rin R the coset rK. A set of cosets is an open set of R/K if their point 
set sum is an open set of R. With this definition of open set, R/K is a topologi- 
cal space, and the natural map is continuous [see 8, Ch. 3]. If the elements of a 
coset of K are all multiplied on the left by a fixed element of R, the resulting set 
isalso a left coset of K. In this way R is realized as a group of homeomorphisms 
of R/K. Of course R may not operate effectively in R/K; the effective group 
is R/K' where K’ is the intersection of all subgroups conjugate to K. 

It is well-known that, if R is a Lie group, then R/K is an analytic manifold, 
and the natural map has Jacobian of, maximum rank at every point. Even 
more, we have 

TueorEM 1. Jf Ris a Lie group, and H, K are closed subgroups with H C K, 
then, with respect to the natural map, R/H is a fibre bundle over R/K with fibre F = 
K/H subject to the group G = K of left translations of K/H. 

Now let R be the group of rotations (i.e. the orthogonal maps preserving orien- 
tation) of a sphere S of dimension k + 1+ 1. In S we select a fixed great k- 
sphere S*. Let S' be the great sphere of S orthogonal to S*. A rotation of S* 
(S') becomes a rotation of S if we let it act as the identity on S' (S*). In this 
way the groups of rotations R(S*), R(S') of S*, S', respectively, are subgroups of 
R. Since they commute with one another, we may regard their direct product 


R(S*, S') = R(S*) X R(S') - 


as a subgroup of R. It is contained in the group R(S", S') of all elements of R 
which map S* on itself. The latter is larger since it contains the rotations of S 
which reverse orientations of both S* and S'. Since any two such differ by an 
element of R(S*, 8’), it follows that R(S*, S') has just two components and 
R(S', S') is the component of the identity. We shall make extensive use of the 
left coset spaces 


= R/R(S", S'), Mi = R/R(S‘, S’). 


From Theorem 1, we obtain 

Mi is a noo-fold covering of M’. 

Two rotations r, r’ lie in the same left coset of R(S*, S') if and only if r(S*) = 
r(S"), Since any great k-sphere of S is the image r(S*) for a suitable r, the 
correspondence r — r(S*) between the great k-spheres and the left cosets of R(S*, 
S')is 1-1. Therefore 

Mi is the space whose points are the great k-spheres of a (k + 1 + 1)-sphere.’ 


Se Ce ee 


, ‘A simple duality shows that the bundle R over Mf i is equivalent to the bundle R over 
M,. In particular M* and M} ; are homeomorphic. We might therefore regard M* as the 
space of great l-spheres of a (k + 1 + 1)-sphere. We adhere to the first adinieioiion 
throughout the paper. 
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By a similar argument, we obtain 

M'; is the space whose points are the oriented great k-spheres of a (k + 1 + 1)- 
sphere. 

We might equally well regard 7 jas the space of (k + 1)-planes passing through 
the origin of a (k + 1 + 2)-space. 

It is worth noting that M{ is projective (J + 1)-space and M? is an (I + 1)- 
sphere. 

Derinirion. Toa map g of a topological space B into M i we attach a space 
A(g) as follows: A(g) is the subset of B X S**'* consisting of those pairs (b, s) 
such that s is a point of the k-sphere corresponding to g(b). Define y(b, s) = 
b, so that y maps A(g) onto B. 

It is clear that ¥'(b) in A(g) is the k-sphere b X g(b). The main results hing- 
ing on the function A(g) are embodied in the following theorems.” 

THeoreM 2. For any map g of B in M/, the space A(g) is a k-sphere bundle 
over B with projection yp. 

THEoreM 3. If B is compact and g, g’ are homotopic maps of B in M7 , then the 
bundles A(g), A(g’) are equivalent. 

TueoreM 4. If B isacomplex,’ A ak-sphere bundle over B, andl = dim B — 1, 
then there is a map g of B in M{ such that A(g) is equivalent to A. 

TuroreM 5. If B is a complex,’ | = dim B, and g, g’ are two maps of B in M; 
such that A(g), A(g’) are equivalent, then g, g’ are homotopic. 

As an immediate consequence of Theorems 2 to 5, we have 

Coro.iary. The problem of classifying the k-sphere bundles over a complex 
B is equivalent to the problem of enumerating the homotopy classes of maps of B 
in M for any l = dim B. 


5. The homotopy structure of M7; 


It should be observed that, if g maps B into a point of M7, then A(g) isa 
product bundle B x S*. From this and Theorem 8, it follows that inessential 
maps of B in M{ determine product bundles. As a corollary, if B is contractible 
on itself to a point, then any sphere bundle over B is a product bundle. 

To obtain bundles which are not product bundles one must therefore study 
spaces B which are not contractible. The simplest such are the spheres of vari- 
ous dimensions. This leads to the problem of classifying the maps of spheres 
in M‘, and this in turn to the determination of the homotopy groups 7:(M‘). 
Furthermore an inspection of existing results on the number of homotopy classes 
of maps of one space in another [5] reveals that the homotopy groups of the latter 
space play a fundamental role. Therefore our immediate objective is to obtain 
such information as we can about the groups 7,(M‘). 

Much is already known concerning the homotopy groups of the orthogonal 
groups [2; 12]. Since M7 is intimately related to several such groups, the obvious 
procedure is to examine this connection more closely. This leads to the follow- 
ing results. 





* Theorems 2 and 4 have been stated by Whitney in a different but equivalent form (see 
[15, §8]). 


’ The complex B may be infinite but is required to be locally finite. 
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Tuzorem 6. If k or l is positive,’ the fundamental group of Mi is cyclic of 
period 2. If R (S") is the group of rotations of S*, and if it is considered as a sub- 
group of R, then there is a natural isomorphism 


wi(M?) & mi-1(R(S‘)) 2<isl. 


The restriction 7 S 1 is of no significance in the classification problem since 
| may be chosen as large as convenient. 

Consider now the classification problem for B = i-sphere. An element of 
7(M}) is a class of maps of B in Mi‘ which map a fixed reference point by of B 
into another such point 2 of Mj, and any two maps of the class are homotopic 
within the class. If C; denotes the set of homotopy classes of maps B in M7, 
then each element of ;(M%) is contained in some element of C; ; so that a map 
7,-C;isathand. Since M‘ is arewise connected, any map of B in M7 is homo- 
topic to one mapping by into x. Thus C; is the image of 7; . 

The algebraic background of the correspondence 7; — C; has been given by 
Eilenberg [5, pp. 63-64] as follows.’ A closed path beginning and ending at xo 
determines an automorphism of z;. The effect of the automorphism on any 
i-sphere with b) mapped into a is obtained by deforming the sphere in M{ so 
that bp describes the closed path. The automorphism depends only on the 
homotopy class of the closed path. Indeed, the fundamental group (M7) 
appears as a group of automorphisms of ;(M7). The principal result that 
concerns us is the following: 

Two elements of 7:(M%) belong to the same homotopy class of maps of an i-sphere 
in Mi if and only if there is an element of ™(M‘) mapping one into the other. 

Whenever each element of 7; induces the identity automorphism in 7; the 
space is said to be simple in the dimension 7. In this case the map m — C; 
is 1-1. 

We are able to establish 

THeoreM 7. If k and l are even, then M‘ is simple in all dimensions. In any 
case Mi is simple in all dimensions < Min (k,l). If l = 2, then M{ is not simple 
in the dimension 2; for m2(M7{) is infinite cyclic and the non-trivial element a of 
m(Mi) reverses sign in m2(M}). 

We have not been able to decide the question of simplicity in the remaining 
cases except for trivial cases where 7; = 0 or is cyclic of period 2. 


6. Sphere bundles over spheres 


Combining the results of the preceding section with the known facts [2; 12] 
about the groups #;,(R(S")), we can obtain numerous special results concerning 
the number of k-sphere bundles over a sphere B of dimension <6. We state 
some of these in this section. 

Since 7;(M71) is cyclic of period 2, we have 

I. The k-sphere bundles over S' are of two types: the product bundle, and the 
generalized Klein bottle. 


IIA 





‘The case k = 1 = 0 is trivial since MS is a 1-sphere. 
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The term Klein bottle is justified by the fact that, if S" is carried around S) it 
comes back with orientation reversed. This is proved by noting that the non- 
trivial element a of 7(M‘) is covered by a path in R joining the identity to an 
element of R(S*, S') which reverses the orientation of S*. 

Since m(M7) & 7(R(S’)) is infinite cyclic, 

II. There are an infinity of 1-sphere bundles over S*. 

Since the automorphism a is a reversal of sign, an element of 22(M;) defines 
the same l-sphere bundle as does its negative. We can thus set up a natural 
correspondence between the integers n = 0, 1, 2, --- and the 1-sphere bundles 
over S*. Let A, denote the bundle corresponding to n. It is clear the Ay is 
the product bundle. 

It is well known that, if S’ = group of unit quaternions, and S’ = subgroup 
of complex numbers of absolute value 1, then S*/S' is homeomorphic to S$’. In 
this way S’ is a l-sphere bundle over S’ (see Theorem 1). It is a reasonable 
conjecture that this is the bundle A . 

If G» is the subgroup of S’ generated by exp (2ri/m), by Theorem 1, S°/G,, 
is a bundle over S°/S' = S*. The fibre is S'/G,, which is again a l-sphere. In 
this way S°*/G,, is a 1-sphere bundle over S’. It 1s reasonable to conjecture that 
it is the bundle A,,. Note that S’/G,, is the lens space corresponding to the 
pair of integers (m, 1). 

Since 7,(R(S")) is cyclic of period 2 for k = 2, we have 

Ill. If k = 2, there is.just one k-sphere bundle over S” other than the product 
bundle. 

Since m2(R(S")) = 0 for any k, we have 

IV. A k-sphere bundle over S’ is always a product bundle. 

Since 7,-:(R(S')) = 0 for n = 3, we have 

V. If n = 3, a 1-sphere bundle over S" is always a product bundle. 

Since 73(R(S")) contains an infinity of elements for k > 1, we have 

VI. If k > 1, there are an infinity of k-sphere bundles over S*. 

Since m,(R(S")) = 0 for k = 5, and m;(R(S")) = 0 for k ¥ 5, we have 

VII. A k-sphere bundle over S° (S°) is always a product bundle if k = 5(k # 5). 

One may obtain additional information by examining the results of [2; 12]. 


7. Factor spaces of groups 


Since we must deal extensively with the factor spaces of the rotation group R, 
a few general remarks about factor spaces are in order. 

Derinition. Let R bea topological group and K aclosed subgroup. A function 
¢ defined in a neighborhood N of the point K of the left coset space R/K with 
values in RF is called a slicing function for K if (1) ¢ is continuous, (2) ¢(b) is an 
element of b for each b in N, (3) ¢(K) is the identity element of R. We shall 
say that ¢ is invariant under the subgroup H of R if hKh~? = K and o(hbh™’) = 
ho(b)h for each b in N and h in H. 

A slicing function is a continuous cross-section through the identity of the 
family of left cosets of K neighboring K. It is invariant if the cross-section is 
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mapped on itself when conjugated by an element of H. In practice, H will be 
a subgroup of K. 

Turorem 8. Jf K is a closed subgroup of the Lie group R, then there exists a 
slicing function @ for K. If H is a compact subgroup of R such that hKh"' = K 
for each h in H, then @ may be chosen invariant under H. 
 Proor. Choose a system of canonical coordinates of the first kind for a neigh- 
borhood of the identity e of R [see 8, p. 187]. A sufficiently small neighborhood 
of cin K is a linear subspace in these coordinates [8, p. 196, 203]. By means of 
a linear transformation, it can be arranged that the subspace K is defined by 
equations x = 2 = +++ = 2" = O where (x) = (2’, --- , 2”) are the coordinates 
of the element x of R. If the elements z, y are near enough to e, then the co- 
ordinates of z = zy are differentiable functions of those of x and y:z' = f'(z, y). 
The system of equations 


(A) f(@",y) =0 G@=1,-:-,r, yi =0 G=r+1,--+,m) 


reduces to the system y’ = 0 (¢ = 1, --- ,m) whenz =e. Thus the Jacobian of 
(A) in the y's is non-singular for z, y near e. It follows from the implicit function 
theorem that there exists a system of continuous functions ¢'(x), defined for x 
ina neighborhood of e, such that (A) becomes an identity in x when y' is replaced 
by (x). The system (A) states that y lies in the intersection of the left coset 
«K with the coordinate subspace complementary to K. The uniqueness part 
of the implicit function theorem assures us that there is just one such intersection 
near to e for x near enough toe. Therefore, for such x’s, ¢(x) is constant along 
the coset rk. Thus ¢ is a function of the coset alone and is therefore the desired 
slicing function. 

To prove the second part of the theorem, observe first that the operation of 
conjugation of R by a fixed element of F is a linear transformation of the canoni- 
cal coordinates of the first kind [8, p. 280]. Since the subgroup H is compact, 
there is a linear transformation to new coordinates in which conjugation by an 
element of H is an orthogonal transformation.’ Since K is invariant under H, 
the linear subspace orthogonal to K is likewise invariant. These new coordi- 
hates are canonical, and may be chosen so that K is a coordinate subspace. Us- 
ing these coordinates, we define ¢ as above. Then, for h in H, both ¢(hzh *) and 
hd(x)h~ lie in the intersection of the left coset (hah')K and the coordinate 
plane orthogonal to K. Since this intersection consists of just one point near 
¢ when x is near e, we have o(hah*) = ho(x)h™ as desired. 

Theorem 1 is an immediate consequence of Theorem 8 and the following 

TuEoreEM 1’. Jf R is a topological group, K a closed subgroup of R which admits 
a slicing function @, and H a closed subgroup of K, then, with respect to the natural 
map, R/H is a fibre bundle over R/K with fibre F = K/H subject to the group G = 
K of left translations of K/H. 


witiieintin i 
‘In the rotation group R with which we are mainly concerned, the Cayley coordinates 
have this property [11, p. 56). 
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Proor. Let y denote the natural map R/H > R/K. Let N denote the neigh- 
borhood of the point K of R/K in which ¢ is defined. The left translation of V 
by rin R is denoted by N,. The totality of these translations covers R/K, 
For each N, , we define a map ¢, of N, X K/H into R/H as follows 

,(b, c) = [ro(r"b)]e, be N,,ceK/H. 
Since b is in N,, rb is in N, so that o(r‘b) is defined. Since K/H C R/H, 
c e K/H is an element of R/H, and ¢,(), c) is the left translation of ¢ by the ele- 
ment r¢(r‘b) of R. It is clear that ¢, is continuous. 

Since ¢(r‘b) is a point of the coset rb, ro(r‘b) is a point of the coset b. If 
c be regarded as a subset of K, it follows that ¢,(b, c) is a subset of b; and there- 
fore ¥¢,(b, c) = b. 

For an element a in y'(N,), let ¢,(a) be the left translation of a by [r¢(r'y 
(a))}’. It follows that £,¢,(b, c) = c, and ¢,(¥(a), ¢-(a)) = a. The existence 
of the continuous functions y and ¢, proves that ¢, is a homeomorphism of 
N, X K/H onto y'(N,). 

Finally if b is in both N, and N,- , the map $,.¢,,» of K/H on itself is given by 


c = [r’g(r’'b)T"[rd(rb) Je 
which is clearly a left translation of K/H by an element of K. 


8. Covering homotopies 


Suppose y is a continuous map of A into B, f a continuous map of X into A, 
and h(a, t), xe X,0 < t S 1, a homotopy in B of the map yf of X into B (ie. 
h(x, 0) = ¥f(x)). A homotopy g(a, ¢t) of f in A is said to cover the homotopy 
h(a, t) if Pg(ax, t) = h(a, t) for all x,t. Clearly, if a homotopy g(z, t) of f be given, 
then g(x, t) covers the homotopy yg(z, t). Of more significance is the matter of 
constructing a g(x, t) for a given A(z, t). 

The covering homotopy g of h is said to be stationary with h, if, whenever 
h(xo , t) is constant in a ¢-interval t’ < t < r. then g(2» , t) is likewise constant in 
that interval (i.e. whenever 2 remains at rest under h, it is likewise at rest 
under gq). 

In a recent paper by Hurewicz and the author [7] the question of the existence 
of covering homotopies is considered in some detail. The property “A is a 
fibre space over B relative to y” is introduced, and it is proved that, in the 
presence of this property, there exists a g covering a given h which is stationary 
with h. 

The notions of fibre space and fibre bundle do not coincide, there are fibre 
spaces that are not fibre bundles. The fibres of a fibre space need not be pail- 
wise homeomorphic, although they do belong to the same homotopy type. 
Whether every fibre bundle is a fibre space is not yet determined. What con- 
cerns us here is to establish the existence of covering homotopies for fibre bundles, 
for we shall make extensive use of the consequences. 

TuEorEM 9°. Jf A is a fibre bundle over B, X a compact space, f a continuous 





* The essential content of this theorem has been stated by Ehresmann and Feldbau [4]. 
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map X — A, and h(x, t) a homotopy of the map ¥f of X in B, then there exists 
a covering homotopy g(x, t) which is stationary with h(x, t). 

Proor. For each b in B we select a pair of neighborhoods U, V of b such that 
[ CV and P is contained in some coordinate neighborhood N. Since X X I 
is compact (J is the unit ¢-interval), there exists a 6 > 0 such that, for any point 
rof X and interval J’ CJ of length <6, the image of x X J’ under h is contained 
wholly in some member of the family {U}. LetO =& <t<-+-<t, =1 
bea partition of J such that ti4; — t; <6. We shall suppose that g(z, t) has been 
constructed for all 2, t such that t S &, and proceed to show that g may be 
extended as required over the interval I’: <t S trs1. 

Since, for each x, there exists a U containing the image of x X I’ under h, 
it follows by continuity that there is a neighborhood W of x such that h maps 
W xX I' into some U. Since X is compact, we may select a finite covering by 
these neighborhoods: W,,---,W,m. Denote the U, V pair such that 
Wx I'—> Uby U;, Vi. 

By the Urysohn lemma, there exist a continuous, real-valued function u;(b) 
defined on B such that u; = 1 for b in U;, u; = O for b outside V;, 
andQ <u; S 1. Define 


7(t) = te + (tiga — th) Maxi< ; ui(h(z, t)). 


Clearly 7; is continuous, & S 7; S trai, tt) S 7jai(x), and ra(x) = thar. 
Define r(x) = t,. Then g(z, t) is defined for t < 7o(x). We shall suppose, 
inductively, that g(x, t) has been properly constructed for ¢ < 7,(x), and show 
that it may be extended tot S 7 4:(z). 

Denote by 7 the set of pairs (2, t) such that 7,(x) < ¢ S rj(x). It is over 
this set that we must extend g(z, t). It follows from the definition of the func- 
tions 7 that h maps the closure 7 of T into Vj: which is contained in some 
coordinate neighborhood N with coordinate function ¢. Since ¢ is a homeo- 
morphism of N X F with y~'(N), there exists a map ¢ of y"'(N) into F such that 
f(b, c) = cfor each cin F. Since (2, t) « T implies Yg(x, 7;(x)) = h(x, 7;(x)) 
isin N, the function ¢g(z, 7;(x)) is defined. We can therefore define 


g(x, t) = o(h(a, t); fg(z, ri(x))) for (, t) in T, 


It follows from the properties of ¢ that yg(z, t) = h(x, t), and that g is stationary 
with h. To see that g has been continuously extended, we note that the expres- 
sion for g is defined and continuous for (z, ¢) in 7, and, for (2, t) in T — T it 
agrees with the values of g already assigned. 

This completes the general step in the secondary induction. Since rn(z) = 
fs1, the completion of the secondary induction establishes the general step of 
the primary induction. This completes the proof. 

As an immediate consequence of Theorem 9 and a theorem of R. H. Fox’, 
we have 
SSS 

’ Fibre spaces II, Bull. Amer. Math. Soc. 49 (1943). 
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THEorEM 10. If A is a compact fibre bundle over B, and B is an absolute neigh- 
borhood retract, then A is a fibre space over B. 

In the case of factor spaces of groups we can establish directly the fibre space 
nature of the fibre bundles. : 

THEOREM 11. Let R be a topological group and H, K closed subgroups with 
H CK. If H admits a slicing function, and K admits a slicing function irvariant 
under H, then R/H is a fibre space over R/K with the natural map as projection. 

Proor. Let ¢(b) be the slicing function for K which is invariant under H. 
Let 7 be the natural map R — R/H, and y the natural map R/H — R/K. For 
any pair (a, b) such that a is in R/H and b is in the left translation to (a) of 
the domain N of definition of ¢, we define the slicing function 


$(a, b) = n(ro(r"'b)) 


where r has been chosen arbitrarily in 7 (a). That ¢ is independent of the 
choice of r in 7 (a) follows from the invariance of ¢ under H; for 


(rh)((rh) *b) = ro(r bh )h = ro(r'b)h. 


To prove that ¢ is continuous in (a, b), it suffices to note that, since H admits 
a slicing function, we may choose rin 7 (a) as a continuous function of a neigh- 
boring a particular choice 7 in 7 (ao). 

Corotuary. If R is a Lie group, K a closed subgroup, and H a compact sub- 
group of K, then R/H is a fibre space over R/K with the natural map as projection. 


9. Proofs of Theorems 6 and 7 


We first prove that M7 is simply-connected. Let ao be the identity element 
of R, and let bo be its projection in M;. Let g(x) be a continuous map of the 
interval 0 < x < 1in Mj with g() = g(1) = by. If it is not already the case, 
one can obtain by a simple homotopy that g(x) = bo for} S x S 1. Sinceg 
may be regarded as a homotopy of the imageof ay , it follows from the existence 
of a covering homotopy that there is a function f(x) defined for 0 S x < } with 
values in R such that f(0) = a, and the projection of f(x) is g(x). This last 
implies that f(3) is in R(S*, S') which, being connected, admits a path f(z), 
3 2 1, from f(}) toa. Then the projection of f(x) is g(x) for 0 < x <1. 
By assumption k or l is positive, say 1. It is proved in [7, Th. 5] that a closed 
path f in R is contractible into R(S'). The image in Mj of this contraction of f 
provides the desired contraction of g into bo. 

Since M7 is simply-connected and is a two-fold covering of M7, it follows 
that the fundamental group of M7 is cyclic of period 2. The non-trivial element 
of this group is denoted by a. 

Our procedure in proving Theorems 6 and 7 is to exhibit a set of four natural 
isomorphisms. Their combination will be the isomorphism of Theorem 6. 
Under these isomorphisms the automorphism a of ;(M‘) is transformed into an 
automorphism of each of the groups, likewise denoted by a. In each case, the 
automorphism will be exhibited in a new form. 
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The first of these isomorphisms is 
(A) wi(Mi) & =(M?) i22 
that always exists [7, Cor. 3] between the groups of a space and its covering space. 
and is induced by the covering map £: Mi — Mi. 

It is well known that the fundamental group of a space X is isomorphic in a 
natural way to the group of covering transformations of its universal covering 
space ¥. Since X is simple in all dimensions, a homeomorphism of X on itself 
induces an automorphism of ;(X). In this way 7,(X) appears as a group 
of automorphisms of a(X). Thus (X) operates in both 2;(X) and 2,(X). 
Eilenberg has shown [6, p. 171] that these operations commute with the natural 
isomorphism 7(X) = mi(X). 

The covering transformation a of M’ is obtainable as follows. Let 7 be any 
rotation of S which maps S* on itself with orientation reversed. It will then 
map S' on itself with orientation reversed. Therefore r lies in the component 
of RUS’, s) other than the component of the identity R(S*, S'). Ifa left coset 
of R(S*, S') be multiplied on the right by 7, the two components of the coset 
are interchanged. As an operation on the left cosets of R(S*, S'), it is precisely 
the covering transformation a. 

Left translation of M; by any r in R is homotopic to the identity; for R is 
arewise connected, and a path in R from r to a provides the 1-parameter family 
of left translations. (Note that right translation of Mj by r has no meaning 
unless r is in R(S*, S'); for otherwise the image of a left coset of R(S*, S') is not a 
left coset.) Therefore right translation by 7 followed by left translation by 
ry’ (i.e. conjugation by ro) is a map 7 of Mi homotopic to the covering trans- 
formation a. It induces, therefore, the automorphism a in 7;(M7). It has the 
advantage that it leaves fixed the point b) ; for ro R(S*, S')ro = R(S*, S'). 
We choose by as the base point for 1;(M7). 

Suppose, for the moment, that both k and / are even. In this case, the 
dimension of S is odd so that the antipodal transformation of S is in R and may 
be chosen as 7). Since 7» commutes with each element of R (ro is represented by 
the scalar matrix —1 of order k + 1 + 2), it follows that conjugation by 7 is 
the identity in M}. This proves the first part of Theorem 7. 

We introduce now a space of importance in subsequent sections as well as the 
present one. As in §4, R(S') is a subgroup of R, and we define 

= R/R(S') 
using left cosets. It is easy to see that two elements r, r’ of R lie in the same left 
coset of R(S') if and only if they coincide on S* (i.e. r(y) = r’(y) for each y in 
S’). On the other hand, any orthogonal map of S* in S can by extended to all 
of $ so as to be a rotation of S. In this way N * is the space of all orthogonal maps 


of S‘in S. It will be so regarded i in the sequel. 
Since R(S') C R(S*, S'), we have the natural maps 


n: Nim Mi, t: RONi. 


IV 
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By Theorem 1, each space is a fibre bundle over its image with the natural map 
as projection. 

We note that ¢ maps R(S*) homeomorphically onto a subset R*(S*) which js 
the fibre of Nj over the point b). The point nm = ¢(a) is taken as base point 
for homotopy groups in Ni. 

Since R*(S*) is the fibre over bo, the projection 7 induces, by [7, Th. 2], a 
natural isomorphism 


(B) wi( Mi) & (Ni, R*(S*)). 


The element 7 , chosen as above, has the property ro 'R(S')ro = R(S').  There- 
fore conjugation of R by 7) permutes the left cosets of R(S'), and yields thus a 
transformation 7” of Nj. Since conjugation in R preserves the inclusion rela- 
tions among the subsets of R, we have n7J”’ = Tn. It is also clear that 
T’(R*(S*)) = R*(S*), and T’(no) = mo. We have thus proved that the auto- 
morphism a@ of 2;(N ‘| R*(S°)) is that induced by 7’. 

An element of 2;(N/{ , R*(S*)) is represented by a map of an /-cell in Ni with 
boundary mapped into R*(S*) and a fixed reference point of the boundary into 
no. The correspondence between the 7-cell and its boundary has been shown 
{12, Th. 1] to induce a homomorphism 


(C) (Ni, R*(S*)) > ma(R*(S')). 


Since the image under T” of the boundary of a cell is the boundary of its image, 
the operations of 7’ in the two groups of (C) commute with the homomorphism. 
We shall prove that (C) is an isomorphism if7 < 1. Asa first step, we prove 
Lemma. (Ni) = O7fi <1. 
Since R is a fibre bundle over N/ with fibre R(S'), we have by [7, Th. 2] that 
the projection ¢ induces an isomorphism 


mi(Ni) & a(R, R(S')). 


In [7, proof of Th. 5], it is shown that, if 7 < 1, the image of an 7-cell in R with 
boundary mapped into R(S’) is contractible into R(S') leaving its boundary 
fixed. But this is equivalent to 7;(R, R(S')) = 0,7 < 1, and the lemma is proved. 

An element u of the kernel of the homomorphism (C) is represented by a map 
of an i-cell with the property that its boundary is contractible in R*(S") to no . 
If this homotopy of the boundary be extended to the cell, we find that wu is repre- 
sented by a map of an 7-cell with boundary mapped into m). By the lemma, if 
i S l, the image of the 7-cell may be contracted into m leaving the boundary 
fixed. Therefore, the kernel of the homomorphism (C) is zero if i  l. 

An element v of ;_:(R*(S")) may be represented by a map of an (i — 1)- 
sphere in R*(S"). If i — 1 S l, we have, by the lemma, that the map may be 
extended continuously over an 7-cell with the given (i — 1)-sphere as boundary. 
We obtain in this way an element wu of 2;(N? , R*(S")) whose image under (C) 
is v. Therefore (C) is an isomorphism for 7 < 1 and a homomorphism onto 
for? = 1+ 1. 
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The final isomorphism 
(D) mis(R*(S")) & wia(R(S*)) 


is that induced by ¢ which, as observed before, is a homeomorphism of R(S*) 
onto R*(S"). The combination of the isomorphisms (A), (B), (C) and (D) is 
the isomorphism stated in Theorem 6. 

It is clear that the transformation 7’ of R*(S") corresponds under ¢ to the 
operation 7”’ of conjugating R(S*) by ™m. Since each element of R(S*) acts 
as the identity on S’, it follows that 7” is completely determined by the trans- 
formation 7 restricted to S*. Thus we have 

TurorEM 7’. Under the isomorphism of Theorem 6, the automorphism a of 
r:(M}) is transformed into the automorphism of m;-1(R(S*)) induced by conjugating 
R(S") by any orientation reversing orthogonal map of S*. 

Choose a fixed great (k — 1)-sphere S*” on S*. As before, we may regard 
R(S**) as a subgroup of R(S*). Choose the orthogonal map of Theorem 7’ 
to be the reflection of S* through the k-plane of S‘*. Since S* remains fixed, 
R(S**) remains fixed under the conjugation of R(S*). In [7, Th. 5], it is shown 
that the identity map of R(S*) in R(S*) induces an isomorphism between 
mi(R(S*“)) and 2;.R(S*) for i < k — 1 and a homomorphism onto if i = k. 
The last two statements imply that, if 7 < k, the automorphism of R(S*) induces 
the identity automorphism of +;:(R(S")). This completes the proof that Mj 
is simple in dimensions 7 S f, l. 

Consider now the case k = 1,7 = 2and/ = 2. In this case S* and R(S*) 
are both circles. It is easily verified that the conjugation of a rotation by a 
reflection reverses the sense of the rotation. Therefore the automorphism a 
of m(R(S")) is the reversal of sign. Thus, by Theorem 7’, M7 is not simple 
in the dimension 2. 

Remark: Eilenberg has shown [6, p. 175] that the projective space Mj of 
dimension k + 1 is simple or not in the dimension k + 1 according as k + 1 
is odd or even. 


10. Proof of Theorem 2 


Since the space N * of §9 is a fibre bundle over M i , we may choose a family 
(U} of coordinate neighborhoods covering Mj, and a family {¢v} of coordinate 
functions. The fibre of this bundle is R(S*, S')/R(S'). Choose a fixed element 
Ww of the fibre and define 


to(x) = du(x, uo) for ze U. 


The function ¢~ provides a continuous’ cross-section of the fibres over U. 

Corresponding to a map g of B in M%, we define the family {N} of coordinate 
neighborhoods in B to be the inverse images in B of the neighborhoods {U} 
a Mi. We have seen in §9 that each element n of N/ is an orthogonal map of 
‘into S. Let us agree to denote the image of the point y of S* under the map 
nby ney. We can then define the coordinate functions for A(g) by 


ov(b, y) = (b, fo(g(b))oy), beN=gi(U), yeS*. 
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Since tv(g(b)) maps S* on the k-sphere g(b), it follows that ¢y maps N x §' 
on the part of A(g) lying over N in such a way that Yoy(b, y) = b. If g(b) isin 
two neighborhoods U, U’, then ¢r(g(b)) and fv-(g(b)) map s* orthogonally into 
the k-sphere g(b). One followed by the inverse of the other is surely an 
orthogonal map of S* on itself. 


11. Proof of Theorem 3 


For each point x of M7, let X denote the great k-sphere of S corresponding 
to x as indicated in §4. In particular, let a be the point of M7 corresponding 
to the reference sphere S*. 

By Theorem 8, there exists a slicing function ¢ for R(S*, S') invariant with 
respect to R(S*, S'). It is defined in a neighborhood N of x. If re R(S*, 8’), 
then rN = rNr' = N because of the invariance of ¢. Therefore the left transla- 
tion rN of N to the point x = ra (r arbitrary) depends only on the left coset of 
R(S*, S') to which r belongs (i.e. on z alone). We denote this neighborhood of 
a by N(x). These neighborhoods cover M{. 

For any pair x; , 22 in Mj such that x2 ¢ N(x), we choose an 7; in R such that 


r\(X;) = S*, and define 
r(a ’ Xe) = ry b(1122)r1 ° 


It is easy to see that r(2; , x2) is a rotation of S carrying X; into X_. It appears 
to depend on the choice of 7;. This is not the case; for any other choice may be 
written ror; for ro ¢ R(S*, S') and we have 


(rors) (ror 1)%2)(Tor1) = ry (rizero) "1 = ry O( ra)" ; 


because of the invariance of ¢ and the fact that x2 is a left coset of R(S*, 8’). 
Finally r(x, 22) is continuous simultaneously in x; , 22. We may choose 7; 
as a continuous function of x; neighboring a particular choice because R is a fibre 
bundle over M7. If 7, is replaced by this function in the definition of r(z1 , 22), 
the continuity of the latter becomes apparent. 

Suppose now that g, g’ are two maps of B in M7 such that 


r(b) = r(g(b), g’(b)) 


is defined for every b. A map 7 of B X S on itself is then defined by r(), y) = 
(b, y’) where y’ is the image of y e S under r(b). It follows immediately that 
7, restricted to A(g), provides an equivalence between the bundles A(g) and 
A(g’). 

Finally, let g(b, t), bin B, 0 < t S 1, be a homotopy in M7 of the map g(b) = 
g(b, 0). Since B is compact, a familiar uniformity argument shows that there 
exists a 6 > 0 such that | t — ¢’ | <6 implies g(b, t’) is in N(g, b, t)) for any } 
in B. Introduce now a subdivision of the ¢-interval of mesh <6. As shown in 
the preceding paragraph, the bundles over B corresponding to successive sub- 
division points are equivalent. Since equivalence is a transitive relation, 
Theorem 3 is proved. 
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Remark: If B is not compact, but the homotopy g(b, ¢) is uniform in the sense 
described above, the conclusion will still hold. 


12. Proof of Theorem 4 


A simplex of B is denoted by a, its closure by ¢. We shall suppose that the 
subdivision of B is so fine that each ¢ lies wholly within some coordinate neigh- 
borhood of the bundle A. We choose one such neighborhood for each o and 
denote it by N(c). The corresponding coordinate function is denoted by ¢, . 

Our procedure will be to construct stepwise over the simplexes of B, in the 
order of their dimension, a system of functions \, from which we shall be able 
to deduce the existence of a map g and an equivalence 7 between A and A(g). 

The function A, is to be a continuous map of ¢ in the space N/ of §9 so that 
\,(b) for each b € é is an orthogonal map of S* into S. These functions are to 
have the following basic property: 

(P) If o’ is a face of o and b is in @’, then the orthogonal map ¢,'r¢.. of S* 
on itself followed by the map A,-(b) of S* into S is the map ,(b) of S* into S. 

We define \, arbitrarily over the vertices o of B. Suppose, inductively, that 
\, has been defined for each o of dimension <7 so that (P) holds. For an 7- 
simplex o and a point b of its boundary, we define \,(b) by choosing a face o’ 
of «such that b ¢ é’ and letting \,(b) be the orthogonal map ¢7'4¢.s of S* on itself 
followed by A,-(b). By (P), \.(b) is independent of the choice of ¢’ > b. Since 
\.(b) is continuous over each closed face of c, it is continuous over the boundary 
ofc. Sincel = dim B — 1, wehavei— 13S 1. Therefore, by the lemma of 
§9, \, may be extended continuously over ¢. Let this be done for each i-simplex. 
By the construction, (P) holds. Thus the general step in the induction is 
complete. 

If » denotes the natural map N + + M?, we notice that, if bes’ C a, then 


m<(b) = mdo(b) = g(d), 


for \,(b) and \,-(b) map S* into the same great k-sphere of S. Since g is con- 
tinuous over each closed ¢, it is continuous over B and defines thereby a bundle 
A(g). 

Denote the projection A — B by y. For any ae A, we choose a o such that 
b = ¥(a) eG, and denote by h(a) the image of a in S under the map ¢,» followed 
by \.(b). By the property (P), h(a) is independent of the choice of o. It is a 
continuous function since it is continuous over each of the closed sets y‘(c) 
which cover 4. Since both ¢,5 and \,(b) are 1-1 maps, h(a) is 1-1 for a re- 
stricted to ¥~"(b). 

We define the map 7 of A in B X Sby 


r(a) = (¥(a), h(a)). 


From the stated properties of h, it follows immediately that r defines an equiva- 
lence between A and A(g). 
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13. Proof of Theorem 5 


Let go , g: be two maps of a complex B in M* such that A (go), A(g:) are equiva- 
lent bundles. Let J be the t-interval0 < ¢ S 1, let B’ = B X I,and B,=B xt. 

Define g’(b, t) = go(b). In this way a bundle A(g’) over B’ is obtained. If 
we identify B with By, the bundle A(go) becomes identified with the part of 
A(qg’) over Bo ; because g’(b, 0) = go(b). 

Let A (91) be the part of A(g’) over B;. The map of Bi X S onto By x § 
defined by ((b, 1), y) — ((b, 0), y) provides an equivalence between A(g;) and 
A(go). Since the latter is equivalent to A(g:), the two equivalences provide 
an equivalence map 7 of A(gi) onto A(g:). 

Let g(b, 0) = go(b), and g(b, 1) = gi(b). Our problem is to extend g/(b, i) 
over all of B’. To do this, we shall use the method of §12 with B’ in place of 
Band A(qg’) in place of A. In the present case, however, the function g is already 
specified on the subcomplex By + B,. Therefore, in order to apply §12, it is 
necessary to define first the functions \, for o in By + B, so as to satisfy (P), 
and, in addition, n\,(b’) = g(b’) for each b’ €¢. Once this is accomplished, the 
general step in the extension will follow as in §12 because 1 = dim B 2 
dim B’ — 1. 

The essential point in obtaining the \’s for o in By + B, is that the function 
t of §12 (defined there in terms of the d’s) is already given, in the present case, 
in the portion of A(g’) over By + By. On A(go), 7 is the identity, on A(g1), 
it is the given equivalence with A(g,). We can use the 7 to define the )’s. 

As in §12, we suppose B’ subdivided so fine that each closed cell lies wholly 
in a coordinate neighborhood for A(g’). We choose one such for each cell o 
and denote the corresponding coordinate function by ¢,. Map B’ X S onto 
Sby ¢(b’,y) =y. Foroin By + B, and b’ in 6G, define 


o(b’) = [Thor . 


In words, ,(b’) is the orthogonal map of S* into S obtained as the composition 
of the map ¢,s of S* on the fibre over b’ in A (g'), the equivalence map r of this 
fibre into B’ X S, and finally the map ¢ of this last image into S. One verifies 
immediately that (P) holds and 7\,(b’) = g(b’). This completes the proof. 


14. General extension theorem 


Experience has shown that in most homotopy classification problems there 
is a basic extension theorem from which all results follow. We state here a 
single extension theorem which implies both Theorem 4 and Theorem 5. 

THEOREM 12. Let A be a k-sphere bundle over the complex B, let B’ be a closed 
subcomplex of B, let g’ be a map of B’ in M1, and let 7’ be an equivalence map of 
the part of A over B’ onto A(g’). If! = dim B — 1, then there exists an extension 
g of g’ to all of B such that A and A(g) are equivalent. Moreover this last equiva- 
lence may be chosen to be an extension of 7’. 

The proof can be found in sections 12 and 13. 
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MULTIPLE INTEGRAL PROBLEMS IN PARAMETRIC FORM IN THE 
CALCULUS OF VARIATIONS’ 


By J. Ernest WILKINS, JR. 
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1. Introduction 


It is the purpose of this paper to give a discussion of the simplest problem for 
multiple integrals in parametric form of the calculus of variations, namely, the 
problem of minimizing a multiple integral 


(it) 1V) = fe [5s y% phe ph) dts +++ dtm, 


where pi = dy'/dt,(i = 1,---,n;a =1,---,m <n), in a class of varieties 
represented parametrically by equations of the form y* = y’(¢), all of which have 
the same boundary. In order that the integral (1:1) be independent of the 
parametric representation of the variety, it is known [XI] that f(y, p) must 
satisfy the homogeneity condition 


(1:2) fy, pB) = | B\ fly, p), 


where B is an arbitrary m-rowed square matrix with positive determinant | B |, 
and pB is the matrix product of the matrices p and B. 

In Section 3 we develop some of the elementary consequences of the homo- 
geneity condition (1:2). For the most part these consequences are direct 
generalizations of results known to be true for m = 1. In Section 5 we give 
additional consequences of the identity (1:2) which involve the derivatives of 
f(y, p) of arbitrary order. In order to describe these results in a reasonably 
compact form, we find it desirable to employ certain notational conventions 
which we explain in Section 4. In case n = m + 1 certain additional conse- 
quences of the homogeneity condition are deduced in Section 6. 

After formulating the problem of the calculus of variations in Section 7, we 
proceed to discuss the necessary conditions for a minimum. With the exception 
of the Jacobi condition, these necessary conditions are immediate consequences 
of the corresponding necessary conditions for non-parametric problems. For 
the conditions of Weierstrass and Legendre, no satisfactory result is known for 
non-parametric problems and consequently a similar situation exists for para- 
metric problems. One apparent objection is that it is not true that the ordinary 
E-function E(y, p, P) must be non-negative for all choices of the matrix P # Pp, 
but only if P — p has rank one. For an example, see Bliss [I, p. 80]. Cara- 
theodory [V] has proposed an E-function E.(y, p, P) which he found useful in 





' This paper is a revision of a doctor’s dissertation accepted by the University of Chicago. 
The author is indebted to Professor M. R. Hestenes for many helpful comments. 
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making sufficiency proofs. We give in Section 9 an example to show that FE. 2 0 
is not necessary fora minimum. By analyzing the properties which an E-func- 
tion should possess, we arrive at a new E-function E,(y, p, P) which possesses 
all of these properties and which reduces to Ey in case P — p has rank one. 
Moreover, this function vanishes identically for integrands of invariant integrals, 
although Ey and E, do not possess this property. On the basis of these results 
for the Weierstrass condition, we state the analogous results for the Legendre 
condition. We state and prove a Jacobi condition in Section 11. 

Because of the hiati in the field theory for non-parametric problems, we are 
not able to obtain a complete field theory for our parametric problem. We can, 
however, define a field in Section 12 and state conditions necessary and sufficient 
that an integral (1:1) be invariant in Section 13. 


2. Integrals independent of the parametric representation 


Suppose that we are given an integral of the form 
(2:1) uv) = | sv, nar, 


where ¢ = (t, “cee tm), y = (y’, iis 9 y"), o. = (pa) = (dy'/ ata) (i = 1, ia. # 
nia=1,---,m <n), dT = dt, dtz---dt,. The variety or manifold V will 
be represented by functions of the form y' = y'(t) for tin some region 7’ such that 
the matrix p has rank m on T. When these functions are of class C’, i.e., when 
they have continuous first partial derivatives in 7, the integral (2:1) is well- 
defined. For a parametric problem, however, we must require that the integral 
(2:1) have the same value for any parametric representation of the same variety 
V, regarded as being oriented in a fixed manner. The condition for this was 
investigated by Lewis [XI] and we state it as 

THeoreM 2:1. The integral (2:1) is independent of the parametric representa- 
tion if and only if the integrand function is a function f(y, p) independent of t and 
such that for every m-rowed square matrix B with positive determinant | B | the 
homogeneity condition 


(2:2) f(y, pB) = | B\ fy, p) 


holds. In this equation pB is the matrix product of p and B. 

The integrand function f(y, p) can also be regarded as a function of y and the 
m-rowed minors of the matrix p as has been shown by Grosz [VIII]. This repre- 
sentation will be of little use to us unless n = m + 1 in which case his result may 
be stated as 

THroreM 2:2. Incasen =m+1 define the m-rowed minors A; of p to be the 
cofactors of x; in the matrix (pi zi). Then the integral (2:1) is independent of the 
parametric representation if and only if the integrand is a function Gy, A) which 
i8 positively homogeneous of the first degree in the variables A; . 

Since the matrix p has rank m it follows easily that there exists a matrix q = 
Q))G =1,++-,n— m) of rank n — m such that 
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(2:3) pq=0, |p'p|=!|pai, 


where the prime denotes transposition. The matrix q is of course not uniquely 
determined by p since gC will satisfy (2:3) for any (n — m)-rowed square matrix 
C with determinant unity. Moreover, if g and g* are determined by p and p*, 
then because of the second condition in (2:3) g* = gC if and only if p* = pB 
with |C | =|B|. With these comments in mind it is easy to prove that the 
integrand of an integral (2:1) which is independent of the parametric repre- 
sentation may also be regarded as a function H(y, q) which satisfies the homo- 
geneity condition 


(2:4) H(y, qc) = | C| Hy, 9) 


for every (n — m)-rowed square matrix C with positive determinant. This 
criterion is not especially valuable to us unless n = m + 1, in which case it is 
equivalent to that supplied by Theorem 2:2. It does, however, display a type 
of duality in our problem in which n — m and m are interchanged. 


3. First consequences of the homogeneity condition 


During the remainder of this paper we shall assume that f(y, p) is a function 
satisfying the homogeneity condition (2:2) which possesses as many derivatives 
as are needed in any particular discussion. In this section certain elementary 
consequences of equation (2:2) will be deduced. Most of these results may be 
found in the paper of Lewis [XI] already referred to, but our proof of the funda- 
mental relation (3:1) is considerably simpler. 

TueoreM 3:1. Let fi, fi, fi, fu (a,b = 1,---,m;i,k =1,---,n) be the 
derivatives 


fi =of/ay’, fi=af/api, fi = af/api, fie = aft/apr. 


Then, with the notation C° for the cofactor of B} in the matrix B, the following identi- 
ties are satisfied?’ 


(3:1) Defi = bof; 

(3:2) fly, pB) = | B\ fy, p); 

(3:3) afte = Soft ; 

(3:4) Bsfily, pB) = | B\ fily, p); 

(3:5) fily, pB) = Cifily, p); 

(3:6) Dafic = Saft — Safe = (626; — de6a)ft; 
(3:7) palfir + fix) = 0; 

(3:8) Papaliz = (6253 — 828a)f. 





* We employ the usual convention concerning summation over repeated indices. 
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In all of these formulas the symbol 62 is the Kronecker delta which has the 
value one for b = a and the value zero otherwise. We obtain (3:1) by differ- 
entiating (2:2) with respect to By and setting B equal to the identity matrix. 
The other identities are easily obtained from (2:2) and this one by appropriate 


differentiations. 
TueoreM 3:2. There exist functions R%; , C3; (a,b = 1, --+,m;j,l=1,-+-, 
n — m) such that 
(3:9) Rit = Rit = Riz, Chi = — Ci = — Cij, 
(3:10) fit + fie = 2 RG aidi , 
(3:11) If — fit) — fife — fife) = 2 Chaiai , 


where the q} were defined in Section 2. 

By (3:7) there exist quantities At® such that fi + fa = Ati gs = Aiiq) . 
Thus (A%*pi)q; = 0, A‘’pi = 0, so that there exist quantities R%; such that 
At* = 2 R%qi , and then (3:10) holds. The symmetric relations expressed by 
the first equations in (3:9) are then easy consequences of the fact that the matrix 
qhas rank n — m. To prove the second part of the theorem, we find by using 


(3:1) and (3:6) that 

pelf(fir — fit) — 2(fife — fife)] = 0. 
Then an argument precisely the same as that used in proving the first part of 
the theorem suffices to complete the proof. 


The Euler expressions 7T;(V) for a variety V admitting a representation 
y' = y'(t) of class C” are defined as 


(3:12) TAV) = fi — afi/ate, 


where the arguments of the derivatives of f are those belonging to V. Let V 
be a fixed variety and define 


(3:13) Q(t, 2, 7) = fun'a + 2en'nt + Fiemme — (fan = Afs/dy1). 
Then the Jacobi expressions J,(n) are defined by 
(3:14) Ji(n) = «5 — wi / Ate , 


where w; = dw/dn', w) = dw/dah, mh = n'/dty. 
THEorEM 3:3. If V is a variety of class C’’, the following identities subsist 
between its Euler and Jacobi expressions: 


(3:15) T(V)pa = 0 
(3:16) Jiln)ps = — T(V)ma. 


Moreover, if V is of class C’”’, then for every set of functions Z(t) of class C” the 
functions g' = paZ* are of class C"” and we have 


(3:17) Jib) = 0(Z°T;)/dte . 
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Using (3:1) equation (3:15) follows from the relation 
T(V)pi = fips — a(pift)/ate + pafi 
Af/Ata — A(5af)/at, = 0, 


where Dab = ap, / ate = pia. Replacing in (3:15) the functions y'(é) defining | 
V by y'(t) + en'(t), differentiating with respect to e and setting e = 0 gives 
(3:16). Letting Z; = 0Z*/at,, we find with the help of (3:3) and (3:6) that 


wild) = (fxps + fispoe)Z" + (fispa)Ze 
= (Afi/dta)Z" + (8afi)Ze = A(f:Z")/ Ate , 
wild) = (fepa + fiepac)Z* + (fizpa)Ze 
(afi/ata)Z" + (afi — bofi)Ze 
A(f:Z")/dta — fiZe . 
Then a little manipulation shows that 
dui (b)/ dts = O(Z*Afi/Ale) / Ata . 
Combining this equation with the last equation for w;(@) gives (3:17). 


4. Notations to be employed in subsequent sections 


For the sake of convenience of reference we list here the principal notations 
which we shall use later. We shall use the letters a, b, c, d, e, r and s, with or 
without subscripts as indices having the range 1 to m, while the letters 7 and k 
will be indices with the range 1 to n, and the letters j and / will be indices with 
the range 1 ton — m. Ordered collections of the letters a, b, c, d, e, i, k, rand s 
will be denoted by the corresponding Greek letter. Thus 


a = (a%,°°*, a), B = (bi, --: , b), y = (1, °**, ha), 
5 = (d,,---, dh), € = (1, °°: , ex), t= (41, °°+ 5 %), 
xk = (ki, +++, ka), p = (m1, +++, 1%), o = (1, +++, 8). 


Unless otherwise specified, the number of components in such a collection will 
always be g or h as given above. 

If a and : are given as above, then we shall use the symbol p,, to stand for the 
product paiPa; *** Paz, and the symbol f* to stand for the repeated partial 
derivative of f with respect to p;!, ---, pa’. By a summation such as pif 
we mean a summation over 7;, --- , 7, as each of these indices ranges independ- 
ently from 1 to n. 

For any m-rowed square matrix B = (B5) we shall use the symbol Bg to stand 
for the product Bs; --- By?. In particular we shall use this notation for the 
identity matrix, so that 6s; = 1 in case a = B and 63 = 0 otherwise. 
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Let a and 6 be as above and define Dj to be the g-rowed minor of the identity 
matrix whose rows are those given in the superscript a and whose columns are 
those given in the subscript 8. Then itis clear that Df = 1in case the b,, --- , b, 
are all distinct and the components of a form an even permutation of those of 
8, Ds = —1 in case the b’s are distinct and the a’s are an odd permutation of the 
b’s, while Df = 0 otherwise. This quantity Dj is the generalized Kronecker 
symbol discussed in detail by Murnaghan [XIV, XV]. It may also be defined 
as the result obtained when the determinant | B | = | B} | is differentiated with 
respect to By}, --- , By? in turn and then B; is set equal to 5;. It is clear that 
if aQ denotes the collection resulting when a permutation Q is applied to the 
collection a and 6R is a similar permutation of 8, we have 


(4:1) Dgx = (—1)°(—1)"D5 , 
(4:2) Ds = do(—1)%8s° = Do(—1) 85 , 


where (—1)° = 1 or —1 according as Q is an even or an odd permutation and 
the sums are taken for all permutations Q on g letters. We remark with Mur- 
naghan that the following identities hold, in which B = (B;) is now an h-rowed 
square matrix: 


(4:3) | Dj = Dt, = Di8§ = (D7D$)/h', 
(4:4) |B| DY = D{B? = D7B}. 


In the next section we shall have occasion to use a set of quantities M&'s, . 
These constants will be defined explicitly in Section 15. For the present it is 
sufficient to define them inductively as follows: 


(4:5) Mais = Dis ? 
(4:6) Miiye = Miiyde — S5e0 5 
(4:7) Moeiy = Mois May. 


5. Further consequences of the homogeneity condition 


In this section we shall investigate the implications of the homogeneity condi- 
tion (2:2) for the higher derivatives of f. In particular formulas generalizing 
(3:1), (8:5) and (3:6) will be obtained. The formula generalizing (3:1) is that 
stated in the following 

TarorEM 5:1. Jf f(y, p) satisfies (2:2), then 


(5:1) pif = Déf. 


This follows at once upon differentiating (2:2) with respect to Bi, ---, 
By and setting BZ = 6%. 

The formula generalizing (3:5) is stated in 

THEoreM 5:2. If f(y, p) satisfies (2:2), then for each m-rowed square matrix 
B with positive determinant we have 
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(5:2) |B\ "fey, pB) = Caft ty, p); 
where C° is the cofactor of By in the matrix B. Hence we also have, when g = m, 
(5:3) Dsfity, pB) = Dsfily, p)- 


If g = 1, we see from (3:5) that (5:2) is true. Assume that (5:2) is true for 
a fixed g and differentiate it with respect to pz. We get 


|B | Beftity, pB) = Caftr(y, Pp). 
If we multiply by C? and sum for a, we find that 
| B |’ HOP pB) sa bd ti (Y, Pp). 


This completes the induction and proves (5:2). Multiplication of (5:2) for 
g = m by Dj with y = (a1, --- , ¢m) yields, when we apply (4:4) to the ma- 
trix C, 


|B |" "Dzfi(y, pB) = D2|C | f(y, p), 


whence (5:3) follows, since |C|'=|B|"™* > 0. 
The generalization ot (5:6) is stated in 
TuHEorEM 5:3. If f(y, p) satisfies (2:2), then 


(5:4) pi fs = MES, f7 , 


where M®<, is defined by equations (4:5), (4:6), (4:7). 

For g = h = 1 the equation (5:4) becomes, when we use (4:5), precisely 
(3:6) and is therefore true. Assume that (5:4) is true for g = 1 and a fixed h. 
Differentiating with respect to p* gives 


pifict + 6 ‘a = Mes fe rk ) 
Difici - Mis, 6 = oa few = Mes. fa nm ? 


by virtue of (4:6). Hence (5:4) is true for g = landallh. Assume it true for 
a fixed g and all h. Then we have 


Daahiis = Meies(pife) = ME%, ME fo = Mf , 


when we use (5:4) for g = 1 and (4:7). This completes the induction and 
proves (5:4) for all values of g and h. 


6. The case when n = m+ 1 


In this case certain additional consequences of the homogeneity condition 
are obtainable, and we shall find these results useful in comparing the work of 
various authors. By Theorem 2:2 we have f(y, p) = G(y, A), where G satisfies 


(6:1) Gy, KA) = K Gly, A) 











or 


or 


Vy 
h. 


yr 


f 





MULTIPLE INTEGRAL PROBLEMS 319 


for every positive number K. Then it follows easily that we have 
(6:2) AG; =G (G; = aG/aA,), 
(6:3) AG = 0 (Gi. = OG;/0A, = Gis). 


We remark with Radon [XVIII] that (6:3) implies the existence of quantities 
@” = @” such that 
(6:4) Gi = pio” ps . 

In order to derive a formula for the derivatives G; in terms of the derivatives 


f¢ we remark that the definition of A; as the cofactor of x; in the matrix (pi xi) 
enables us to write (6:2) as 


(6:5) fly, p) = Gy, A) =| pi G; |. 


Then f; = G,.dAx/ api is the cofactor of p; in the above determinant. It follows 
that 7G; = 0. We also have the equations pA; = 0, expressing the perpendicu- 
larity of the normal vector to the tangent vectors. Using (3:1) and the rela- 
tions derived above we readily find that | p; G;|| ff A:| =f". Iff ¥ 0, we 
therefore have A,F; = f”, where F; is the cofactor of A; in the determinant 
\f{ A:|. With this definition of F; we see that fiF; = 0. Consequently we 
have 


A(F; — Gif") =0, fi(Fi - Gif") = 0. 
Since | ff A;| = f” ¥ 0, we conclude that 
(6:6) F; =G;f"™, 


at least at all points where f ~ 0. If m = 1, the relation (6:6) is trivially estab- 
lished in the form F; = G; , regardless of the vanishing of f. Ifm > 1andf = 0, 
then equations (3:1) show that the matrix (f7) has rank at most 1, so that F; = 0. 
In this case both sides of (6:6) are zero, so that the equation (6:6) holds without 
restriction. Thus we have proved the first part of 

THEorEM 6:1. If n = m + 1, so that f(y, p) = Gly, A), then the first deriva- 
twes of G with respect to the variables A; satisfy (6:6) when the F; are the cofactors 
of A; in the matrix (ff Ai). If we define a symbol js by the equation 


(6:7) fe = Faia + Se, 


we have, at each point where f ¥ 0, 


(6:8) G; = (—1)"*"*f- "Ds. fe , (i not summed), 
where a = (1,2,-++,m), «i = (1,---,i—1it+l1,-:-,m)anda=(u,---, 
4m). The symbol fs is related to the symbol f? by the identity 

(6:9) fDIfe = hiDYi, 


where y, € and x are defined in Section 4. Therefore we also have 


(6:10) G; = (—1)"*"(Dé, fz,)/m! (i not summed). 
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We get (6:8) by expanding the cofactor F; according to the rule given jn 
(4:4). We observe that (6:9) is trivially true for h = 1. By (5: 4) and (3:1) 
we have 


(6:11) pifi= Mii fe, pes. = a fe, 


where the sum is for the k; occurring explicitly in p5' and implicitly in the sub- 
script x. Here x’ = (ke,---, ka), e = (@2,°--, en) and 6 = (d,, --- , dy), 
It will be shown in Section 15 that 


, ! 
(6:12) eas a 
Using this formula and equation (6:11) we find that 
pa(f* "Dif, — hi Dif.) = hf "Disfe — (h — 1)! Dif). 


Assume now that (6:9) is true for h — 1. Since we have from the definition of 
a determinant that 





h 
Dis = Do (—1) PD’, 


A=1 


where yx = (C1, °**, Ca-1, Cr41, °**, Cn), and since by the hypothesis of the 
induction we have 


fDife — (h — 1) DPFs" = 0, 
we conclude that 
pai (f"Defe — ht DIfd) = 0. 
Since the quantity in the parenthesis is changed in sign by an interchange of 
two of the components of x, we conclude that there exist quantities C’” such that 
f "Dif — A DIfE = C7Aw,An, +++ Am. 


The right hand side of this equation is unaltered by an interchange of two of the 
components of « while the left hand side is changed in sign. Hence both sides 
are zero. This completes the induction and proves (6:9). Then (6:9) for h =m 
and (6:8) imply (6:10). 

That the formula (6:9) does not hold in general if n # m + 1 (or m # 1) 
is shown by the following example with m = 2, n = 4. Let 


fy, p) = [(pip: — pip)(pip: — pip2)). 
Then f(y, p) satisfies (2:2) and by actual computation we find that 
f(fiz — fiz) — 2(fife — fife) = }(pip: — pip) ¥ 0. 


This example also shows that the functions C4? of Theorem 3:2 are not identi- 
eally zero in f, although this is true for n = m + Land for m = 1. 
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It is clear that a matrix q satisfying (2:3) will have one column and that we 
may take qi = A;. By (3:10) we have 


(6:13) fa + f2. = WBA. 


TurorEM 6:2. The second derivatives of G with respect to the variables A; are 
given by (6:4) with 6 = Ri. 
Since n = m + 1, we find that 


praA,/ap, = —5A; (u,v = I++, n) 
d°A,/apaps + 0°A,/apsap. = 0. 
It follows that 
fe + fie = G,.[(0A,/aps)(GA ,/aps) + (8A,/aps)(AA ,/aps)] 
Opepal(aA / Apa) (aA »/ap,) + (8A4/aps)(A ./ ape) 
= 26”A;Ax. 
Comparison of this last equation with (6:13) completes the proof of the theorem. 


7. Analytic formulation of the problem 


Because of the results established in Section 2, we may state our parametric 
multiple integral problem in the calculus of variations in the following manner. 
Let R be a region in (n + nm)-dimensional space of points (y, p) with the pro- 
perty that if (y, p) is in ®, then p has rank m and the point (y, pB) is also in R 
for every m-rowed square matrix B with positive determinant. Let f(y, p) 
be a function of class C” on & which satisfies the homogeneity condition (2:2). 

By an admissible region 7’, we mean one in m-dimensional t-space whose 
boundary B can be subdivided into a finite number of non-singular (m — 1)- 
dimensional subsets of class C’ whose intersections form a set Z with the property 
that there exist positive numbers g and s with s < m — 1 such that, given a 
number r > 0, the quantity g/r* is an upper bound of the number of points in 
a set E* contained in E and chosen so that the distance between any two points 
of E* is at least r. Such regions were considered by Carson [VI] and he showed 
that Green’s lemma is valid for them. 

By an admissible set of functions y‘(¢), we mean a set of functions of class C’ 
on 7’ + B, where T is an admissible region, for which the point [y(¢), p(¢)] is in R 
fortinT’+ B. We will say that two admissible sets of functions, y'(t) on JT + B 
and Y'(u) on U + C, are equivalent in case there exists a 1-1 transformation 
fa = ta(u) of class C’ between 7 + Band U + C for which | dt./@u | is positive 
and such that y‘(t(u)) = Y‘(u) on U + C. This relation is clearly reflexive, 
‘symmetric and transitive, and may therefore be used to classify admissible sets 
of functions into maximal classes of equivalent sets. We now define an admis- 
‘ible variety to be such a class of equivalent admissible sets of functions. The 
results of Section 2 show that the integral (1:1) defines a number which is the 
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same for all elements of a class of equivalent admissible sets of functions. Hence 
it depends only on the variety and we may set 


(7:1) 1(v) = | Sw, p) ar. 


The calculus of variations problem to be considered may now be stated as the 
problem of finding that admissible variety V which gives the integral (7:1) 
its minimum value in the class of admissible varieties having the same boundary, 


8. Necessary conditions associated with the first variation 


Let V be an admissible variety represented by a set of functions y'(t) for t 
in 7 + B and let L be its boundary. We say that the functions 7'(¢) define an 
admissible variation in case they are of class C’ on T + B. The first variation 
of I(V) along V then has the form 


(8:1) ho) =f Gel + fxd ar =f ear, 


where zi = dn'/dt.. If V is a minimizing variety, it is clear that [i(n) = 0 
for all admissible variations n'(t) such that n‘(t) = 0 on B. Carson [VI] has 
shown that this will occur if and only if the Haar-Coral equations 


(8:2) | [, nar is |, fim. dB 


hold for every cube 7) which together with its boundary By is contained in T, 
where the m, are the direction cosines of the outer normal to By. If moreover 
the functions y'(t) are of class C’”’, then the equations (8:2) hold if and only if 
the Euler-Lagrange equations 


(8:3) T: = fi — afi/dt. = 0 


are satisfied at each point of 7. Solutions of these equations are called extremals. 
The equations (8:3) are not all independent, since (3:15) holds. But we see 
from (3:15) that there exist functions S; (j = 1,---, n — m) such 
that 7; = S,q; , so that a variety is an extremal if and only if S; = 0. 
Suppose now that V is of class C’’. Then there exist functions u}(t) of class 
C’ on T such that the matrix (p, wu) is non-singular. In fact, we could take 
u=q. For any admissible variations n'(¢) the equations 
(8:4) n = pl" + ujw’ 
can be solved to obtain unique functions Z“(t) and w’(t) of class C’ on T. More- 
over, '(t) = 0 on B if and only if Z*(t) = w(t) = 0on B. By straightforward 
calculation we find that (n) = @(uw) + a(Z*f)/at,. Then if n'(t) = 0 on B 
we see from Green’s lemma that 


(8:5) hig) = [ (M,w' + N° wi) ar (wj = aw'/at), 
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where M; and N * are defined by 
(8:6) M;=fauj+fiujp, N>=fiuj (uj, = auj/at). 


TueoreM 8:1. Along an admissible variety V of class C’’ the first variation is 
expressible in the form (8:5), where w = [(q’u) “q]n. _ The vanishing of the integral 
(8:5) for all functions w’(t) of class C’ such that w’(t) = 0 on B is equivalent to 
the vanishing of the integral (8:1) for all admissible variations n'(t) such that 
n'(t) = 0 on B. 

We need merely verify the formula for w. The equation (8:4) can be written 
in matrix form as pZ + ww = n, whence multiplication by gq’, remembering that 
q'p = 0, shows that q’uw = q’n. The matrix q’u is non-singular since both q 
and u have rank n — m, and consequently our formula for w is true. 

The Euler-Lagrange equations for the integral (8:5) are 


fu + fiujs — a(fiuj)/at, = 0, 


and these reduce immediately to Tu} = S,(qju}) = 0, equations which are equiv- 
alent to S; = 0 since the matrix g’u has rank n — m. 

Ridge conditions could be stated for our problem. Since these conditions 
are precisely the same as for the non-parametric multiple integral problem treated 
by Powell [XVI] or Carson [VI], we shall not formulate them precisely here. 


9. The conditions of Weierstrass and Legendre 


The direct generalization of the necessary condition of Weierstrass for simpler 
problems would be to assert that the function 


(9:1) Ely, p, P) = fly, P) — fly, p) — (Pi — padfily, P) 


is non-negative for every matrix P and for all points (y, p) belonging to the mini- 
mizing variety V. But a simple example (see Bliss [I, p. 80]) can be given to 
show that this condition is in general false, although McShane [XII], Weyl 
[XIX] and Graves [VII] have each proved that Zp is non-negative whenever 
the matrix P — p has rank one. Caratheodory [V] and Boerner [III, IV] have 
considered an H-function having the form 


(9:2) Ey, p, P) = fly, P) — fi" | of + (Ps — pafil, 


assuming for their theory that f > 0. By expanding the determinant as a poly- 
nomial in f we see that E. = Ey) whenever P — p has rank one. They found 
their function useful in making sufficiency proofs, but they did not consider 
the necessity of E, = 0. We shall give later on an example similar to that 
already quoted and show that E, = 0 is not necessary for a minimum. For 
our parametric problem FE, reduces to the expression 


(9:3) E.(y, p, P) = fly, P) — fo" | Pafil 
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since (3:1) holds. Computing the determinant we find that 
(9:4) E.(y, p, P) = f(y, P) — f "D4, Paf;/m!, 


in which ¢, 8 and y are m-partite and f, is the quantity defined in (6:7). 

For the purpose of making sufficiency proofs we must have E(y, p, P) = 
f(y, P) — Hy, p, P), where H(y, P(y), p) has the form of the integrand of an 
invariant integral. It will be shown in Section 13 that H is necessarily of the 
form H(y, p, P) = P3C*(y, p), where « and 8 are m-partite and C® is skew in, 
and 8, i.e., an interchange of two of the components of either « or 6 changes the 
sign of C®. Hence we must have 


It then follows that we have 
(9:6) E(y, p, PB) = |B| Ey, p, P) 


for every m-rowed square matrix B with a positive determinant. But we also 
require that FE satisfy 


(9:7) Ety, pB, P) = Ey, p, P), Ey, p, p) = 9. 

It is clear that the first equation in (9:7) is equivalent to 

(9:8) Ciy, pB) = Cry, p). 

Moreover, by virtue of (9:6), the second equation in (9:7) holds if and only if 
E(y, p, pB) = 0. Differentiation of this relation with respect to BY yee i 


gives, when we use (5:1), 
Pasi = m! psCi . 
Defining a new quantity fF? by the equation 


(9:9) FT = Dif*/m!, 


we see from (5:1) that psf? = p3F’. Hence the second equation in (9:7) holds 
if and only if 
(9:10) pay = m! psC? . 

The equations (9:8) and (9:10) do not suffice to determine the form of the 
E-function uniquely. For it is obvious that C7? = F7/m! satisfies (9:10) and it 
also satisfies (9:8) by virtue of (5:3). This choice of C7 gives an H-function 
of the form 


(9:11) Ex(y, p, P) = fy, P) — PsD4f2/(m)’. 

But the function E,(y, p, P) given by (9:4) also has functions C*? = fi "Dif /m! 
which are easily seen to satisfy (9:8) and (9:10). For n = m + 1 we see from 
the definitions (9:4) and (9:11) and the identity (6:9) that EZ, = E,. The 
remarks following the proof of Theorem 6:1 show that EZ, is not in general equal 
to E, ‘ 
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For the case n = m + 1, Radon [XVIII] has defined an EZ-function in terms 
of the function G{y, A). This function is 


(9:12) E,(y, A, A*) ws Gly, A*) =) AnGily, A) (h = I,--:, n), 


and it should be remarked that McShane [XIII] has proved that E, = 0 is 
necessary for a minimum. If Aj are the minors corresponding to the matrix 
P, then we have, using Theorem 6:1, 


Ak = (-—1)""D2,P, Gi = (—1)"*"Def?,/m!, 


where a = (1, 2,--+, m), mm = (1,---,h —1,h+1,---, 7), and a and g 
are m-partite. Thus we see that 


E, = fly, P) — PaFu, = fly, P) — PaFt/m!. 


Consequently, form = m + 1 we have FE, = EF, = E,. 
The function E, can be exhibited in a form which more clearly displays some 
of its properties. This form is 


9:13)  Exy,p,P) = Sy, P) — Sy, p) — ae (P — p)s FS, 


g=1 


where 1 and @ are now g-partite as in Section 4, (P — p), is the product of the 
quantities (P> — p?) (A =1,-+-,g), and F* = Dff*/g!. To prove this formula, 
one expands the function H(y, p, P) about the point (y, p,.p) by Taylor’s theorem 
and simplifies the result by employing (5:4) and (6:12). 

We have already seen that E. = Ey if P — phas rank one. But in this case 
we see that for g > 1 the product (P — p), is unaltered by any permutation of t. 
Hence (P — p),F*¥ = Oifg > 1. For g = 1 we have Fj = fj, and thus we 
conclude from (9:13) that EH, = Ey = E,in case P — p has rank one. 

The function FE; is not open to the objection raised against Ey that it does not 
vanish identically for integrands of invariant integrals. In fact, if f(y, p) = 
pss where « and 6 are m-partite and C® is skew in x and 8, then f? = m!C7, 
Dif? = (m!)°C* , so that we conclude from (9:11) that E,(y, p, P) = 0. 

This result is not true for the function E,. To see this take m = 2,n = 4 
and let f be given by 


f = pip: — pip: + pip2 — pip>. 
Then f satisfies the homogeneity condition (2:2) and is actually the integrand 
of an invariant integral. We find by straightforward calculation that 


E, = > (Pi — pi) (Pi — pb) — (Pi — pd) (Pi — pDlAw, 


in which Aj, = pip} — p>pi , where h and j are selected so that (i, k, h, j) is an 
even permutation of (1, 2, 3,4). Therefore we see that E, # 0. It follows that 
E. = 0 is not necessary for a minimum. 

Similar results may be stated for the Legendre condition. The quadratic form 


Qly, p, v) = [f%(y, p) — H%y, pv, p)lvaes , 
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where H% = a°H/aPiaP;, is the Legendre quadratic form belonging to the 
E-function E(y, p, P) = fly, P) — H(y, p, P). As a consequence of FE, > 0 
for all P such that P — p has rank one, we conclude that 


(9:14) Qy, p, v) = faly, pies = 0 


for all matrices v of rank one. This result has also been proved independently 
of the Weierstrass condition by Boerner [IV]. 

Using the identities of Theorem 3:2, we can prove with the help of a little 
computation which will be omitted that the Legendre quadratic forms for the 
E-functions E, and FE, are respectively 


Qily, p, v) = Rir(gjvs) (qivs), 
Q-(y, p, v) = f (FRI + C51) (qjvd) (qu). 


Therefore Q; and Q. vanish identically when v = pB, although we see from (3:8) 
that this property is not possessed by Qo. If f = psC%(y), where « and 8 are 
m-partite and C® is skew in « and 8, then Q,; vanishes identically but this need 
not be true for either Q or Q. . 


10. The second variation 


Let V be a fixed extremal variety. The second variation of J(V) along V 
is the expression 


(10:1) Ln) = | 20(t, », x) a7, 


where the function 2w was defined in equation (3:13). If V is a minimizing 
variety we must have J2(7) = 0 in the class of admissible variations 7'(t) which 
vanish on B. The Haar-Coral accessory equations are 


(10:2) [ 


The Euler equations for [2(7) are called the Jacobi equations and are J;(n) = 0, 
where J;(n) was defined in (3:14). Since V is an extremal we see from (3:16) 
that p.Ji(n) = 0. Thus there exist functions J’(n) such that Ji(n) = J7’(n)qi 
so that Ji(n) = 0 if and only if J’(n) = 0. 

Assuming now that V is of class C’”’ we shall subject the second variation to 
the same transformation used in Section 8 on the first variation. We set 


w; AT =| wim, aB. 
Bo 


0 


n = pil’ + ujw =o + ujw’, — ¢' = pad”. 


Since equation (3:17) implies that J;(¢) = 0, we find after a little calculation 
that 


2uo(n) = 2wo(uw) + a[(2ujw’ + ¢$')wi()]/Ata . 
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If 7’ = 0 on B, then w’ = ¢ = 0onB, and by Green’s lemma we have 
Io(n) = / 2w(uw) dT. 
T 


If we set u; = (u;,+**, U;), Some more computation shows that 
Qu(uw) = w'w'F jp + wiwafeiujul + alw’w'uiet(u;)]/ Ata , 

where wi = dw’/dt, and F ;, is defined by the equation 

(10:3) Fy = ujdi(uj). 


Another application of Green’s lemma suffices to prove the following 
TuzorEM 10:1. The second variation (10:1) is expressible in the form 


(10:4) Ln) = [ w'w'Fa + whunfituju a7, 


in which the functions F j: are defined by (10:3) and w = [(q’u) ‘gin. The non- 
negativeness of (10:4) for arbitrary functions w’(t) of class C’ which vanish on B 
is equivalent to the non-negativeness of (10:1) for arbitrary admissible variations 
n'(t) vanishing on B. The Jacobi equations are 


(10:5) (wi fiiujui)/at.e — 4w(Fn + Fi) = 0. 
Both this theorem and Theorem 8:1 are generalizations of theorems stated by 


Bliss [II] for the case m = 2,n = 3. When n = m + 1, one obtains a further 


simplification as is seen in the 
Corottary. If n = m+ 1 and we take uj = A;/H, where H? = A ti , then 
the second variation may be written in the form 


(10:6) I2(n) = [ (wF, + waw R”) dT (w = Ain’/H’), 


where R” = RH, the quantity Ri; being defined by (6:18), and where F, = 
J'(A/H)H, the function J'(n) being determined by the equations J;(n) = J'(n)Aj. 
The Jacobi equation is 


(10:7) d(wak”)/dt, = whi. 


11. The Jacobi condition 


Let us call an admissible variation n‘(t) normal in case it satisfies in 7 the 
equations 


(11:1) pin'(t) = 0, 


where the pi are the derivatives belonging to the minimizing variety V, assumed 
now to be of class C’.. By an admissible subregion T> of 7’ we mean a subregion 
of T whose boundary By satisfies the conditions imposed on B in Section 7, and 
We denote by Ey the set of intersections of the pieces of By. Using the methods 
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which Raab [XVII] employed to prove a Jacobi condition in the parametric prob- 
lem for varieties of class C’ and which Carson [VI] used in the non-parametric 
problem for varieties of class C’, we can prove the following 

THeEorEM 11:1. Jf V isa minimizing variety of class C’ on which Qo(y, p, v) > 0 
for all matrices v of rank one such that p’v = 0, then there can exist no solution 


n' = z'(t) of class C’ of the equations 
(11:2) / w dT = / wi; mM. dB 
re B’ 


for all cubes T’ contained in an admissible subregion To, such that the variation 
z'(t) is normal, vanishes on By , and has first partial derivatives not all zero at some 
point to of By — Eo in T. 

For if such a solution existed, we could show precisely as in Carson [VI] that 
the matrix v = (d2'(to)/@t.) would have rank one and would also satisfy 
Qo(y, p, v) = 0. By hypothesis we have piz' = 0. Since z'(to) = 0, it follows 
that pi(to)v; = 0. This contradiction proves the theorem. 


12. The definition of a field 


By a field we mean a region § of y-space on which is defined a set of slope func- 
tions P2(y) of class C’.. Moreover, we assume the existence of an integral 


(12:1) IX(V) = / Hy, p) aT 


which is invariant in the sense that it has the same value for all admissible varie- 
ties lying in § and having the same boundary. The function H is also required 
to satisfy 


(12:2) Aly, Py)) = fy, PY), Hity, Py)) = fi, PY), 


where H{ = dH/api. Since every variety V is a minimizing variety for an 
invariant integral, and therefore satisfies the Euler-Lagrange equations for the 
integral, a familiar argument based on equations (12:2) suffices to show that 
every solution of the equations 


(12:3) dy'/adta = Pi(y) 


is an extremal for the integral (7:1). Such an extremal is called an extremal 
of the field. If V is an extremal of the field, then 


(12:4) 1(V) = I*(V). 


13. Invariant integrals 


In order to determine whether a region § with given slope functions forms a 
field, it is necessary to determine whether or not the integral (12:1) is invariant. 
The following theorem is an analogue for parametric problems of the corre- 
sponding theorem for non-parametric problems proved by Landers [IX]. 
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TurorEM 13:1. A parametric integral (12:1) is invariant only if the integrand 
junction H(y, P) has the form 


(13:1) H(y, p) = paCt (y) (t, a m-partite), 
where C2(y) is skew in « and a and satisfies the partial differential equations 
(13:2) aCt /ay* = aCt,/ay” 

in which w = (t1, °** 5 t-15 K, 41, °°* 5 tm). These conditions are also sufficient 


that [*(V) = I*(Vo) hold for every pair of varieties V and Vo with the same boundary 
and admitting representations with the same parameters, provided that the region 


5 is convex. 
If we assume that J*(V) is invariant, the Euler equations 


Ay = Hips + Heipi. 
must be identities in y’, pi and pi, = piz. Thus we have 
(13:3) Hy, = Hips 
and also HPS + Ht? = 0. From this result it is seen by differentiation that if 


cand 6 are g-partite, then H8(y, p) is skew inxand 8. Therefore H(y, p) must 
be a polynomial of degree at most m in pz, 


Hy, p) = Cy) + }s pi Cy). 


Then the equations H8(y, 0) = g!C8(y) show that C%(y) is skew in @ and «. 
Since [*(V) is a parametric integral, we must have H(y, pB) = | B| H(y, p) 
for every m-rowed square matrix B with positive determinant. Take B = 21, 
where I is the identity matrix. Then we have as an identity in y/’, p 


Cy) + > 2" C8(y) = 2"C(y) + >» 2" ps CP). 


Equating coefficients shows that C(y) = 0, C2(y) = 0 for g < m, and thus we 
have proved that H must have the form specified in (13:1). For this function 
the equation (13:3) takes the form 


pxdCs /ay* = mpicdCe,/dy’, 

Where p = (m1, +++, m1), © = (81, °**, Sm-1), the r’s and s’s being (for the 
purposes of this section only) indices ranging from 1 ton. Equating coefficients 
of pa on both sides of this equation shows that (13:2) must hold. 

To prove the sufficiency, we first prove two lemmas. 

Lemma 13:1. If § is convex and the functions Ci(y) satisfy the conditions of 
Theorem 13:1, then there exist functions E*(y) with x = (ky, +++ , km-1) such that 
(13:4) (—1)* "aE" /ay" = Cf 


/ ° e . ° 
holds, where a = (1, ---, m), tc = (iy, °°* 5 tent, tegty °°° » tm)- 
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It can be assumed that the origin is in §. Let 
iy) = Levy’), 
where the sum is taken for all possible choices of the collection p = (r;, --+ | r,) 
of distinct integers such that p and « have no component ih common, and C%"(y’) 


stands for the function obtained from Cf°(y) by replacing each y™ by 0. We 
next define 


Wily) = GVily), (| = 0,-+-,n — mM), 
where the constants G; are defined by 
(13:5) G, = (n-—1l—1)!/n!. 


We now assert that the functions E“(y) defined by 
y* 
Ey) = | Weely) ay} 
are solutions of (13:4). To prove this we first remark that we may suppose 
that the components of « in (13:4) are distinct. Since W, is skew in c we then 
find that 
- y* . 
(-1) 198" /ay"* = mw. + [ Gav}, /ay* ay’, 
0 
where “ = (2, ta ee bette itt td, = (21, pith » tots k, tet1 5 ee > fa) 


and the sum on the right is for all k not components of +. From the definition 
of V! and equation (13:2) we have for fixed k, 


y* yt | 
J avisay' ay! =X [ aczsery/ay* ay! 
’ 0 

y* 
=X [" acrayyar ay’, 


where the second sum is taken for all p such that no 7, is a component of ¢ or 
is equal to k. On summing for k not a component of « we have 


(n — m — 1) 2) CP%(y’) — Do CP) 
=(n—m-—-DdDVi- vi", 


if we agree that V" ”** = 0. It then follows that the left hand side of (13:4) 
has the value 


y* : 
I aVi./ay" dy’ 


nGoC2*(y) + V'(nG: — 1G) — Gia) = C7%Cy) (l= 1,---,n—m), 


since we see from (13:5) that G = 1/n, nG, — IG; — Gi, = 0. 
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Lemma 13:2. If H(y, p) has the form of Theorem 13:1, then there exist functions 
H’ such that 


(13:6) dH’/at. = H. 
We define H‘ by the equations 
(13:7) H? = m!\(—1)°7E"p§, , 


where the B* are the functions obtained in the previous lemma and 8, = 
(l,---,¢ — 1,¢e + 1,---,m). Then we have 


0H*/at, = m!\(—1)*[aE*/ay*p%s, + E“api, /atel. 
Since E* is skew in x, we can write 
m!(—1)°"E*ap3,/ate = mE*aSt/ate, 
where St = (—1)°"ptD§, with « = (1, --- , m1) is the cofactor of 8/at, in 
the determinant 
0/dte 


k 
c 


dS./dte = 








7 


al 

(u = 1,-+-,m—1). ‘ 
ei 
/ 


By a lemma of Landers [[X, p. 22], this determinant is zero. Consequently } Wh 
we have 
aH*/at. = m\(—1)* "aE /ay"p,, = mICi°ps, = paCr = H, .* 


as desired. 5 - 
To finish the proof of the theorem, let us observe that by Green’s lemma, we Re 
can write ety 




















(13:8) I*(V) = | H'm. dB, 


where m, are the direction cosines of the outer normal to B. In terms of the 
quantities S¢ introduced in the proof of Lemma 13:2, we have 


Me 





(13:9) H’m, = mE‘Sim,. = mE‘ 





pe" | 

If V and Vo are two varieties with the same boundary and admitting representa- 
tion with the same parameters, then we have in a neighborhood of each point 
of the boundary B of T near which B is represented by functions fa(%1, °** , Lm—1) 
the equations y'(t(x)) = Y‘(t(x)), where y‘(t) and Y‘(¢) are the functions defin- 
ing V and Vo respectively. Differentiation of this relation shows that 
(p. — P:)tS = 0, where P? = oY'/at, and t{ = at./dx,. There therefore exist 
quantities K; such that P! = pi + Kym.. Then by elementary determinant 
theory, we conclude that the determinant in (13:9) is unaltered if we replace 
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p by Pi. It then follows from (13:8) and (13:9) that J*(V) is equal to 
I*(Vo), completing the proof of the theorem. 


14. The set H(8; «) 


In the next section we shall define the constants Me, , originally defined in 
an inductive manner by (4:5), (4:6) and (4:7), explicitly in terms of a certain 
subset H(8; €) of the symmetric group G(8e) of all permutations on the com- 
ponents of 6 and e. Here we shall define H(8; €) and state without proof those 
properties needed for the subsequent discussion. 

We recall that every permutation S in G(8e) is expressible uniquely as the 
product of commutative cycles on different letters. With this fact in mind 
we define the set H(8; €) to consist of all of the permutations S in G(@e) which, 
when expressed as products of cycles on different letters, have no cycle containing 
more than one component of «. For example, if g = 1, so that 6 = (b), we find 
that H(6; e) consists of the identity permutation and the h transpositions (b, e,) 
(u = 1,---,h). The structure of the set H(; e) is described in the following 

Lemma 14:1. Jfh = 1, we have H(8; e) = G(Be). If g = 1, then H(b; e) = 
H(b; «) + (b, e), the “+” denoting logical sum. Every permutation S in H (sb; e) 
is expressible uniquely in the form RQ, where R is in H(b; €) and Q is in H(8; be); 
conversely, every such product is in H(Bb; «). The set H(B; €) contains (g + h)!/h! 
permutations. 


15. The explicit definition of /%'‘, 
The constants M%'!, may now be defined by the equation 
(15:1) ME, = > (-1)380s 


where the sum is taken for all permutations S in H(8; e). Then we find from 
equation (4:2) and the first sentence in Lemma 14:1 that 


Mes, = D*. : 
Setting g = 1 in this equation we see that the constants M 1d defined explicitly 
by (15:1) satisfy (4:5). With the help of the second sentence in Lemma 14:1, 
we see that 
Moire = Ly (—1)*bage’® — aehe , 


where the sum is taken for all permutations S in H(b; e). Consequently equa- 
tion (4:6) also holds. To prove (4:7) we perform the following calculation: 


mers Me, = >» (—1)9(—1) 29800 (20) ® 

= >» (—1) Pero Re 
where the sums are taken for all R in H(s; c) and H(b; e), respectively, and for 
all Q in H(8; be). The third sentence in Lemma 14:1 now shows that (4:7) 


holds. Thus we have proved that the constants M®‘, defined explicitly by 
(15:1) satisfy (4:5), (4:6) and (4:7), and consequently (5:4) also. 
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We shall now prove the identity (6:12) which we have used several times. 
We have from (15:1) and the obvious fact that H™"(8; e) = H(8; €) that 


pe Mt2, = D> (—1)8 Dis hens = De (—1)8D¥i ys = Dd D*,. 


By the last sentence of Lemma 14:1, there are (g + h)!/h! permutations in the 
set H(8; €). Consequently (6:12) is true. 


TUSKEGEE INSTITUTE. 
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ON THE MAXIMUM OF THE FUNDAMENTAL FUNCTIONS OF THE 
ULTRASPHERICAL POLYNOMIALS 


By P. Erpds 
(Received August 27, 1943) 


In the present note we are going to prove the following theorem: Let —1 < 
ty <&+** <a S 1 be the roots of the ultraspherical polynomial P© (zx) with 
0 <a 3/2. (The normalisation is of no importance.) a = } gives the Le- 


gendre polynomial a = 3/2 gives U,(2) = T4:(x), where 7',(x) is the n* Tche- 
bicheff polynomial. Let 


P(g) 

PA (ax)(a — 22) 

be the fundamental polynomial of the Lagrange interpolation. Then 
max | (a) | = YH (—1) = 18"). 


kewl,2,+++n,—1S2d1 


I (z) = 





Special cases of this theorem have been proved by Erdés-Griinwald’ and Webster” 
(the cases a = 1/2 and a = 3/2). If there is no danger of confusion we shall 
omit the upper index n in 1,” (2). 

PROOF OF THE THEOREM. It clearly suffices to consider the J,(x) with —1 S 
t, <0. From the differential equation of the ultraspherical polynomials’ we 
obtain 


P* (xx) = AX 
APO (am) 1 — a 


Thus for a, S 2 S 24:0 S (x) S$ 1. Suppose now that k ~ 1, then we prove 
that in (a1, 2x) (x) lies below its’ tangent at 2: . Denote by Yi, Y2,°°* Yn—t 
the roots of J,(x) and by 21, 22, °** 2Zn-2 the roots of I. (x). From (1) it follows 


that 1 < yx1 <2. To prove our assertion it suffices to show that 2,1 > 2% . 





(1) L-(ax) = 


First we prove that yz. > Sats =u. From (1) 


i 4 1 a 1 
21+ay im —au A2Wl—m) jseT— NM 











’ 


thus 


1 1 1 
(2) PAL decd 
rete Moe apedh gt Meme 











1 Erpés-GRUNWALD, Bull. Amer. Math. Soc. 44 (1938), p. 515-518. 

* Wesster, ibid. 45 (1939), p. 870-873. 

* See e.g. G. SzEGé, Orthogonal Polynomials, Amer. Math. Soc. Coll. Publications vol. 
XXIII p. 59. Our notation differs from that of Szegd. Thisa has to be replaced by a + 1. 
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Now from (2) 
























































1 1 1 1 
a + > 2D ears 0 
i<kU— Xj i<k-1U — Vj U— Le-1 i<k—1 Ue — Xi U— Xr-1 
7” 1 af 1 1 
i<k Up — Li Le — L-1 U— L-1 1 
- > 1 + 1 > 1 ao 1 0 
ick Ley — XV Te — Le-1 i>k X37 — Le % +1 ( 
1 ‘eg 1 l 
+——___ > > 
Te — X-1 p> Ly — XL p> Gymru 
which proves yz1 > u. Now evidently from y,_; > u ( 
1 - 1 1 > 1 1 ( 
i<k Ue — Yi i<k-1 Te — Yi Te — Yr i<k—-1 De — Vj wh — U 
1 1 1 
= - + 
i<k Ue — Xi Te — Le-1 Te — U 
1 1 1 1 
= > 
ick Tem TZ; + Le — Mri t<k Ue — 2X; Lk + 1 
and 
1 1 
< ‘ 
p> Yj — XL p> tj — LM 
Thus by (2) 


1 — 1 


>’ 
tsk-1 Ue — Yi = f2k YG — Le 








which proves z,_1 > 2. 
Thus we obtain for k ¥ 1 


3 max l “3 | te | 

( ) ae = so | e(@) | t 1+ | rx | 
and of course from (1) 

4 b/3} > 4 | tel >] | te 
(4) i(—1) * i+Tal = * foie) 


Suppose now 1/2 < a < 3/2. A well known theorem of M. Riesz‘ states: Let 
f(x) be a polynomial of degree n which assumes its absolute maximum in (—1, 1) 
at 2%; then for every root x, of f(x) in (—1, +1) we have & — % = =< Here 
ui = cosd;, , Xo = Cosi , 0 < 0; <= r, 0 < <s T. 





‘M. Riesz, Jahresbericht der Deutschen Math Vereinigung, (1916) p. 354-368. 
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Let -1 S$ m1 < % < +++ <2 S 1 be the roots of P® (zx); put cosd, = x 
0 < & < 7, then it is well. known that’ 


T 
< TT 


ert S 4 Qa +1)/2=n7° 





vw, — 


Thus | i,(a) | can take its absolute maximum in (—1, 1) only in (a1, 241), 
or at the points —1 and 1. We shall prove that for k ¥ 1, 


(5) | u(—1) | < 4(—1). 
It clearly suffices to show that 

| Px(an)(L + au) | > | Pa?(aa)(1 + 21) |. 
Or that 
(6) | Px’) — ae) | 2 | PH’) — 21) |. 
By the differential equation we have 

(1 — 2°)PY"(z) — (2a + 4)aPy"(x) + n(n + 2a + 3)Px? (x) = 0. 
Now apart from a constant factor P& (2) = P%*4?(x). Thus we can write 
(1 — 2°)PX'(x) + aePX” (x) + oP" (2) = 0. 
Hence for the roots of P(x) 
| (1 — ae)Po (an) | = | Poin’ (ax) |. 


a—l 


The points 2; are the relative maxima of P%;}(z). It is well known’* that for 
a S 1/2 the successive maxima of P‘*’(x) increase toward the origin i.e. for 
a S 3/2 


| PS? (a) S | PS (an) |. 


This proves (6) and therefore (5). By the symmetry of the z it follows that 
fork # n 


7) | h(—1) = In(1) > | (1) |. 


Thus, finally, from (3), (4), (6) and (7) we obtain our theorem for 1/2 S a S 3/2. 

Suppose now that 0 S a < 1/2. Then it is well known that 3; < 2n.’ Thus 
according to the theorem of M. Riesz it suffices to consider the interval (x , tn). 
Suppose then that J,(x) assumes its absolute maximum at 2 , and that a is not 
iN (2-1, 241). It is easy to see that® 





' G. SzEG6, ibid. p. 121, theorem 6.3.1. 
* Ibid. p. 163 164, proof of theorem 7.32.1. 
"Ibid. p. 117, theorem 6.21.1. 3: < = follows from the remark that in case of 
n 
TT 


T(z) (a = 3)0; = 9 
n 
* Erpés-Turan, Annals of Math. vol. 41 (1940) p. 429 lemma IV. 







































P. ERDOS 


1;(x0) — L:41(20) >ih Li < % < Fig. 


According to a formula of Fejér’ 


>> ve(xo)li(ao) = 1, where (2) = 1, 
i k=l 
ie (8) 
1-2 
Zar, 





VE (x + ) = Q, v,(x) linear, 


hence 


lA 


vi(xo)li (x0) + vi41(2o)li 41 (a0) + ve(ao)li:(xo) S 1. 
Thus from (8) 


a... =¢ 
1+ [2z;| 1+ || ' 


Clearly one of the numbers v;(20), x:41(ao) is greater than 1. Thus 


2ax; en | 2a| 21 | pa 


v;(%) > 1 — 1 


bol 


se 


lA 


c 





vi(aoli(to) + visilizs(2o.) > min (2° + cy’) = ; 
z+y=1,z,y>0 1 +e 


Hence 


i [Ie(20) | < as: 


From (4) we have 


3—-C¢ 
2 ? 





h(—1) > 


and it is easy to see that 


3—C 1 


which completes the proof. 

If a > 3/2 our theorem does not hold any more, since it is easy to see that 
1,(—1) remains bounded but max /,(z) does not remain bounded. 

Webster” proved that 


ii” (=—1) —— (1/2j;)°° | T'(a)ya(jr) | a 








*L. Fesér, Math. Annalen, 106, (1932) p. 4 and p. 43. 
10 WessTER, Bull. Amer. Math. Soc. 47 (1941), p. 73. 
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where j; is the first zero of J21 (J(x) denotes Bessel functions). I think it can 
be shown that 


i” (1) < (1/2j:)* "2 (a)yalir) |, 


in fact U{”(—1) < Ui"*”(—1). If so, we could state the following theorem: 
Let 0 S a S 3/2. Then 


pena OX, -, |E@| < BA) PC@)yel i) |, 


and this result is the best possible. 
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L(x) + liss(to) > 1, Li < Xo < Fini. 


According to a formula of Fejér’ 


>> ve(xo)li(ao) = 1, where (2) = 1, 
k=l 
' (8) 


H 2 
VE (x > : *) = 0, v,(x) linear, 
Zar, 








hence 


lA 


vs(xo)Ui(xo) + vi4a(ro)ligs(to) + ve(xo)li(ao) S 1. 
Thus from (8) 


2ax; me x oh 2a| x1 | re 
1+ |2;| ~ 1+ |21| 


Clearly one of the numbers v;(%o), Xi41(%o) is greater than 1. Thus 


<..¢ 


1 


v;(Xo) >1- 


tl 
IA 


v;(x0)Ui(t0) + vig lin1(to.) > min (a? + cy’) it a ‘ 
z+y=1,z,y>0 1 +c 


1 
| U(ao) | < as: 


L(-1) >2 5 Lf 





Hence 


ty 
i 
9 
i 


From (4) we have 





and it is easy to see that 


3—-C 1 


which completes the proof. 

If a > 3/2 our theorem does not hold any more, since it is easy to see that 
l,(—1) remains bounded but max /;,(x) does not remain bounded. 

Webster” proved that 


li” (—1) > (1/2j1:)* | P(e@)ya(jr) |, 








9L. Fes£r, Math. Annalen, 106, (1932) p. 4 and p. 43. 
| We ; 10 WessTER, Bull. Amer. Math. Soc. 47 (1941), p. 73. 
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where j; is the first zero of Jas (J(x) denotes Bessel functions). I think it can 
be shown that 


K"(—1) < (1/2j:)**P(@)ya(ir) | >, 


in fact i"(—1) < h"*(—1). If so, we could state the following theorem: 
let 0 S a S 3/2. Then 


I .—.  e |e) | < (3j1)** | T'(a)ya( jr) |, 


and this result is the best possible. 
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(Received September 16, 1943) 


1. Introduction 


Considering the prominence of {(s) = z: n * in analysis, and the association 


of 7 n ” with a n (log n) ”, i (n log n) (log log n)~”, --- , in the “log- 
arithmie scale,’”’ it is rather surprising to find nothing in the literature about 
the expressions > n ‘(log n)~“, > (n log n) ‘(log log n)~*, --+ , as functions of 


the complex variable s = o + it. This paper is concerned with some theorems 
about this class of functions. 

After defining ¢,(s) in §2, we consider its domain of regularity. That it is 
regular everywhere but at s = 1 can be established in various ways. The method 
of §3 seems to be the simplest, and at the same time provides us with the very 
useful formula, (7), for ¢,(s). 

The integrals introduced in sections 4 and 5 lead us to the Laurent expansion 
for (1 — z). From this we deduce that ¢,(s) has an infinite number of 
negative zeros. The argument, however, merely shows the existence of these 
zeros but gives no indication of their numerical values. 

The last section is concerned with theorems on the asymptotic behavior of 
¢,(s). It is shown that on a circle with center at s = 0 and sufficiently large 
radius, r, the maximum of | ¢,(s) | lies between e” ‘ and * sine on a vertical line 
to the right of ¢ = 1, ¢,(s) is bounded; on ¢ = 1, £,(s) = O(logy4: t) but £,(s) > 
A logy+2 ¢ for an arbitrarily large ¢; on a vertical line to the left of « = 1, ¢,(s) = 
O(log, t)*”’. 


2. Definitions 


Let p be a non-negative integer. We understand 


(1) logox = xz, and logp4i x = log (log, 2); 

(2) e(x) = 2, and ép4i(x) = exp (e,(z)); 

(3) fot) = 1, and fy4i(z) = [TI]? (log 2)"; 
(4) Gp(x, 8) = fp(x) (logy x)“. 


For convenience we shall use U, V, and W in place of [e,-1(0)], [ep(0)], and 
[€p41(0)] respectively, where [2], as usual, means the integral part of z. 
We define ¢,(s) as follows: 


i] 


(5) f,(s) = ay gr(N, 8). 


We note that fo(s) = ¢(s). By (log, z)* we mean ¢ *'°*?*** and always take that 
branch of the logarithm which is real along the positive half of the x-axis. Since 
340 
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log, (V + 1) > logy (ep(0)) = 0, all of the logarithms involved in (5) are real 
N numbers. 
tp(s) is defined by (5) only for « > 1. The series converges absolutely if 
¢ > 1 and uniformly in any region o > 1 + 6 with 6 > 0. By Weierstrass’ 
theorem on a uniformly converging series of analytic functions ¢,(s) is analytic 
in any such region. 
In the sections that follow p > 0. 


mn 3. The domain of regularity 
t THEOREM I. £,(s) ts a single-valued meromorphic function whose only singu- 
if larity in the finite part of the s-plane is a simple pole with residue lats = 1. Fur- 
- thermore, in any bounded domain not containing s = 1 in its interior, we have uni- 

formly 
is & l l—s 
“ (6) f(s) = im { D gln, 8) + og 

No (n=V+1 s-—l 
y or 
- (log, N)'*~* 
, (7) f(s) = Do go(n, 8) + 82" + Ry, 
if n=V+1 s—l 
e where 
8) Ry = | (ale, 8) dx 
N 
2 and (x) = x — [a]. 
> If o > 1 
[x] 
(9) $>(s) = lim 2) gp(z, 8). 
Xo z=V+1 
Now 


[Xx] 


2 do(t, 8) = Do gol, 8) — Ngo(N, 8) + Nigo(N, 8) — go(N + 1, 8)] 


+ (N + 1)[go(N + 1, 8) re 9n(N + 2, s)] + sb 
+ [X]lgp([X], 8) — gp(X, s)] + [X]gp(X, s) 


= N+1 ; 
= >» 9p(x, 8) — Ngp(N, s) + [ — [z]q/,(zx, 8) dx 
N+2 
+ i — [z]g,(x, s) dx + --> 
N+1 
+ f — [x]g,(x, s) dx + [X]gp(X, s) 
[x] 


= 2 go(a, 8) — No(N, 8) + [ ~ [xlg’,(x, 8) dx + [Xlgp(X, 8). 
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Hence by (9), ifo > 1 


5518) = 3 ola, 8) — Nop(N, 8) + f° — lalos(a, 8) de 
= ole, 8) — No, 8) +f @dy(a, 9) de — [ x0'(e, 8) dz 
V+1 N N 
if = © ole, 8) — Nop(W, 8) + f° ool, 9) de 


— {l2o9(2, 8)]y — [ ‘ Gp(2, 8) i| 


(log, WN)" 
§ 


- >> Jp(x, 8) — Ng,(N, s) + [ (x)gp(z, s) dx + Ngp(N, 8) + —*—— Yaern 


"+1 


- 


= & nla, 8) + (Ome NY 


+ [ (x)gp(a, 8) dx. 
V+l1 
Now for any s we can find an 2 such that | g,(z, s) | < 2° with 6 > 0 for 
as> @%. / (x)g'p(a, s) dx therefore converges for all values of s, and 
N 


‘ yaa uniformly in any circle | s| < R. By choosing N sufficiently large we can make 
the modulus of the integral as small as we please. Since 


(8 — 1)io(s) = lim iz (8 — 1)gs(n, 8) + (log, wy} 


can be written as an infinite series of analytic functions which converges uni- 
formly in any circle | s | < R, it follows that (s — 1)¢,(s) is an integral function. 
An examination of (7) shows that at s = 1, ¢,(s) has a simple pole with residue 1. 


4. A definite integral for ¢,(s) 


We have 
(10) fpa(l + s) = 2», In(n, 1+s)= re f,(n) (logy . 
Hence 


Vv 


(11) fp. + 8) — dy Jp-i(n, 1 + 8) = ze fp(n) (logy n)*. 


r= 





Let eo _s(1 + s) designate the left member of (11). 
‘ If we compare corresponding terms of the Dirichlet series for ¢,(s) and 
¢3-1(1 + s), we see that they have identical coefficients while the coefficient of 
—s in the exponent of ¢ in the first is the logarithm of the corresponding number 
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in the second. The connection between two such functions is well known.’ 
We have, foro > 1 


(12) I'(s)fp(s) = yee _(1 + y) dy. 


5. A contour integral for ¢,(s) 


As with ¢(s) we can use (12) to get a contour integral expression for ¢,(s). 
We have 


(13) Peat =x. | ead - 2d, 

where the contour C starts at — © on the negative real axis, encircles the origin 

once in a positive direction, and returns to its starting point. The formula is 

established from (12) in the case ¢ > 1 by shrinking the contour C into the real 

axis described twice and taking into consideration the different values of the 

logarithm on the two parts.” 
But the right member of (13) converges for all s and uniformly in any circle cf 





|s| < A. This will be demonstrated if an 

R * j Se 
can be made arbitrarily small, by a proper choice of R, for all s with |s| < A. aaa 
(R is positive and the path of integration is along the z-axis.) ate if 











Now, if z = re*™, | 2" | = e!@*"* < re!" Also 
Sal +) <gaV thr tt] gpa + raz 


=gi(V+1,1+7r)+ pot gn? lee (VD 
< e meee f » > 2. 


Therefore the modulus of the integrand is less than r*~e**-"'"‘"*™”, and for big 


r, will therefore be less than e “" with A > 0. Consequently, by choosing R 
sufficiently large, the modulus of the integral in question can be made arbitrarily 
small. 

Since the contour integral is uniformly convergent in any finite region, it 
represents an integral function of s. But, if s is an integer, the integrand in (13) 





‘See, for instance, O. Perron, Crelle’s Journal, vol. 134, 1908. 
: * The method is Riemann’s. For details see Ingham’s Cambridge Tract on the Prime 
Number Theorem, pp. 41-43. 

* For positive s, 9p(2, 8) is certainly a decreasing function when x 2 V + 1. 











oe 


ERs + ce 


Aosimietesmaivelgion > g 


344 S. HURWITZ 


is a single-valued function of z and ¢,(s)/T'(1 — s) is its residue atz = 0. We 
thus obtain the Laurent expansion 





(14) Sad —2) = 24+ DBO e 


From (6) it is clear that ¢,(—7) is a real number. 


6. Real zeros of £,(s) 


THEOREM 2. {¢,(s) has an infinite number of negative zeros. 

The argument is by induction. The theorem is true for f(s) = ¢(s). We 
shall show that its truth for ¢,_1(s) implies its truth for ¢,(s). 

Now ¢,(s) will have an infinite number of negative zeros if the right member of 
(14) has an infinite number of variations of sign. Suppose then that there are 
only a finite number of variations in the right member of (14). Then, given 
any positive number G, we could find a positive number 2» such that, for all 
positive 2’s greater than 2 the modulus of ¢3_,(1 — 2) is greater than G. But 
by the induction hypothesis there exist such positive 2’s for which 
tpi(1 — z) = 0, and since 0 < log, 12 S 1 if e,1(0) < x S e,(0), for such 2’s 

. 
DX onan1—2)| sv, 


and hence | ¢>-1(1 — z)| S$ V — U. The contradiction proves the theorem. 


7. The asymptotic behavior of ¢,(s) 


Let M(r) represent the maximum of | ¢,(s) | on the circle | s | = r. 
THEOREM 3. For sufficiently large r, we have 
(15) eo ° < M(r) <e. 


The first half of (15) follows from 
M(r) = £,(r) > g,(V + 1,r) >e 
To establish the second half of (15), let r > e,(0) and take N:= [e’] + 1 in (7). 
We have 


J, dota, 9) ae) = | [ aran(e, 8) {-¥ Ce) — atone) bd 


give 





< +1) [© ope, ») ax 








< (p+ 1) | (08 ae = P+Iratn<e 


x2 
Also 


pm 9p (n, 8) 


n=V+1 


| 

l+e 1+€ 
| tc<e *i¢ y* 
' 





an 


H 


fo 








ee ee 
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and 
(log, N ws 


s-—l 


rite 


<e 


a 








Hence for sufficiently large r, M(r) < e” 

TuzorEM 4. If o > 1, | fp(s) | S fp(c) for all t, and | £,(s)| > (1 — &£>(o) 
for indefinitely large values of t. 

The first part follows from 


p n(n, :) Ss Py 9r(n, 7) = §,(c). 


n=V+1 


| Sp(s) | _ 





The second part follows from the Bohr-Landau argument‘ which yields the 
analogous result for ¢(s). By using a theorem of Dirichlet it can be shown 
that for given positive integers N and q and a positive number 1, there is a 
number ¢ in the range r S ¢ < rq” for which 


(16) | fe(s) | > {cos = — 2(log, N 4 Sp(). 


The result follows if g and N are sufficiently large. 
CoroLLaRy. £,(s) 7s unbounded in any regionl <o <1+6,t>bh. 
THEOREM 5. However large ty may be, there are values of s in the regionl <a < 
1+6,t > t, for which | §(s) | > A logpset. 
From (16) is follows that there is a value of ¢ between 1 and 6*~” for which 








— 2(log, N)'” 
|¢4(0)| > 1 20a 
Choose N so that N — 1 < e,(8""") < N. Hence 
1 logpai(N — 1) 
> 
li) = ey Tlog8 > 41 Gres N 


for a value of ¢ such that N > As log t. Therefore | ¢,(s) | > A logy: t. 

If ¢ — 1 is sufficiently small, the value of ¢ in question must be greater than 
any assigned to t ; otherwise it would follow that ¢,(s) was unbounded in the 
region 1 <¢ <1 +6,1 <t <b. 

THEOREM 6. ¢,(s) = O(log,4: ¢) uniformly in any region 1 — A/logpyit < 
¢$2. In particular ¢,(1 + it) = O(logp4: t). 

In the region considered, if W < n St, 


| gr(n, 8) | S fp(n) exp {— (1 — A/logp4: t) logs: n}s e“g,(n, 1), 
while, if V+ 1<n< W,| gp(n, 8) | S gp(n, 2). In (7), take N = [t]. Wehave 


N w N 
> go(n,s)| S DO go(n,2) +e* DY go(n, 1) 
n=V+1 n=V+1 n=W+1 








< O(1) +e [ p(x, 1) dx 


ry = O(logp41 t), 
‘ Géttinger Nachrichten (1910), 303-330. 
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also 
= O(1), 





| (logs ia i e 
| s—1 =~l|s—1| 


and 
” , | ° dx 
| = —- SS 1 L 
Uf (x)gp(a, 8) dz} < 001) +4 f = = 0(1) 


Hence ¢{,(s) = O(logp4: 2). 

THEOREM 7. £,(1 + it) is unbounded. 

According to a theorem of Lindelof, if a function f(s) is regular and of the form 
O(t*) in the half-strip o: S o S o2,t 2 t > O and | f(s) | S M on the whole 
boundary of the half-strip, then | f(s) | < M throughout the half-strip. 

Since ¢,(2 + it) is bounded, and by the preceding theorem ¢,(s) = O(¢*) 
in the half-strip 1 S o S 2,t 2 t& > 0, £,(s) would be bounded i in the half-strip 
if ¢>(1 + zt) were bounded. 

THEOREM 8. However large t) may be, there are hut of t greater than ty for 
which al 


| fp(1 + it) | > A logpsst. 
It follows from Lindelof’s theorem that if f(s) is regular and of the form O(t*) 


tl 
fc 








in the half-strip «5 S o S o.,t 2 t, and if f(s) — 0 on both the lines o = g,, T 
o¢ = o. ast— © then f(s) — 0 uniformly in the half-strip. tl 
By theorem 5, f(s) = £)(s)/logp42 s does not tend to zero uniformly for 1 < e 

o0 <2ast—©@ and therefore f(1 + it) does not. la 
TueorEM 9. If oo < 1, fp(oo + it) = O(log, t)””. is 
In (7) take N = [f] and let [e,(| oo |)] = a. Then o 
atl mM 

(n, 8) Ss RP As gr(n, g0) + > 9p(n, g0) If 

se 

< O(1) + a Gp(X, oo) dx A 


= O(log, ee, 


1—co 
< O(1) + ete ©) 
00 


(log, N)*~* 
s-—l 


1—co 
< ou 8 = O(1), 5] 


and | R, | = O(1). Hence £p(oo + it) = O(log, t)"”. os 
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1. Introduction 
If in the Nérlund transformation 


PuYn = Dd. Prn—; P, = > py, 
v=x0 0 


the first k p’s are set equal to unity and the remaining p’s are zero, the trans- 


formation becomes 
k-1 


kyn = >> Zn»; n2zk-—-1, 
y=Q 


and will be denoted by Z,. Special cases for k = 2 and 3 are respectively: 


_ In + Ln 


2 
Ln n— Ln— 
Yn = mee: wit and Yn = re it ¥ 


3 


The transformation Z; leads us to the examination of matrices of finite rank, 
that is, triangular matrices all of whose elements below a given diagonal are 
equal to zero. The relationship of these matrices to one another and to triangu- 
lar matrices in general is studied. From the standpoint of summability a study 
is also made of the properties of inclusion of the transform Z; and of its powers 
among themselves (for different values of k) and in relation to the arithmetic 
mean. An interesting result concerning the definitions Z; is the following: 
If k contains h as a factor, then Z; includes Z,, ; if k is prime to h, then the only 
sequences evaluated by both Z; and Z; are the convergent sequences. Finally, 
a study is made of the reversibility of the transformation al + (1 — a)Z;, 
where J is the identical transformation, and a is a complex number. 





2. P-matrices and N-matrices 


DEFINITION 1. The matrix A = (dny)20 = (Any) consists of numbers corre- 
sponding to all values of n and k, positive, negative and zero. There corresponds 
to it the Laurent series >... a,2” and it will accordingly be called an L-matriz. 





1W. A. Hurwitz: A Trivial Tauberian Theorem, Bulletin Amer. Math. Soc. 32 (1926), 
77-82. See also R. P. Agnew, On Deferred Cesaro Means, Ann. of Math., 33 (1932) , 
413-421, for a more general class of transforms. 

*It is sometimes convenient to define ky = %, ky: = %1, °*°°*" + Base, Met WE 
shall denote the transformation by Z; in either case; clearly the values of 2, 2%, %2 ++: , 
T~2 are irrelevant. 
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To the product of two L-matrices A and B clearly corresponds the product of 
the two Laurent series: 


io) i) +] 
> a2’ >, b2” = Do G2’. 
—2 —7 2 


DEFINITION 2. When the numbers n and k assume only positive values and zero, 
the matrix (dn—»)o will be called a T-matrix. First special case: a_, = 4G, ; the 
matrix becomes Hermitian and has a relation to Fourier Series. Second special 
case: a_, = 0. The matrix becomes triangular. 

DEFINITION 3. Corresponding to the triangular matrix (a_, = 0), there is a 
power series ).¢ a,z’ = p(z). The matrix will be called a P-matrix. We shall 
use the notation P = (a, %, &%,°**:) = 





DEFINITION 4. Any matrix (an,) ts of finite rank r if there exists an element 
On, ¥ Ofor|n —v| =r — landifalla,, =0,for|n—v|2r. In particular, 
a P-matriz is of rank r when and only when a, ¥ 0, while an = 0 for n 2 r. 

From now on we shall restrict ourselves to triangular matrices. 

DEFINITION 5. A diagonal matrix is one for which a,, = 0 for v # n. 

DEFINITION 6. The matrix with elements 





ny = “"~, where A, = >, a ¥ 0, 
An 0 
will be called an N-matrix (Nérlund). We associate with this matrix the transform 


Yn = > AnyLy « 
THEOREM 1. An N-matrix may be written as the product of a diagonal matrix 
and a P-matrix. That is, N = 6P, where 6 has the diagonal elements A;’. 


The proof is obvious. Clearly 6P = ts cu») = N. 


Remark. The product Pi = (“) ~ 6P. We shall say that the P-matrix 





v 


and the N matrix are corresponding. 
THEOREM 2. The product of two P-matrices is a P-matrix. In fact, if P ~ p(2) 
and Q ~ q(z), then PQ ~ p(z)q(z) = Lov (p, q)nz” where (p, gn = Duo Pn»: 
Corotiary. The multiplication of two P-matrices is permutable. 
THEOREM 3. The product of two P-matrices of finite rank r and s respectively 
1s of finite rank t, wheret = r +s — 1. 
The proof is simple if we make use of the power series representation. In 
our case the power series reduce to polynomials. 
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TurorEM 4. An N-matrix is of finite rank r if and only if the corresponding 
P-matrix is of rank r. 

The proof is obvious. The rank of a matrix is clearly unaltered when all the 
elements are multiplied by the elements of a diagonal matrix. 

DeriniTIOn 7. The symmetric product of two N-matrices N, and Nz is Ny = 
((yn-»)/T'n), where yn = (a, B)n, and T, = (y,1),. We assume T, ~ 0. We 
write symbolically Ns = Ni o Ne. 

TueorEM 5. For two N-matrices of finite rank r and s respectively, the ordinary 
product and the symmetric product are essentially identical; that is, forn =r +s — 2 
the elements of both products coincide. 

Let the matrix (c,,) correspond to the ordinary product and (y,,) to the 
symmetric product, so that, 

1 > On—d By» _ (a, B)n—» 


Cy» = = 


An A=p By ‘ _— (a, B, 1), j 
Now by hypothesis a,_; ¥ 0; a, = 0, » 2 r; B.1 + 0;8, = 0,» 2 8s. Further- 


more B, = Bai = +: = B,=Bui=Pthit:::+h1,andn—-r+12 
s— 1. Hence 











3 “nr Br» a (a, B)n—» 
Aa n—r+1 By A,B . 


To prove the theorem it remains only to consider the denominators A,B,_, 
and (a, 8, 1),n. We wish to prove 


aB,, + mBr1 + paaey + 1By—r41 = By-1(a + Qy + aie + 1). 


Now B, = B,.1 for vy 2 n — r+ 1. Thus the two expressions are equal and 
the theorem is proved. 

CoroLtary. All N-matrices of finite rank are consistent. For let N; and 
Nz be two N-matrices of finite rank. Then N,N; is essentially identical with 
N, © Ne which is the same as Nz © N,, and hence essentially identical with 
N:N,. From this consistency follows. 

Nore. It is of course well-known that all paw ae are consistent. 

THEorEM 6. If the triangular matrix A = (any) is permutable with one 
P-matrix (80 , 6: , Be , -- +), 8: ¥ 0; then the matrix A is a P-matrix and is there- 
fore permutable with every P-matrix. 

Let AP = (Cn»), PA = (Yas); then 


n n 
Cny = me Gnr Br» y Yun = > Bn—-r On». 
\=—y = 


For the special value » = n — 1 we obtain, since B; ~ 0, Qnn = @n—1,n-1, that is 
the elements in the principal diagonal are equal. Assuming now that the 
elements in each diagonal, counting from the principal diagonal, are equal, 
1.€., dun = Qik, Onjn—1 = Ghat 5° ** Gnn-d = A4a,n We obtain from the assumption 
Cnn) = Ynn-r the relation dn.n-~-1 = @n4a41,, Which says that the elements in 


the next following diagonal are equal. Hence the theorem is proved by induc- 
tion. 


Cn = 
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3. Simple matrices and their powers 


DEFINITION 8. A simple matrix is an N-matrix of finite rank k whose corre- 
sponding P-matrix consists of elements which are zeros and unity. If all B, = 1, 
n < kand 8B, = 0,n 2 k, the matrix will be called a Z-matrix and will be denoted 


by Zi. 
EXAMPLES. 
P-matrix Corresponding transformation 

lk =1. 
U, = (1, 0, 0, 0, --+); Zi: Yn = In. 

2. k = 2. 
Uz = (1, 1, 0, 0, 0, ---); Zo: Wn = Ln + Ln-1. 

3. k = 3. 
Us = (1, 1, 1, 0, 0, ---) Zs: 3Yn = Ln + Ln + nz. 
S = (1, 0, 1, 0, 0, ---) Wa = In + Lae. 


THEOREM 7. If the triangular matrix A is permutable with a simple matrix 
for which B, = 1, then A is a P-matriz. 

This is a corollary of Theorem 6. 

THEOREM 8. A necessary condition that the triangular matrix A be permutable 
with one Z;, is that A be a P-matrix; it is then permutable with every Z;. . 

This follows from the assumption AZ, = Z,A and from Theorem 6. 

THEOREM 9. The transformation Z;, is regular for k = 1, 2, 3, --- and is more 
powerful than convergence for k = 2, 3, 4,---. 

The regularity is evident. That it is more powerful than convergence follows 
from the example, given below in the proof of Theorem 12, namely: x, = o’; 
where w = l,w ¥ 1. 

THEOREM 10. Necessary and sufficient conditions that the product of a diagonal 


matrix (6n) by a P-matrix (8), Bi, ---) be regular are: 

(1) lim 6,8,.=0, v=0,1,2,--- 
(2) lim 6,(8,1), = 1 

(3) 6n(|8|, 1), = O(1). 


The elements of the product transformation are clearly c,, = '6n8n—» ; and the 
conditions of the theorem are exactly the Toeplitz conditions which are necessary 
and sufficient for the regularity of the product matrix. 

bn i, 
Corotiary 1. If — — 1, then the condition (1) may be replaced by the 


n—1l 


simpler condition 


(1’) lim 6,8, = 0. 
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: 1 - 
CoroLuary 2. If, in particular, 6, = ——— , the conditions become 


n+ 1’ 


Bn — 0: (8, 1), ina Be ae 


TueorEM 11. The arithmetic mean M is more powerful than any Z,, 
k= 1, 2, 3, o%-* 

Proor. We have M: (n+ 1)8, =a +ait-+-anj3Zeiktn = In + Maat 

-» + 2,-r41- Define the P-matrices U = (1, 1, 1, ---), all elements unity, 
and U;, = kZ, ; so that the elements in the first k diagonals of U; (beginning with 
the principal diagonal) are unity and all the other elements zero. Also define 

1 

the diagonal matrix 6 by 8 = "4. Then M = 8U and MZ," = kéUU;". 
If we now take P = kUU;", we see that MZ;' = 6P. In order to prove the 
theorem we must prove that MZ;" is regular; or, what amounts to the same 
thing, that 6P is regular. We shall make use of Corollary 2 to Theorem 10. 
We wish to determine the numbers 8, corresponding to the matrix P. For this 
purpose we use the representation by power series. We have  . 








Urwltutvtien pubis ia, 
nil l= o k 
; i ,3 hence P er 


Thus 8, = k, if n is a multiple of k, 
= 0, in every other case. 
From this it immediately follows that the Toeplitz conditions are satisfied. 
It remains to prove that Z,M~ is not regular for any k, or to give an example 
of a series summable by M but not by Z;. This is included in the second part 
of Theorem 12. 


We now introduce the powers of Z; = : U;. 


THEOREM 12. The methods Zt and M are not comparable for k, \ = 2. 
Proor. a) Let x, = nw”, where w = 1,w ~ 1. Write 


1 /l — uv'\? 
2 P. 
Zk al; =) D au’; 


n 
= b> Ay Xn—yv 
v=0 


is the nth coefficient of (> a,u’)(d) zu"). But 


> x,u’ a : v(wu)”’ = am ian ——— 





then 
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and 





‘ : f1l—- u'\? wu 
(>> apu’)(>, zu") = k (; — =) = ou? 
which is a polynomial of degree 2k — 3; hence t, = Oforn > 2k — 3, andt,<0, 
Thus the sequence {x,} is Z;-summable, whence Z}-summable, but clearly not 
M-summable. 
b) For the converse let z, = ¢", where |¢| = 1,¢ # 1. Now 


1 = uk r A(k—1) 
» ss = v 
Zr a tae, 2, bw’, 





and 





tn = Ts rn” =m E(} ia C) for n 2 X(k — 1) 
n 7 v k> 1 Fis oi = ’ 
Hence lim ¢, exists if and only if ¢* = 1, while the sequence is M-summable if 
\¢| = 1, & ¥ 1). This proves the theorem. 
TaroreM 13. Let Do |dn — Qnyi| < %; the series >) anz” is summable 
Zi fore’ =1,2 41. 
Proor. We have 


n n—1 
Ln = 2 a2’ = An yn + dX T,(a, _ y+1); 


n+l 
where JT, = =. Now 


lim z; Ty(dy — Qry1) = p T,(d» — p41) 


n—o 0 0 


exists; hence we need only to prove that the sequence {a,7'’,} is summable. We 
first note that the series > (dn — Qn4i1) converges, hence lim a, = aexists. Put 


n 


1 , 
kyn = An Te + a + Qn—k+1 T n—k+1 ee b a,(1 .§ mh 
1 — Z n—et1 


then clearly }>* i414, — ka. Finally 


+1 —k+2 ~ 
2, ae ee ts tee) o0 2 8 @, 
n—k+1 


which proves the theorem. 
Taking k even = 2g, z = —1, and a, decreasing, the assumptions of the 


theorem are satisfied; hence >) (—1)"a, is summable Zo, . 
4. Comparison of Z; and Z, 


DEFINITION 9. If A and B are regular transformations, then the set of sequences 
summed by both A and B is called the intersection (the common part) of A and B 
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and will be denoted by (A, B). It is evident that (A, B) contains the domain of 


convergent sequences. 
TaeorEM 14. If h is a factor of k, then Z, includes Z,. Letting k = hd, we 


have: 


n 


Ziths, = >> x, and s,—> ; 
n—h+1 
; n d—1 n 
Zi ktn wag +e Ly = Zz, >» Ly—gh 
n—hd+1 g=0 yp=n—h+1 
1 d—1 1 n 
and ie = d sr h bo Ly—gh e 
g=0 v=n—h+1 


Since d and h are independent of n, we have 
1 


CoroLiary. If d is a divisor of both h and k, then Z, is included in both Z, 
and Zk . 

ToeoreM 15. If hand k have the greatest common divisor g, then (Zn , Zi) = Z, « 

We first prove the 

Lemma. Let Z, and Z, both sum the sequence {x,}, where h > k; then Zyx 
also sums the sequence {2p}. 

For we have: 


Ln: hs, = In t+ Init: + tn-azi — hf, 
Zi: ktn = In + Xai + see Ht Langs — ke. 


Hence hs, — ktn = 2n~ + -++ + nazi (h — kf. 
Now let 


u — 8, — ktn 
r h-k 


so that 
(h — k)tn = 8p — Ktn = Gna + Snag + °°* + teat 7 (h — Kf. 


Now returning to the proof of the theorem, suppose first that a sequence is sum- 
mable by Z, , then by Theorem 14 it is summable by both Z, and Z; , and is 
accordingly included in both Z, and Z,. For the converse, choose integers 
a, 8 such that ah — Bk = g. Now if a sequence is summable by both Z;, and 
Zi , then by Theorem 14 it is summable by Za, and Z, and hence by the Lemma 
it is summable by Zan—sz which is Z, . 

Corottary. If his prime tok, then (Z, , Zx) = (J); that is, the only sequences 
evaluated by both transformations are the convergent sequences. 
We now give a single example of a series summable Cesiro C, for all r > 0 
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but not summable Z; for any k. Consider the sequence {¢"}, where l¢|=1 
and ¢* ~ 1 for all k. The nth C, mean of this sequence is 


ie es >> (’ +r- ') , 
y + ") 0 v f ' 
n 
which evidently approaches zero; but the sequence is not summable Z;,. (In 
fact, it is not summable Z} ; see the proof of Theorem 12.) 

CoroLLary. The domains corresponding to the transformations Z,,: increase 
to a limiting domain D which is smaller than the domain of C, . 

We now give two other interesting examples. 

a) The sequence x, = (—1)"(n/log n) is summable Z:, for every g. For 
q=1, 





nf n a-T!] Se ae 
Os + to) 8 (2 n log (n— 5) = (-1)'4, 


and 





_ f* -1+ logs [ dx 1 
a= | (log x)? a Pe sels eee 


Clearly then the sequence is also summable Z., and summable M; but it is not 
summable C; for any r less than unity, because the sequence {n ‘z,} is not 
bounded. 

b) Form the sequence {y,} from the sequence {z,} as follows: for a given g 
take the terms of the sequence {z,} in groups of 2g terms, and interpolate after 
each group the element zero. Clearly this new sequence {y,} is summable 
Z2g41 (hence M-summable), but not summable C, for any r less than unity. 
There is no such single example for all g, as is seen from the corollary 
to Theorem 15. 


5. Absolute summability Z;, 


A sequence {z,} is called absolutely summable by the transform t, = 
Doro Anty if SP | th — tra| < o. In particular, absolute summability Z: 
is defined by D°? | yn — Yn1| < ©, where kyn = D-'=6 tay , and k(yn — Yn) = 
In — Un-k- 

THEOREM 16. An alternating series of decreasing terms is absolutely summable 
Zo, ; ut is absolutely summable Z2,41 if and only if it is absolutely convergent. 

To prove the first part of the theorem we have to show that 
dun | Zn — In-og| < ©. Now an — tnop = D292) (ta-2p — Tn-2r-2), ANd Tn = 
Dt (—1)"w, tn — In-2 = (—1)"(Un — Un—1); but from our assumption 


De? | a — 2] = VF (wa — wu) = 1 — Un < h; 


which proves the first part of our theorem. 


n* 





base 


For 


not 
not 


ng 
ter 
ble 


ry 


ON A CLASS OF NORLUND MATRICES 355 


To prove the second part, we write 
(29 + 1)(Yn — Yn-1) = Tn — Lv—(2g41) = Ln — Ln-2g + Ln—2g — Ln—(29+1) 
= In — In + Un—29(—1)"". 
But from the previous theorem )),|2, — n-| < &, hence 


Ya! yn — Yri| < & if and only if >) |u| < o. 
Remark. The series > .¢ (—1)” is absolutely summable Z., but not ab- 


solutely M-summable. We have 





z, = {1 + (—1)", Se = fun = ©. 
But 
. 2. ae P civ ote t ti 
me 2 Dea tint t D( | I+ Om 41)’ 


1 nifl ] 
2(tn — tri) = On(n + 1) + (—1) a(2 + - 1) 


hence >> | tr — tri] = ©. 


6. The inverse of the transform A = al + (1 — a)Z;;k 2 2 
We shall now consider the transformation A = al + (1 — a)Z,, where I 
is the identical transformation and Z, is (k 2 2): 


, _ in t+ Mei + Pras + Zn—n+1 
T, ’ 


nzk—-1; 
Xn k = 





that is, the transformation A is: 


Yn = at, + (1 — a) io Ses + oe Sanh 





This transformation is clearly regular. We ask the question, for what complex 
values of a is it reversible? 














We have 
wid (« * =) mn? i = (nat Hove A tats) 5 
write 
k 
TF = Dads = % = Mt Blea + +++ + trons), 
l—a 
= ;>— 1 0. 
8 ray, eee) 1+ (k Ja # 


Let all z, = 0, then x, must approach zero. To solve for x, put z, = r", then we 
obtain for r the equation 


nO pyhPrgics acl yrr"), 
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Let r ¥ 0, then r must be a root of the equation 
A+ pr? + ++) +r+1) =0. 


In order that z, — 0 we must have r” — 0. Hence the absolute value of each 
root r must be less than unity; that is, each root must lie in the unit circle, 
Call the roots 71, 72, ---, 7-1. Now as to sufficiency. We take zx, = y, = 0, 
v=0,1,---,k —2. Then 


> tu” = > ru +8 > (tar + oes H Ln—ny1)U” 


k—1 


u"(1 + Bu + +++ + But’) 


Ze He 
0 

Ce) k-1 

> au I] — 17). 
0 1 

Thus 





aw - Pad {ha OlE ar: 


il-—r,u 


3) 


k—1 
> piu” =I] Dorfu" is dominated by (>> p"u")*", where p = max |r,|. 


v=1 n=0 


Hence |p,| S —"('y*)or and thus p, — 0 while >? | pal < ©, Dot Pa = 








— - 1 1+ (k — lja . ' 
k-1 i ai 
Ifi* a - 1)" = isteo-M i , which are precisely the 
Toeplitz conditions for this case. ° 
1 , 
Remark. Fora = pay“ k > 1, the transformation reduces to Z4-1 , which 


is not reversible (Theorem 9), except for k = 2. We have thus proved: 
THEOREM 17. The transformation al + (1 — a)Z, ,k = 2, is reversible if and 
only tf all roots of the equation 


k—1 





[1 + (b — Nal + (1 — a) 7 = 0 
lie inside the unit circle. For k = 2 this condition becomes 
l—a 
zs < 1, or Ra > —1. 
In the singular case; k = 2, a = —1, the transformation reduces to the reversible 


One Yn = In-1. 


7. Multiplication of summable series 


In this section we consider the question of the summability of the product 
of two series each of which is Nérlund-summable. We have the following result: 
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TueoreM 18. If >oo Un and dor vn are Nérlund-summable P and Q respec- 
tively, if Pn 2 0, Qn = 0, and if one of these summabilities is absolute, then the 


Cauchy-product of the two series is Nérlund-summable by R = PeQ. 


Let 
U, = (u, 1a, Vn = (v, 1)n, Wn = (U,v)n, W, = (u, V)n = (U, v)n, 
Pate = (p, U)a; Quen = (q, V)ny Tn = (p, Q)n ’ R, = (P, q)n = (p, Q)n. 


By hypothesis, gn —> ¢, ™ = .”, > lm — < «0. We 
have Pam, — Pnmn—1 = (p, U)n, Where n1 = P_, = 0. 


Nn-1 | 
Now 


(7, W)n = (Ps & % Vn = XP, Weald V) 
— : (P,_, Qn—» — Pont Nn—»-1)Q, Yr 


= » [Pr—o(mn—» —_ Nn—»—1) + Pn—» Nn—r—11Q> o> « 


Suppose first g = 0, 7 = 0; then 


p> (nn—» ~_ Nn—r—1) Pn» Qy G> 4 (p, Q)n »» | Mn» ai Nn—»1 | |e |, 





and 
Dy | mn» - Nn—»— | |e | = z + > = o(1) + o(1). 
0 vsn/2 v>n/2 
Furthermore 
Le Pav tars Qo er] S (P, Qn DS | m—r1¥% |, 
and 
DL lmoae| = dO + DY = oll) + o(1). 
0 ven/2 vy>n/2 
Hence 
(r,W), — (r, W)n 
= QO as n—@, 
Sai OS iain 


For the general case we need only apply our result to the sequences {U, — n}, 
\V. — yg}. This proves the theorem. Since Z; is a Nérlund matrix with 
non-negative elements, we have the 

Corottary: If Z; and Z; evaluate the series )~ u, and >) v, respectively to 
the sums U and V, one of the summabilities being absolute, then the symmetric 
product of Z, and Z, evaluates the Cauchy product of the series to UV. 
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EXTENSIONS OF DIFFERENTIAL FIELDS, I 


By E. R. Koicain 
(Received February 10, 1943) | 


Introduction 


We consider two differential fields ‘F and $ of characteristic 0 such that F CG, 
and ask how many elements of it is necessary to adjoin to Fin order to obtain§, 
The first answer to a question of this kind was furnished by J. F. Ritt,’ who 
proved the following analog to an algebraic theorem of Luroth’s: If ‘is an ordi- 
nary’ differential field, and if § = Kla,, a) © Fly), where y is an u- 
known, then @ is a simple extension of Ff.’ Ritt’s proof applied only to differen- 
tial fields of functions meromorphic in a region of the complex plane, as it made 
use of function-theoretic considerations. The second result along these lines, 
given by the author,‘ states that if Fis a differential field of characteristic 0 with 
m types of differentiation 6; , --- , dm, if Fcontains m elements £,, --- , &,, whose 
Jacobian | 6,é;| does not vanish, if § is differentially algebraic over §,’ and if § 
is a finite extension of F, then G is already a simple extension of &. 

From this result it easily follows that if the degree of differential transcendency 
of § over Fis d = O, and if G is a finite extension of F, then G is a (d + 1)-fold 
extension of . For example, if FCS C Fy), and if G is a finite extension 
of &, then Y is a two-fold extension of When & is ordinary, Ritt’s theorem 
shows that % is then a simple extension of Ff. 





1 Rirt, Differential equations from the algebraic standpoint, American Mathematical So- 
ciety Colloquium Publications, vol. XIV, New York, 1932. See chapter VIII. 

2 A differential field with m types of differentiation is called ordinary or partial according 
asm=1l,orm> 1. 

3 &F(---) indicates differential field extension; {F{---} indicates differential ring exten- 
sion. 

‘ Kotcuin, Extensions of differential fields, I, Annals of Mathematics, vol. 43 (1942), 
pp. 724-729. 

‘A differential field § will be called differentially algebraic over a differential subfield F 
if every clement of § annuls a nonzero differential polynomial with coefficients in Ff. If 
G is not differentially algebraic, it will be called differentially transcendental. Similarly, 
a single element of & will be spoken of as differentially algebraic or differentially trans- 
cendental over ff. We prefer these terms to “algebraically transcendental”’ and “‘hyper- 
transcendental” (or ‘‘transcendentally transcendental’’) which have appeared in the 
literature, as more expressive. A set of elements of G will be called differentially algebrat- 
cally independent over ‘Ff if no finite subset of these elements annuls a nonzero differential 
polynomial with coefficients in ‘f. A set OI of differentially algebraically independent 
elements of § such that is differentially algebraic over F(DM) will be called a differential 
transcendency base of G over Sf. The cardinal number of a differential transcendency base 
of G over ‘F will be called the degree of differential transcendency of § over {. This number 
is unique. For the proof of this, and for a general discussion of these concepts, the reader 
is referred to two papers by H. W. Ravpensusu: Annals of Mathematics, vol. 34 (1933), 
pp. 509-517; Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 714-720. 
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The main object of this note is to prove anew Ritt’s theorem. The present 
proof (§1) is valid for any ordinary differential field ‘f of characteristic 0, as no 
non-algebraic notions are employed. Also, the present statement of the theorem 
is slightly stronger than Ritt’s, as it is not assumed here that { is a finite exten- 
sion of F. 

It is perhaps not uninteresting that the theorem in question ceases to hold for 
partial differential fields. Examples are produced (§2) which show that for a 
partial differential field F one may find a differential field § between ‘ and 
fy) which is a two-fold extension of F without being a simple extension, or 
which is not a finite extension at all. 


1. The principal result 


TuroreM. Let & be an ordinary differential field of characteristic 0, let y be an 
unknown, and let 3 be a differential field such that fC GC Ky). Then there 
exists an element w in $ such that S = Fw). If w, and w. are two such elements 
0, then w. = (du + b)/ (con + d), where a, b, Cc, de F. 

Proor. Let = be the set of all differential polynomials in ${z} which vanish 
when z = y. Then > is a prime differential ideal the manifold of which is the 
general solution of some irreducible A(z) in G{z}. The coefficients in A(z) are 
quotients of differential polynomials in F{y}. We assume without loss of general- 
ity that one of these coefficients is unity. 

Denote the least common denominator of these coefficients by D(y), and let 
Bly, z) = (D(y)A(z). Then B(y, z) e F fy, z}, and B(y, y) = 0. Let the orders 
of B(y, z) in y and in z be p and q, respectively, and consider the separant S(y, z) 
= dB(y, z)/dyp , where y, is the p-th derivative of y. 

We shall show that S(y, y) ~ 0. Indeed, if S(y, y) vanished, then 0A(z)/éy, , 
a differential polynomial in G{z} of order not exceeding g, would vanish when 
2 = y, 80 that 0A(z)/dy, , would be divisible by A(z). But one of the coefficients 
in A(z) is unity, so that the corresponding coefficient in 0A (z)/dy, is zero. Thus 
0A (z)/dy, could not be divisible by A(z) unless 0A (z)/dy, were zero, which would 
be absurd. 

We now prove that p < q. Indeed, suppose that p > gq, and write B(y, z) 
as a polynomial in yp: 

Bly, z) = Io(y, z) + Lily, z)yp + + + Inly, 2)y>~ Since Bly, y) = 0, and 
each /;(y, y) is free of yp, it follows that each I;(y, y) = 0. This implies that 
Sy, y) = 0. This contradiction proves that p < 4. 

Let w = H(y)/K(y) be any coefficient in A(z) which effectively involves y, 
with H(y) and K(y) free of common divisor. By the preceding, the orders of 
H(y) and K(y) are less than or equal to g. Consequently wK(z) — H(z), which 
is in §{z}, and which vanishes when z = y, is divisible by A(z): 


wK(z) — H(z) = aA(z), ae. 


We shall show that § = Sw). To this end let @ = M(y)/N(y) be any 
element of 9. Now, @N(z) — M(z) is in ${z} and vanishes when z = y. Hence 
































Fe et aaapen, a 





tie cialis pak 





360 E. R. KOLCHIN 


ON(z) — M(z)¢z. If % is an element of some extension of F such that y 3 j 
generates a relative isomorphism of S(y) with respect to Fw),° then z = j 
is a non-singular solution of wK(z) — H(z), so that ON(g) — M(g) = 0. Thus, 
under any isomorphism of ‘f(y) relative to S(w), @ remains invariant. Hence 
6¢€Fu), and G = Flw).” 

Now let w: and w: be two elements in Sy) such that ‘w1) = Kur). We 
have w, = P(w)/Q(w), and w = R(w:)/S(2), where P(y), Q(y), Riy), 
S(iy)eF ily}. Ifz = w; is any solution of w:Q(z) — P(z) which does not annul 
P(z)Q(z), then w; — w; generates an isomorphism of S(w:) relative to F under 
which 


wy = P(w1)/Q(wr) > P(or)/Qe1) = oe, 
w1 = R(w2)/S(w2) > R(w2)/S(w2) 


so that w; = w,. Thus Q(z) — P(z) has only one solution, and therefore is of 
order 0 and of degree 1, so that w. = (aw; + b)/(cu; + d). 


1, 


2. Examples for partial differential fields 


Let be a differential field of characteristic 0 with two types of differentiation 
6, and 6.. Let y be an unknown. 

ExampLe 1. Let G = F(b1y, dy). Then G is not a simple extension of F. 

Proor. Suppose that w is an element of § for which § = Kw). Then 
we can write w = P(y)/Q(y), where P(y) and Q(y) are in F {y}, and have no 
common divisor. Since w e F(éy, dy) it is clear that y can not occur undiffer- 
entiated in P(y) or Q(y). 

Let P(y)/Q(y) be of order p, and let k be the highest value of 7 such that 
516? ’y effectively appears in P(y)/Q(y). 

Since dy « Fw) we have dy = M(w)/N(w), where M(w), N(w) ¢ F {o}. 
Let M(w)/N(w) be of order q in w, and let h be the highest value of 7 such that 
5163 ’w effectively appears in M(w)/N(w). 

Now, 6163 "w = 6189 “P(y)/Q(y) = [U(yarer****y + Viy)]/QW)™, 
where U(y), V(y) are of order not exceeding p + gq and do not contain a” 
opt?" *y,. Furthermore, no derivative été30 other than 645% “w appearing in 
M(w)/N(w) effectively involves 61 **6? aie. when expressed in terms of y. 
Since dy = M(w)/N(w), this implies thath + k = 1,p+q—h—k=0. 
But p 2 1, so that p = 1, q = 0,h = 0, and 4, is a rational function of w with 
coefficients in F. Similarly for dy, so that dy and 6y are algebraically de- 
pendent over ‘f, which is a contradiction. 

ExamPe 2. Let § = Fb.y-dy, diy-day, ---, dry-dey, ---). Then G is nol 
a finite extension of SF. 





‘ That is, an isomorphism of ‘F(y) which leaves invariant each element of ‘F(w). See 
Ko catn, loc. cit., p. 726. 


7 Kowcutn, loe. cit., p. 726. 
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Proor. Assume the contrary. Then for some n we may write 
bry-dry € Kdiy- dey, ++ , dt yds ‘y). 


That is, there exists a differential rational function f(u, +--+, u,-1) in the un- 
knowns U,-**, Un-1 With coefficients in f such that dfy-d2y = f(dy-dy, --- 

sr y-6. -y). In order that f(é:y-d2y, ---, 6: 'y-ds y) yield dfy-dry flu, aa 
u,-1) must effectively contain some djéju,_;. Let k denote the eantiah wales 
of j such that 6}62u,_, is effectively contained in f(u, --- , Un). Then f(diy-d | 
oitee 6 'y-63 y) effectively contains br sy-d2 “y, a contradiction. — 


OrFice OF THE CHIEF OF ORDNANCE, 
WasuineTon, D. C. 
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NOTE ON THE EXISTENCE OF SCALAR PRODUCTS IN NORMED 
LINEAR SPACES 


By Freperick A. FIcKEN 
(Received March 8, 1943) 


Let >> be a normed linear space. >> may or may not have the property that 
vectors P and Q define a unique scalar (P, Q), called their scalar product, which 
meets in >> some of the needs met in ordinary vector analysis by the scalar 
product P-Q. If =. is complete and has scalar products, it is essentially Euclid- 
ean (cf. infra). A necessary and sufficient condition on the norm in order that 
(P, Q) be definable in an appropriate way has been given by Jordan and yon 
Neumann.’ Their main requirement is that 


IP+Q|>+|P-—Q|* =2|P|*+2/Q|’ 


shall hold for any vectors P and Q of >>. 
The purpose of the present note is to show that the same object is gained by 
requiring, whenever a and b are real scalars and | P| = | Q|, that 


|aP + bQ| = |bP + aQ]}. 


In the plane of P and Q, with | P| = | Q|, the mapping aP + bQ — bP + aQ 
amounts to a reflection about the line ((P + Q), —-~ <t< +o. Our condi- 
tion says that, for any P and Q, this mapping is isometric. Our result thus 
establishes this sort of symmetry about any axis as a criterion for the Euclidean 
character of a normed linear space. 

> is a normed linear space with vectors or points 0, P, Q,--- , and real 
scalars a, b, c,---. A non-negative real valued function | X | , the norm of X, 
has been defined so as to have the usual properties (e.g. properties 21, 22, 23 of 
|| f || in Reference 1). We are interested in defining a bilinear scalar product 
(X, Y) such that |X|” = (X, X). 

If this has been accomplished, and if | P| = | Q| , then 


| aP + bQ|* = (@P + bQ, aP + bQ) 
= a’'|P|* + 2ab(P, Q) + 01 Q|’ 
= (bP + aQ, bP + aQ) 
= |bP + aQ|’ 
for any a and b. This proves the necessity of the condition stated in : 
TuroreEM 1: Jn order that a normed linear space with real scalars may perm 
the definition of a scalar product, it is necessary and sufficient that, whenever | P | = 
| Q|, and a and b are any scalars, 


N4 |aP + bQ| =| bP + aQ}. 





1 These Annals, Vol. 36 (1935) pp. 719-723. 
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To prove the sufficiency of this condition, we must adjoin N4 to the require- 
ments on | X | and present a definition of (X, Y). Jordan and von Neumann 
have constructed the required definition’ under the (necessary and sufficient) 
condition that 


N4! IP+Q|/?+|P-—Q|* =2|P|*?+2/Q|*. 


Thus we need merely prove N4’ from N4. 
The desired result will follow readily from the corollaries of 


Lemma 1. Jf |P| =|Q| = ts , then P = Q. 
For, from | P + Q| = 2|Q|, on ey N4, it follows that 
|P + Q — 2(2Q)| = |20P + Q) — 2Q| = 2|P|, 
|P —-Q—2Q| =2|P|. 








Thus, when n = 0, 
(1) | (Qn + 1)(P — Q) — 2Q| = 2|P| =2/Q|. 
It follows from (1) and N4 that 
| 2{(2n + 1)(P — Q) — 2Q} + (2n + 3)(2Q) | 
= | (2n + 3){(2n + 1)(P — Q) — 2Q} + 2(2Q) |’ 


or 
| (Qn + 3)(P — Q) — 2Q| = 2|P|. 
By induction, then, (1) holds for n = 0, 1, 2, --- 
But, by the triangle inequality, (1) yields 
2|P| = (2n+1)|P—Q|-2/Q], 


or 





4|Q| 
pS] < = 0 1 2 eee 
|P Q | =o, + 1 n 9 +) 
This is a contradiction unless P = Q, proving the lemma. 
Corottary 1: Unless |Q|P =|P|Q,|P+Q|<|P|+1/Q|. 
Arrange the a so that |P| <|Q|. Then 


|P+Q| = iP +IPi + ((Q| — |P)) 





1 
s|P+1P 16 | +1101 -1PIL 


ro 


* Specifically, in a complex space, 
(P,Q) =X/P+Qi*-|P-Ql*-il|iP+Ql|*+e|P—@l. 
In a real space, take the real part. They obtain greater generality by discarding the as- 


sumption | aP | = | a || P | in favor of the assumptions that | iP | = | P | and that | a | +0 
implies | aP | — 0 for fixed P. 
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By the lemma, unless | Q|P = | P| Q, the first term on the right is less than 
2|P |, giving 


|[P+Q|<2|P| +/Q|-lPIl=/P1+1/Q]. 


Coro.uary 2: For any U, V, and positive real number r, there are not more 
than two distinct real values of t such that | U + t((V — U)| =r. 

This is trivial unless U # 0, V ¥ 0, and U and V are independent. If the 
assertion is false, we can find, among the vectors U + t(V — U), independent 
vectors P and Q and a third vector R = sQ + (1 — s)P,0 < s < 1, such that 
|P| = |Q| = |R| =r. Since P and Q are independent, | sQ|P # 
|(1 — s)P|Q. By Corollary 1, then, |R| < |sQ| + | (1 — s)P| =|P\. 
This contradiction proves Corollary 2.’ 

Turning now to the proof of N4’, we notice that it is trivial unless P = 0, 
Q =~ 0, and P and Q are independent, so we assume these conditions met. It 
follows from N4, for any vectors P and Q, that 








IP+0/=|P-Q+20/=| 5! pg +A Slo 
_| 21@1 p, |P-@F- 210! 
(P-@) * IP-qe °P 





or 
(2) |Q||P+Q||P—Q|=|2/Q|"P + (/P — Q|* — 2/Q|)QI. 


Treating |Q — P+ 2P|,|P+Q— 2Q|,and|P + Q — 2P | similarly, we 
find, in turn, 


|Q)|P+Q||P-Q| 


|2)Q|°P+(|P-—Q|*>—2|P|Q| 
[2/Q@|°P + (22/Q|?’-|P+@/@| 
= |2/Q|°P + (2|P|*>-|P+Q|QI. 





3 One might say, accordingly, that spheres are strongly convex, in the sense that, if A 
and B are on a sphere, and C is interior to the segment joining them, then C is interior to 
the sphere. This situation in a complex space requires comment. If scalars are real, the 
segment joining A and B may be defined as the set of points P = A + ¢(B — A) for0s 
t <1. Since a normed linear space is a metric space with distance PQ defined by | P- @|, 
the segment may also be defined as the set of those points C such that AC + CB = AB. 
If complex scalars are admitted, the inequality restricting ¢ becomes meaningless. If we 
desire to preserve the metric property, we wish the segment to consist of those points 
P = tB + (1 — 2)A, with t complex, such that | A — P|+|P—B|={|A—B|. This 
entails | ¢ | + |1— | = 1, whence ¢ must again be real and0 S$ ¢ <1. Thus the segment 
joining A and B, when scalars are complex, is related to the (complex) 1-space A + 2(B - A) 
as the interval 0 < z < 1 on the real axis is related to the complex plane. With this under- 
standing, it follows in either case from Corollary 2 that spheres in = are strongly convex. 
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Applying Corollary 2, with U = 2| Q|°P, V —-U = Q,andr = |Q||P + 

Q||P — Q|, we find that, among the four numbers 
a=|P—Q|*-—2/Q|* c=2/Q|°-|P+Q|’ 
b=|P—Q|’?-2|P|*> d=2|P|\?’-|P+Q|? 

there are at most two distinct numbers. We have N4’ at once if either a = d 


or b = c, so suppose a ~ d, b ¥ c. If a = c and b = d, then 
iP+Q|\°+|P—Q|* =4/Q|* = 4|P|*, giving N4’ again. The only 


possible failure of N4’ would thus involve a = b and c = d, whence | P| = | Q|. 

Unless |P + Q| = | P — Q|, then, we may apply N4’ to P + Qand P — Q, 
again obtaining N4’ for P and Q. So assume |P| = |Q| and|P + Q| = 
|P-Q|. 


Now suppose a > 0. Applying the triangle inequality to (2), we get, since 
P and Q are independent, the contradiction 


IP+Q|<|P—-Q|. 
If a < 0, we obtain, similarly, the contradiction 
|P+Q|>|P- QI. 


Hence a = 0 = b. Similarly, c = d = 0, yielding N4’. This completes the 
proof. 

AppticaTion: Let >> be complete. Let “U is perpendicular to V,” written 
Ut V,mean|U —tV| 2|U|. Let >> be said to be metrically Euclidean 
ifU 1 V implies |U + V|* =|U|?+|V|*. With these definitions it has 
been shown by Garrett Birkhoff,* if >> has not less than three dimensions, that 
> is metrically Euclidean if (and, of course, only if): U 1 V implies V 1 U, 
and there is at most one perpendicular from a given line to a point not on that 
line. These conditions are used to obtain scalar products,’ whose presence is 
guaranteed by our Theorem, if N4 is satisfied. Taking advantage of their 
presence we see at once, by examining f(t) = | U — tV |’, that U 1 V if and 
only if (U, V) = 0, so that U 1 V implies V 1 U, and also that for any U and 
V, f(t) has only one minimum, as required. Thus N4 yields the special hy pothe- 
ses of Birkhoff’s Theorem. Further, our argument has taken place entirely in 
two dimensions, so that the requirement that >) have not less than thrée dimen- 
sions may be dropped.® We thus have 





‘ Duke Math. Jour., Vol. 1 (1935) pp. 169-172. The author is indebted to the referee for 
kindly bringing this paper to his attention. 
’ Given scalar products, Birkhoff refers for details to the mimeographed lecture notes 
of J. von Neumann on “Operator Theory,’’ Theorem 12.27, Princeton, 1934. 
*In this sense, N4 is stronger than Birkhoff’s condition, so that our result is weaker. 
Whenever scalar products are present, in such a way that | X |? = (X, X), any criterion 
for perpendicularity equivalent to the criterion (U, V) = 0 will provide the metrically 
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Coro.tuary 1: A complete, normed, real linear space is metrically Euclidean 
if (and only if) | U | = | V | implies, for any scalars a and b, that | aU + bV | = 
|bU + aV |. 

Extension: Condition N4’ was derived by Jordan and von Neumann js 4 
complex space. Our proof that N4 implies N4’ holds in a complex space. Hence 
N4 is sufficient for the existence of scalar products in a complex space. 

To see that N4 is also necessary, let stand for the complex conjugate of z. 
Due to the presence of complex scalars, we now require that (P, Q) = (Q, P), 
whence (P, aQ) = a(P, Q). Using these facts, we may repeat the argument 


preceding our theorem, whenever |P| = |Q|, to obtain, for any complex 
a and b, 
(3) |aP + bQ| = |bP + aQ]. 


Now let a = re”, b = se’*, with r, s, 6, and ¢ real. By (3) we may write 
| re"P + se'*Q| = | se*P + re “Q | = | cre | | se"P + re'*Q |. 
Thus, letting e“P = R and e'*Q = S, we learn’ that, if |R| = | S|, 
(4) |\rR + sS| = |sR + rS|. 


Hence N4 is necessary, completing the proof of 

Coro.uary 2: In order that a normed linear space with complex scalars may 
permit the definition of a scalar product, it is necessary and sufficient that, whenever 
|P| = |Q|, and aand b are real scalars, 


|aP + bQ| = |bP + aQ}. 


As pointed out by Jordan and von Neumann, the presence of scalar products 
in a complex space is a necessary and sufficient condition that every subspace 
of dimension not greater than two be isometric to a Euclidean space. In order 
that a space be Euclidean, in this sense, it is thus necessary and sufficient that 
each two-dimensional mapping of the form aP + bQ — bP + aQ,| P| =|Q|, 
be isometric. We have also seen that this will be the case if and only if each 
subspace with two real dimensions displays the axial symmetry mentioned 
earlier. 


THE UNIVERSITY OF TENNESSEE 





’ This argument can be reversed, of course, to derive (3) for complex and a and } from 
(4) for real r and s. 
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THE INTRINSIC MEASURE THEORY OF RIEMANNIAN 
AND EUCLIDEAN METRIC SPACES 


By Lynn H. Loomis 


(Received March 29, 1943, 
Revised January 21, 1944) 


1. Introduction 


Euclidean spaces are boundedly compact and have the metric property that 
any two spheres are similar. In particular, if a closed sphere of radius r can be 
covered by n open spheres of radius x, then, for any positive a, every closed 
sphere of radius ar can be covered by n open spheres of radius az. We shall 
show that this combinatorial similarity property is sufficient in any boundedly 
compact metric space for the development of ordinary Lebesgue measure theory. 
One result is the validity of the usual formula for the volume of a sphere. That 
is, apart from a multiplicative constant there is one and only one measure which 
is a volume in the sense that spheres of equal radii have equal measures, and 
there is an a such that the volume of a sphere of radius r is r*. The existence 
proof will be presented in a general enough form to include the development of 
the intrinsic measure theories of Riemannian metric spaces and of metric spaces 
like the Cantor sets for which the dimension a is non-integral. 


2. The existence theorem 


Let M be a boundedly compact metric space for which the following com- 
binatorial congruence axiom is satisfied: 

PostuLATE 1. There is a constant K (K = 1) such that if some closed sphere 
of radius r can be covered by n open spheres of radius x, then, for any positive a, 
every closed sphere of radius ar can be covered by n open spheres of radius Kaz. 

Let h(r, x) be the smallest number such that every closed sphere of radius r 
can be covered by h(r, x) open spheres of radius x." By Postulate 1, A(r, x) is 
finite and satisfies the inequality: 


(1) h(ar, Kax) S h(r, 2). 

It is also evident from the definition that 

(2) h(r, x) S h(r, y)hy, 2). 

Then h(ar, ax) < h(ar, Kax)h(Kaz, ax) < h(r, x)h(K’, 1), so that 
(3) h(ar, ax) < Ah(r, 2), 

where A = h(K’, 1). 





This function is thus similar to the Haar covering function. See Saks, Theory of the 
Integral (1937), p. 315. 
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Lemma 1. There is a positive constant B such that 
(4) h(r, y)h(y, x) = Bh, z) 


whenever x < y <7. 

If we define f(r, x) to be the largest number such that every open sphere of 
radius r contains f(r, x) disjoint closed spheres of radius x, then we clearly have 
f(r, x) = f(r, y)f(y, x). Some open sphere U with radius r contains f(r, x) dis- 
joint closed spheres S; with radius x and contains no larger such set. But then 
(if 2 < r/2) the open spheres concentric with the S; and with radius 3z cover 
the closed sphere concentric with U and with radius r/2. For if p were an un- 
covered point the closed sphere about p with radius x would lie in U and touch 
no S;, contradicting the choice of the S; as a maximal set. We thus infer that 
f(r, x) = h(r/2, 3Kx) whenever x < r, the inequality being obvious if r/2 < z 
<r. Finally, f(r, x) S A(r, x). For if a set of open spheres of radius x covers 
a set of disjoint closed spheres of radius x then no open sphere can contain the 
center of more than one closed sphere. 

These three inequalities on f(r, x) imply that 


h(r, x) 2 f(r, x) 2 fr, Wfy, x) 2 h(r/2, 3Ky)h(y/2, 3Kz). 
But by (1) and (2) 
h(r, y) & hr, r/2)h(r/2, 8Ky)h(3Ky, y) S [h(BK’*, 1)/h(r/2, 3Ky) 
and similarly for h(y, x) so that the lemma follows with B = [h(3K’, 1)]*. 


THEOREM 1. There is a positive constant M and a unique positive” exponent 
a such that 


(5) ie (") < h(r, x) < u(t) 
x xr 


whenever x S 1. 
The inequalities (2), (3) and (4) show that there is a positive constant C 
(C > 1) such that 


Ch(1, a)h(1, b) < (1, ab) < Ch(1, a)h(1, b) 


where a, b < 1. If we abbreviate h(1, a) as h(a) and apply this inequality 
repeatedly to h(a”), we obtain the inequality: 


(6) C[C*h(a")]|" < h(a”) < [Ch(a™)|"C* 


Let (6’) be the result of interchanging m and n in (6). Suppose that m 2 ” 
so that C’" < C’". We then obtain from (6) and (6’), by dividing and extract- 
ing mn-th roots, that 


h(a”) 


narym < O 


Cc" < 





? We shall assume that the space M contains more than 1 point. Then by Postulate 1 
the function A(r, x) is unbounded and @ must be positive. 
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whenever m = n. Thus if a is fixed (a < 1), h(a")"" converges to a limit / 
asn— « and Cl” < h(a") < Cl". The monotonicity of h(1, x) implies that 
for any positive y 


(Cl) < h(1, a”) S (CI. 


We obtain Theorem 1 from this inequality (with 1f = AC*l) by replacing a” 
by 2/r, taking a as — log 1 / log aso that l” = (r/x)*, and applying (3). 

TureoreM 2. Jf N disjoint closed spheres S; with radii r; lie in a sphere S with 
radius r, then 


N 
> re < Kr". 
t=1 vo 
If S is covered by h(r, x) open spheres of radius x, where z is less than one- 
half the distance between any two S;, then no covering sphere can touch more 


than one S;. By the definition of h(r, x) and Postulate 1, the number touching 
S; is at least h(r; , Kx) so that >>” h(r;, Kx) S h(r, x), or by (1), 


(7) > h(r, rK*x/r;) S > h(r;, Kx) S h(r, z). 


By Theorem 1, h(r, x) can be written as M(r, x)(r/x)* where M™ < M(r, x) S 
M. Then (7) implies at once that 


X. M(r, rK*x/r;) 
> M(r, x) 


If 2, (%, 0) is chosen so that M(r, x,) — lim,_oM(r, x) as n > ~, the theorem 
follows. 

THEOREM 3. If the closed sphere S with radius r is covered by N open spheres 
S; with radit r;, then 


2 
6¢aX°F. 





es K*> #7. 


The proof is similar to that of Theorem 2. 

We now introduce Hausdorff a-dimensional volume. The outer measure 
u(A) of an arbitrary set A is defined to be the limit as «0 of the greatest 
lower bound of sums >.*r* such that 1) A is covered by a countable family S,, 
of open spheres with radii r, , and 2) r, < ¢foralln. It follows’ that u(A) is a 
_ Caratheodory outer measure and the usual development of measure theory is 
valid. Moreover, u(A) is a non-trivial measure, for by Theorems 1 and 3 the 
measure of any closed sphere S with radius r is finite and positive, satisfying in 
fact the inequality : 

(8) Kr" < u(S) S Mr". 


*See, for example, Saks, loc. cit., pp. 53, 54. 
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THEOREM 4. Postulate 1 is a necessary and sufficient condition that a boundedly 
compact metric space have a measure u(A) such that for suitable positive constants 
Qa, C; and C, ; 


(9) Cyr* < w(S) < Cor*, 


where S is any sphere with radius r. 

The sufficiency was remarked above. Now suppose that y(A) satisfies (9) 
and that a closed sphere of radius r is covered by n open spheres of radius z. 
Then Cyr* < nC.2*. Now let S be any closed sphere with radius ar. If m is 
the smallest number of open spheres with radius Kaz required to cover S, then, 
as was observed in the proof of Lemma 1, the open sphere concentric with § 
and with twice the radius contains a set of m disjoint closed spheres with radius 
Kax/3. Hence mC;(Kax/3)* < C2(2ar)*. It follows from these two inequali- 
ties that if K is taken as 6(C2/C,)”* then m S n and Postulate 1 holds. 

It is obvious from these remarks that if Postulate 1 is satisfied and if a measure 
m(A) has the property that there are positive constants A; and A» such that for 
any two closed spheres S; and S, of the same radius 





then again (9) is satisfied. 

To get more exact information concerning the measures of spheres we need a 
simple form of the Vitali covering theorem. A proof will be included for com- 
pleteness though it can be read almost word for word from any standard ac- 
count.’ We suppose given a bounded set A, every point of which lies in arbi- 
trarily small spheres of a family F of closed spheres. 

THEOREM 5. There is a sequence S,, of disjoint spheres of F such that, if T, is 
the open sphere concentric with S, and with five times the radius, then for every N 


A- > Ss. » oi 

We restrict ourselves to the spheres of F lying in some bounded open set 0 
which contains A. A finite number of the S, can be chosen arbitrarily (but dis- 
joint!) and beyond that S,, can be taken as any sphere not touching >,”” 8; 
whose radius is at least one-half the least upper bound 6, of the radii of the 
spheres of F (in O) not touching )>”™ S;. 

Any point of A not in }>* S; is at a positive distance from >.” S,, and so lies 
in some sphere S of F' not touching >” S;. Since 6; > 0, S must touch a first 
Sn (m > N), so that r(S) < 6, < 2r(S,,), and S lies in T,, , concluding the 
proof of the theorem. 

Let m(A) be any measure satisfying (9). Then there is a constant B such that 
m(T,) < Bm(S,), and 


m(a-> s,) < ¥ mT.) s BY m(S,). 


n=1 n=1 n=N 





‘See Saks, loc. cit., p. 109. 
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Since >,* m(S,) S m(O0) < ~, the last member approaches 0 as N > ~. 


Thus the sequence S, covers A except for a set of measure O. If, in particular, 
A is open and the spheres of F lie in A, then m(A) = }>* m(S,). 
TurorEM 6. Jf S is an open sphere with radius r, then 


K*r* < u(S) < K**,*. 


Let S, with radii r, be a Vitali sequence for S chosen from the closed spheres 
in S. Theorem 2 applied to the partial sums implies that }>* r% < K**r*. But 
the sequence S, can be enlarged to an open covering of S (by replacing S, by 
T, for n > N and enlarging slightly the first N spheres) in such a way that the 
increase in >, rs, is less than an arbitrary 6. Since the spheres of S, can be 
taken with all radii less than any given e¢, it follows that u(S) < K’*r* + 4, 
which proves the right hand inequality of Theorem 6. 

Since any covering of S covers every closed sphere in S, Theorem 3 implies 
that u(S) = K °**t* for every ¢ less than r, and this completes the proof of the 
theorem. 


3. Euclidean metric spaces 


By a Euclidean metric space we shall mean any boundedly compact metric 
space in which Postulate 1 holds with K = 1, that is, in which the smallest num- 
ber of open spheres of radius x required to cover a closed sphere of radius r 
depends only on the ratio x/r. Ordinary Euclidean spaces are special cases. 
We restate Theorem 6. 

THEOREM 7. Ina Euclidean metric space of dimension a the Hausdorff a-dimen- 
sional volume of a sphere of radius r is r*. 

We have thus established the ordinary formula for the volume of a sphere. 
We now show that, to within a multiplicative constant, this is the only possible 
volume. 

THEOREM 8. Jf m(A) is a measure in M which is a volume in the sense that 
closed spheres of equal radius have equal measures, then for some positive k, m(A) = 
ku(A). 

Let O be any bounded open set. We norm the measure m(A) so that m(0) = 
u(0). The closed spheres in O for which m(S) > u(S) cannot form a Vitali set 
for O, for otherwise we could choose a Vitali sequence S, from them and obtain 
the contradiction: 


m(0) = (0) = > u(S,) < > m(S,) = m(0). 


Hence there is a point p in O and a positive ¢ such that m(S) = u(S) for every 
closed sphere touching p with radius less than «. But then m(S) S y(S) for 
every closed sphere with radius less than «. Similarly m(S) 2 u(S) for every 
closed sphere in O with radius less than a suitable ¢’, so that m(S) = u(S) for 
all sufficiently small closed spheres. Hence, by the Vitali theorem, m = yu for 
all bounded open sets and so for all measurable sets. 
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4. Riemannian metric spaces 


The spaces of Riemannian geometry have the property that given any point 
p and any number d greater than 1 there is an open sphere S about p such that 
any two open (or closed) spheres in S are similar to within a multiplicative 
error of d. That is, if S; and S, with radii 7; and r2 are two such spheres, then 
there is a one-to-one mapping f such that S. = f(S,) and 


(8) s sty <2(8) 


for every pair of points p and gin S,. Thus ordinary Riemannian spaces are 
included in the following definition. A Riemannian metric space is a connected 
locally compact metric space in which Postulate 1 holds with any value of K 
greater than 1 for the closed spheres contained in a sufficiently small fixed sphere 
about any given point. A Riemannian metric space is locally Euclidean if 
Postulate 1 holds locally with K = 1. 

The existence theory of section 2 can now be applied only locally. Let U 
be a sphere (radius ro) in which Postulate 1 holds and let V be the concentric 
closed sphere with radius 79/3. We define h(r, x) with x S r S ro/3 in terms of 
coverings of S ~ V where S is the general closed sphere with radius r, and we 
define f(r, x) in terms of packings of spheres contained in V. Then (1) and (2) 
hold and the rest of section 2 applies automatically if only spheres lying interior 
to V are considered. We assume the space to be connected in order to insure 
that the resulting dimension a is the same over the whole space. This effect 
can also be obtained, without postulating connectedness, by assuming that 
Postulate 1 holds for any K greater than 1 in any compact set, provided that 
only spheres are considered having radii less than a suitable «. With this com- 
mon value for a the Hausdorff a-dimensional volume is defined for all separable 
Borel sets and is finite and non-zero for every open set with compact closure. 
The following theorem is evident from the definition of Riemannian metric 
spaces and Theorem 6. 

THEOREM 9. If F is a compact set in a Riemannian metric space of dimension 
a, then the Hausdorff «-dimensional volumes of spheres in F with radius r are unt- 
formly asymptotic to r* as r > 0. 

Similarly, the formula for the volume of a sphere holds in the small in a locally 
Euclidean space. 

THEOREM 10. If m(A) is a measure for which closed spheres of equal radius in 
a compact set have asymptotically equal measures as r — 0, then there is a positive 
constant k such that m(A) = kyp(A). 

The proof of Theorem 8 is general and shows that there is some point p in 0 
such that m(S) < u(S) for all sufficiently small closed spheres touching p and 
a second point q for which the inequality is reversed. It follows that m(S) is 


A 





* Compare this definition with the properties considered by Busemann, Metric Methods 
in Finsler Spaces and in the Foundations of Geometry, p. 40, (1), (1a) and (1b). 
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asymptotically equal to u(S) as r(S) — 0, and by the Vitali theorem that m = 
be in O. 

Thus section 2 contains a development of the intrinsic measure theory of 
Riemannian metric spaces, an application being a coordinate-free development 
of measure theory in ordinary Riemannian spaces. 


5. Cantor spaces 


In this section we shall assume Postulate 1 in the Euclidean form for a re- 
stricted set of spheres. Let M be a boundedly compact metric space and let O 
be a family of open spheres in M with radii of the form ba” for fixed a and b 
(0<a<1). Wesuppose that i) there is a positive constant C such that any 
sphere in M with radius Ca” (n 2 1) lies in a sphere of O with radius ba", and 
that ii) the smallest number of spheres of O with radius x required to cover the 
closure of a sphere of O with radius r depends only on the ratio z/r. The theory 
of section 2 can be applied to the spheres of O. In the proof of Lemma 1 the 
concentric spheres of radius 3x may not be in O, but by property i) above, each 
such sphere lies in a sphere of O with radius at most (b/Ca)3z. The outer meas- 
ure » is now defined using coverings by spheres from O. Thus if S is the closure 
of a sphere in O with radius ba”, then (inequality (8)) 


(ba")“ < w(S) S M(ba")*. 


Now let S be any sphere in M whose radius zis at most Ca. For some n, 2ba” < 
zt S$ 2ba"”’ so that if S; is the closure of any sphere of O which contains the center 
of S and has radius ba”, then S; lies in S. Also there is a sphere S: of O which 
contains S and has radius at most br/Ca. Hence 
(3) a 5 Ga s w(S) s u(S) su) 5 (2) 2 
2 Ca 
Thus (9) holds, and yu is a measure for which the Vitali theorem is valid. 

The ordinary Cantor sets are spaces of this type. Let Mo be the closed unit 
interval [0, 1]. We suppose inductively that M,, consists of 2" closed intervals 
of length ((1 — 1)/2)" and we form M,,,; from M, by removing the open interval 
of length /((1 — 1)/2)” from the center of each closed interval of M,. Then M = 
II” M; is the ordinary Cantor set. The 2”** endpoints of the 2” open intervals 
removed from M, make up those endpoints of M,4: which are not endpoints of 
M,. Let On4: be the set of 2”*' open spheres in M with these points as centers 
and with radius ((1 — 1)/2)"** + kl((1 — 1)/2)" (= D((1 — 1)/2)") where 1 <k 
< ((1 — 1)/2)*. Each interval of M, is covered by either of the two spheres 
of 0.4: having endpoints in it, and M (and M,) can be covered by 2” of these 
spheres but by no fewer. Any sphere of radius less than kl((1 — 1)/ 2)” lies in 
a sphere of On4,. Finally any two spheres of O = >.” O, are similar. Thus 
properties i) and ii) are satisfied, and it remains only to compute the dimension 
a of the space. 
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By Theorem 1, Mx * < h(1, 2) S Mz“ and we have seen that (1, z) = 
2” if x = D((1 — 1)/2)". Hence 


ql r-@ 1-— l ess <o" <j —a (? oe! 4 fs 
M D ey = 2 = oo ie , ab . 


Taking nth roots and letting n > » we find that ((1 — 1)/2)"* = 2, ie., that 
a = log 2 /log (2/(1 — 1)). If M is formed by removing middle thirds (] = }) 
then a = log 2 /log 3. 

There seems to be no way in which the general measure of this section can be 
considered a unique volume. Let us now replace ii) by the following stronger 
property: iii) if the closure of some sphere of O with radius 7; can be covered by 
N spheres of O with radii x;, 7 = 1, --- , N, then the closure of any sphere of 


O with radius r. can be covered by N spheres of O with radii (r2/r:)z;. It follows . 


from iii) that if S; and S>-are the closures of spheres in O with radii ba” and 
ba” then u(S2) = a” “y(S;). Therefore if » is multiplied by a suitable posi- 
tive constant, u(S) = r* where S is the closure of any sphere in O and r is its 
radius. Thus u can be considered a volume with respect to these spheres. 
Finally, since the closures of spheres in O form a Vitali set for the space, Theorem 
8 can be applied and shows that u is essentially (to within a multiplicative con- 
stant) the only such volume. 

The replacement of ii) by iii) can certainly be made whenever, as in the case 
of the Cantor sets or Euclidean spaces, the spheres of O are all similar. 


6. Cartesian products 


Let M, and M, with dimensions a and 8 be boundedly compact metric spaces 
satisfying Postulate 1 and let M be their Cartesian product with distance de- 
fined by the usual Euclidean formula. Then ™ satisfies Postulate 1 and its 
dimension is a + 6. This follows readily from the fact that any sphere in M 
with radius r contains the “square” whose sides are spheres in M, and M; with 
radius r/2 and is contained in the square whose sides have radius r. Hence 


h(r, V/ 22) = hy(r, r)he(r, L) 
f(r, 2) 2 filr/V2, a)falr/V2, 2), 


where f is the packing function of Lemma 1, and the result is immediate. 

If M, and M, are spaces in which closed spheres are similar then M has the 
same property. Thus Ki = K. = K = 1 and all three spaces are Euclidean 
metric spaces. 

But in general it does not follow, at least from the above argument, that K = 1 
whenever K,; = K,; = 1. Nevertheless it is easily verified by integration that 
the volume of a sphere in M with radius r is proportional to r***. Thus is 
raised the problem of determining combinatorial conditions in a boundedly 
compact metric space which are necessary and sufficient for the existence of 4 
measure which has the value r* on a sphere of radius r. 
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UNIFORM CONVEXITY IN FACTOR AND CONJUGATE SPACES 


By Manton M. Day 
(Received August 6, 1943) 


1. Introduction. 


In a recent series of short papers [2, 3, 4] I have been discussing the relation- 
ships of uniform convexity with certain other properties of normed vector spaces. 
In this paper I propose to discuss relationships between uniform convexity, 
factor spaces, and conjugate spaces. Because of the large number of special 
results which are needed for two dimensional spaces—and which are false in 
general—the paper will be divided into two parts: In Part I (§§2-4) B is two 
dimensional; in Part II (§§5-7) this restriction is removed and B may be any 
normed vector space. 

To recall the definition, B is said to be uniformly convex if there exists a func- 
tion 6 such that 0 < 6(e) if 0 < € S 2 and such that ||b, + be || S 2(1 — 4(e)) 
if || by || = || be || = 2 and || b; — be || = €; such a function 6 is called a modulus 
of convexity for B. It is easily seen that B is uniformly convex if and only if the 
special monotone function 6 defined by 25(e) = inf [2 — || b; + b || ], where the 
infimum is taken for || b; || = ||be || = 1 and ||b, — b: || = ¢, is a modulus of 
convexity for B. Note that if 6, is nowhere greater than 6, a modulus of con- 
vexity for B, then 6, is a modulus of convexity for B. 

Because of the pointwise nature of the definition of uniform convexity, it is 
clear that B is uniformly convex with modulus of convexity 6 if and only if all 
the two dimensional subspaces of B have the common modulus of convexity 6. 
One of the most useful results of this investigation (Theorem 5.5) is the comple- 
mentary fact that B is uniformly convex if and only if all the two dimensional 
factor spaces of B have a common modulus of convexity. 

In the study of the effect of uniform convexity of B on the nature of the con- 
jugate space B*, this result makes it possible to reduce the problem to the study 
of two dimensional spaces. In such a space B uniform convexity is equivalent 
to strict convexity: that is, a two (or finite) dimensional space is uniformly con- 
vex if and only if there does not exist a line segment of positive length all of 
whose points are of norm one. It has been observed [1, Footnote 13] that such 
a line segment on the unit sphere is equivalent to the existence of a “sharp edge” 
on the unit sphere in B*. The attempt to describe a “sharp edge”’ of the unit 
sphere in a finite dimensional space B in terms of the norm in that space leads 
to the condition that there exists a k > 0 such that for any « > 0a pair of points 
b and b, exists such that || b, — bz || < ¢ while 2 — || bi + be || > k || bi — be ||. 
Contradicting: this suggests the following condition, a sort of dual concept to 
uniform convexity. A space B is said to be uniformly flattened if there exists 
a function » positive for 0 < ¢€ S 2 such that lim..o n(e) = 0 while 
(2 — || by + be ||)/ || br — be || < (ce) if || br || = || be || = Land || b: — & || < ¢; 
375 
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such a function is called a modulus of flattening for B. Again it is clear that B 
is uniformly flattened if and only if the special monotone function 7 defined by 
2n(e) = sup (2 — || b; + be ||)/ || bi: — be || , where the supremum is taken over 
all b; for which || b; || = || b: || = land || b; — be || S €, is a modulus of flattening 
for B. Also note that if m is nowhere less than 7, a modulus of flattening for 
B, then is a modulus of flattening for B. 

The corresponding functions defined in the same way in B* will be denoted 
by 6* and 7*. Note that the geometrical interpretation of the modulus of 
convexity 6 in B is that every chord of the unit sphere of length at least « has its 
midpoint at a depth at least 6(€) below the surface of the unit sphere. The 
existence of a modulus of flattening » for B means that the ratio of depth of 
midpoint to length of a chord of the unit sphere approaches 0 with the chord 
length. 

The principal result (Theorem 6.7) toward which this whole paper is directed 
is the theorem that B is uniformly convex (flattened) if and only if B* is uni- 
formly flattened (convex). §7 is an application of 5.5 to the problem considered 
in [2] and [4]. 


Part I: Two DIMENSIONAL SPACES 
2. Two geometrical lemmas. 


To save later circumlocutions it will be convenient to define the phrase “6 is 
between b; and b.” for points of norm one to mean that b is on that closed arc of 
{b’ | || b’ || = 1} which has end points b,; and 6: and which does not contain 
—b, and —b,. (This are is unique only if b; # —b. ; the case b; = —l will 
cause no trouble in the computation to follow.) Note that if b) # —b., then 
(by — be) /|| by + be || is between bi and be ‘ 

2.1 Lemma. If b is between b; and be and if bs = (b; + be)/2, then || b — bs || S 
|| by — be ||/25 af || bi — be || < 2 and b is not between b, and bz , then || b — bs || > 
|| br — be ||/2. 

This is obvious if b} = —be ; if not, bs = bs/|| bs || is defined and lies between 
band b,. Hence b lies between b; and b, or between b, and be ; by an interchange 
of subscripts if necessary it can be assumed that the first case holds. If bs = 
(b, — bs)/|| b: — bg || and bs = (b — bs)/|| b — bg || , then bg lies between b; and b. 
Set a coordinate system on the space so that bs = (—1, 0) and by = (0, 1); then 
every chord between points on the are from b; to b has an inclination between 
the inclination a of any line of support at b; and a — x. Letting incl b’b’’ be 
the inclination of such a chord, we have by convexity of the unit sphere that 
incl bsbg 2 incl bsb = incl bb. However, for b between b; and by, the assertion 
that || b — bs || > || b1 — bs || is equivalent to incl bib > incl bsbg. This shows 
that || b — bs || S || b: — bs || = || bi: — be ||/2. 

A proof of the other part of the lemma is of the same nature so it need not be 
given here, especially as we shall not apply it. 

2.2 “me If b and Db’ are between b, and bo, then ||b — b’|| S 
| bi — be ||. 
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23 CoroLLAry. Jf 6 and n are the special functions of §1, then 5(e) S «/2 
and n(e) & 1/2 for all «. 

If || b; — be || = €, then 5(e) S 1 — || bs || = || bs — bs || S €/2 and ne) = 
sup}|o,—belise |] bs — bs |j/||b1 — 2 || S || bi — be ||/2|| b, — be || = 1/2. 

2.4 Lemma. If b is given on the unit sphere and 0 < ¢€ < 2, there is precisely 
one pair of points b;, be on the unit sphere such that b = (by + be)/\| bi + be || 
while || by) — be || = €. 

Let 8 be an element of B* of norm one such that 6(b) = 0, and let bp be that 
point on the unit sphere of B such that 6(b)) = 1 while 8(b’) < 1 if b’ ¥ bo 
is between bo and b. For any such b’ exeluding the point —b’ there is just one 
point b’’ satisfying the equations || b’’ || = 1 and 6(b’) = —£(b’); || b’ — b’’ || 
is a continuous function of 6(b’) which is non-decreasing by 2.2 and which 
approaches 2 as 8(b’) approaches 1 since || b’ — b” || 2 B(b’ — b’’) = 28(0’). 
Moreover || b’ — b’’ || is strictly increasing with 8(b’); if it were not then there 
would exist two non-intersecting chords, bib; and bob; , of the same length k 
with both b; and by between b and b). Then by 2.2 every chord b’b” with b’ 
between b; and b, and b” between b; and b; has the same length k, so we can 
assume that the original two chords are parallel. Then 8(b;) = B(b:) so must 
equal 1 by convexity. It follows that there exists a pair b’, b” such 
that || b’ — b’”’ || = «€; clearly (b’ + b’’)/|| b’ + b” || = b or —b; the last case is 
impossible by an argument similar to the one above so this pair of points satisfies 
the conditions of the lemma. 


3. An estimate of 5 in terms of 7*. 


Some of the formal computations of this section were originally suggested by a 
geometrical picture which may be kept in mind to help clarify the arguments. 
If the distances are prescribed between pairs of a set of three non-collinear points 
in a two dimensional normed vector space, then six points on the unit sphere are 
determined and the set of six lines through adjacent pairs of these points describes 
a six-pointed star which contains the unit sphere. Some estimates of the norm 
of a 8 in B* will be obtained by calculating the upper bound over part of this 
star of 8(b). 

3.1 Lemma. If || bi — be || < 1, if B(b:)-B(be) S< 0, if || B || # 0 and zf b ts 
a point of norm one for which B(b) = || 8 ||, then neither b nor —b is between 
by and be . 

Since 8(b;)-8(b2) < O, there is a point b’ between b; and b2 such that 6(b’) = 0. 
If b or —b lies between b; and by , then |B || = |B’ + b)| S |/4||-||o°+b|| < 
| 8 || by 2.2. 

Hh Lemma. [Jf ||; || = ||: || = Bs(bs) = 1,7 = 1, 2, and af || bi — bz || <1, 
then 


|| 6 — Pe lI I bi — be || S 2(6: — B2) (bi — bk) = 2(2 one B1(be) i B2(b1)}. 


To prove the first inequality we show that if 6 is any element of B* for which 
B(b:)-B(be) < 0, then || B ||-|| b: — be || S 2|B(b: — be) |. This is obvious if 
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|| 8 || = 0 or if b) = b ; if not, let b; = (be — bi)/|| be — bi ||. Let 6’, B”, gr 
be those elements of B* for which 6’(b:) = 6’(b2) = 1, B’’(b2) = B’’(bs) = 1, and 
8'"'(bs) = B’”"(—b,) = 1; let by be the point for which 6’(b4) = 8’’’(bs) = 1 and 
b, the point where @’’( b;) = —B’(b4) = 1. (See the diagram suggested at the 
head of this section.) Then by 3.1 sup [| (bs) |, | (3) |] = | B(b) | = || 81); 
by a judicious arrangement of the subscripts 1 and 2 and the sign of 8 it may be 
assumed that B(bs) 2 || 6 ||. 

Now write by = Ab; + ub; ; then B’(b3) = 080 X = B’(bk) = 1. Alsol = 
8’ (bs) = B’’"(b1) + u8’’"(b;) = —1 + uw, Sow = 2 and by = b; + 2b;. Since 
B(b;)-B(be) < O, there is a point bs on the line segment from b; to be such that 
B(bs) = 0; if by = X’bs + w’bs, again \’ = 1 while w’ S pw = 2; hence || #|| < 
B(bs) = O + w’B(bs) S 2B(bs) = 2B(b, — bi)/||b2 — bi||. Therefore 
|B ||-|| b2 — bi || S 2B(be — by). 


Since || B; || = || bs || = 1, (@: — Be)(b1) = 1 — Be(b1) 2 O while (6; — 62)(be) = 
Bi(bo) — 1 S 0, so By — ® satisfies the hypotheses for 8. 
3.3 Lemma. Jf ||b;|| = 1, 7 = 1,---,4, of |[bs — &|| = € > 0 


and || bs + ba ||/2 = 1 — w where wp S ¢/8, tf || bs — [(bs + b4)/|| bs + ba ||] || S 
«/8 and || Bi || = B:(b;) = 1 for 2 = 1, 2, then 1 — B;(b;) s 16u || by ad be ||/¢ 
for i,j = 1, 2. 

By a norm-preserving linear transformation (which affects neither hypotheses 
nor conclusions of the lemma) a rectangular coordinate system can be set up in 
which bs = (bs — b3)/|| bs — bs || is the point (1, 0) and be = (bs + ba)/|| bs + bx || 
is the point (0, 1). Label the points in the order 63, bi , be , bs along the arc 
from bs to by and let C be the set of points at distance ¢/8 from bs which lie below 
the line through bs and b, ; let b; be that end point of C in the second quadrant. 
Let L be a line of support of the unit sphere at b; ; then incl b3b; < incl L. If 
b; lies on the opposite side of L from b,, then incl b3by > incl Z = inel bb. 
(As in 2.1 the inclination is between some angle a < 7 and a — 7m.) If br lies 
on the same side of L as b, , either the line segment b3b; cuts C in a point bs 4); 
or it does not. If not, b3b; cuts C in just one point and incl b3b; < incl bsb;. 
The other case can not occur; if bsby cuts C in a point bs ¥ b;, there is a chord 
of the unit sphere through the points (bz — be)/|| by — be || and (bs — bs)/ 
|| bs — bs|| which is of smaller inclination than the line L. Since 
(b; — bs)/|| by — bg || is between —b; and be, this forces (by — bs)/|| bs — bs|) 
to lie between b; and bs so the slope of bbs S slope of —b; = —2(1 — #)/€: 
however the slope of bbs = slope of bibs is precisely —2y/e so u must be at least 
1/2 if bs exists, but uw S ¢/8 < 2/8. 

This proves that incl b.b; S incl b3b7 ; we now show that b;b; is of slope S 4u/e. 
If (x, y) is the coordinate pair for b; , then b, is (—¢/2, 1 — u) and the slope of 
bsbr is (y — 1 + u)/(x + €/2). Dropping the perpendicular from b; to the 
segment bsb, and using similar triangles and the fact that k = || bs — 66|| 2 
e/2 — w 2 3e/8, wehavey —1+y4S u(e/8+hk)/k < 4/3. Also—x+¢/2 $ 
e(e/8 + k)/2k S 2/3 so «/2 + x = €/3 and the slope of bsby S 4u/e. Hence 
the slope of b3b; < 4y/e and slope bib, < slope bsb. < slope bsb: S 4u/e also. 
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The same argument carried through at the other end of the interval b;b, shows 
that slope bib 2 —4y/e. 

Since L’ = {b| 6:(b) = 1} is a line of support of the unit sphere at b; , slope 
L' < slope bsbi S 4u/e. Let b be that point of L’ directly above b. and let b’ 
be the point on the same vertical line as b. and on the same horizontal line as ), ; 
then slope bbb = slope L’ = 4yu/e so ||b — b’|| S 4yllb — Dd’ |\/e. 
Also || be — b’ || S 4 || bd: — b’ ||/eso || b — be || S 8u || bi: — B’ ||/e. However 
|b, — b' || (1 — 4u/e) S || bi — be ||, so || b — be|| S Sullbr — be||/ 
1 — 4u/e) S 16p || bi: — be ||/e since wp < €/8. 

Since || 6: || = 1, 1 — Bilbe) = Bilbi — be) = Bi(b — be) S ||b — & || S 
16u || b: — be ||/e. By interchange of subscripts the same is true for 1 — 62(b,). 

3.4 Corottary. Under the hypotheses of 3.3 if bi # be, then || Bi — Be|| S 
64u/e. 

Since || bs — bg || S 2, || bi — be || S €/4 S 1/2 < 1, so the hypotheses of 3.2 
are also satisfied; hence 
|| Bi: — Be ||+||b1 — be || S 21 — Bilbo) + 1 — Bo(br)) S 4[16p || bi — de ||/e]. 
Hence, if b) # by, || fi — Bo|| S 64y/e 

Note that even in case b; = be the same result can be proved by an approxima- 
tion argument; for brevity, it is not given here since this case can be avoided 
in the application of the lemma. 

As is usual, if f is a monotone function defined on the interval 0 < x S 2, 
let f(t) be the supremum of those z in the interval for which f(x) S t. 

3.5 Lemma. If B* has the modulus of flattening n*, if || bs || = || bs || = 1, 
if || bs — ba || = € > Oand || bs + by ||/2 = 1 — w, thenp > en* “(€/1024)/1024 = 
5: (e). 

Ifu > €/8, u > 6(e); if uw S €/8, choose b; and l» as far apart as the restrictions 
of 3.3 allow; then || b; — be || = €/8 by 2.2, while by 3.4 || 8: — Bo|| S 64u/e. 
It can easily be verified that uniform flattening of B* implies strict convexity of 
B; this in turn implies that if 8:(b;) = || 8; || = || b: || = 1, then 6; * 6. when 
bi ~ be. Hence, by 3.4,0 < e* = 8 || 6: — Be || S 512u/e. Now di(e) S €/512; 
hence if uw > €/512, u > &(e). If pu S €/512, then e* < 1, and, by 2.4 applied 
to B*, there exist 8; and ®, of norm one such that ||6; — @&|| = & 
and (83 + B4)/|| Bs + Ba || = (@1 + Be)/|| 8: + Be || ; by 2.2, 6, and B, are within 
€*/8 of (83 + Bs)/|| Bs + Bi || - 

If u* = 1 — || Bs + By||/2, then w*/e* S n*(e*) S 0*(512u/e). Now if 
u > en*"(1/8)/1024, w > :(e) since €/512 < 1/8. If uw S en* “(1/8)/1024, 
then 512u/e < 1024u/e S n* '(1/8) or p*/e* < n*(512u/e) S 1/8. Hence 
3.4 applied with B* and B interchanged gives «/8 < || bi — bo || S 64u*/e* < 
64n*(512u/e) < 128n*(512u/e); that is, 512./e 2 n* (c/1024) or p 2 
en* “(€/1024)/512 > &(e). 

3.6 THEorREM. If a two dimensional space B* is uniformly flattened, B is uni- 
formly convex and 6, , a modulus of convexity in B, is determined by n*, the modulus 
of flattening in B*, from the equation 6,(e) = en* ‘(€/1024)/1024. 

Since a two dimensional space is reflexive, note that B and B* can be inter- 
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changed here. The proof of this theorem when contrasted with that of the 
complementary Theorem 4.3 seems to be surprisingly complicated; however | 
have not been able to discover a simpler one. 


4. An estimate of 6 in terms of 7*. 


This estimate is considerably simpler to derive. 
4.1 Lemma. [f ||; || = || 8: || = 8:(bs) = 1 fori = 1, 2, then 


| Bi + Be ||-|| br + be |] + || B1 — Be |{-|[ br — be || = 4. 


Clearly 
(81 + B2)(di + be) = 2 + Bi(b2) + Be2(b1) 
and 
(81 — B2)(b: — bz) = 2 — Bi(b2) — Be(b1) 
so 
(Bi + Be)(br + be) + (61 — B2)(bi — bz) = 4. 
Hence 


[| Bx + Be || [| 1 + be || + |] B1 — Be ||-||b: — be || = 4. 


4.2 Lemma. If B* has modulus of convexity 5*, if || bi || = || be || = 1 and if 
|| bi — be || = € > O, then (2 — || bi + be||)/|| db: — be || S 8* “(e) and o*"/2 
is a modulus of flattening for B. 

The inequality holds if b, = —b., since 6* (2) = 2; if b, # —be, take 8; 
to satisfy 4.1 and let 8 = 6, — B,b = by — be ; then 


|| Bi + Be || = (4 — |] 6] [|] [P/|] br + & || 

2[(2 — [|B ||-|| b |]/2)/|| br + be ||) 

= Ql — (li bi + be |, — 2+ || 8 |]-|] B ||/2)/|] Or + Il] 
= 2(1 — a). 


Consider now the inequality (x — 2 + ky)/x S y, where0 <2 52,0<yS2 
andQ =k <1. This is equivalent to x(1 — y) S 2 — ky which is obviously 
true for y = 1; for 0 < y < 1 it is true if z < (2 — y)/(1 — y) is true, but 
(2-—y)/l—-—y)>2if0<y <1. Forl <y S 2itis true if x = (2 — y)/ 
(1 — y) is true, but (2 — y)/(1 — y) 2 080 this also is true. Substituting 
|| bi + be || , «and || 8 ||/2 for x, y and k, this shows that a < . 

By (1) and uniform convexity of B*, || 8 || < 6* (a) < 8* ‘(e). Applying 
4.1 again 


|b: + be |] = (4 — || Bil-|] b|P/l Br + Be |] = [4 — €*7(©)]/|| Br + Bl 


so 


(1) 


2 — || bi + bz || S [2 || B1 + Be || — 4+ 6*"(€)]/|| B: + Bell. 
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Factor out a two and make the substitutions x for || 8: + (||, y for 
* '(e)/2 = ¢, and k for 1; the inequality above shows that this right hand side 
< * (ce) or 


(2 — || di + be|I)/|| bi — be || < o*"(e). 


Since 6* is monotone and 0 < 6*(e) if 0 < € S 2, lim.» 6*"“(e) = 0, so 6*'/2 
is a modulus of flattening for B. 

Note that by 2.3 m defined by m(e) = inf [6*~’(e)/2, 1/2] is also a modulus of 
flattening for B. . 

4.3 THEOREM. If a two dimensional space B* is uniformly convex, then B is 
uniformly flattened and m , a modulus of flattening for B, is determined by 5*, the 
modulus of convexity for B*, from the equation m(e) = inf [6*-*(e)/2, 1/2]. . 

As in 3.6 it is obvious that B and B* may be interchanged. 


Part II: GENERAL NoRMED VECTOR SPACES 


5. Factor spaces and uniform convexity. 


This section contains the theorem on factor spaces referred to in the introduc- 
tion. First, recall the definition: If B is a normed vector space and By is a 
closed linear subspace of B, the factor space A = B/B, is the space of all cosets 
a, = {b’|b’ — be Bo}. The vector operations are defined as usual so that 
a + Gy = Ayo and Ad» = aye ; for any ain A, let || a|| = inf,.. || b||. Then 
A is a normed vector space under these operations and it is easily shown that 
A is complete if Bis. If Bo is a subset of B, define By to be {8 | B(b) = 0 for 
every 6 in Bo}; similarly for B’ in B*, let Bi = {b | B(b) = O for every @ in B’}. 
Then By, D By and equality holds if and only if By is closed and linear in B. 
If B* = B’, then B’ is closed and linear but the converse need not hold unless B 
is reflexive. It is known that if By is a closed linear subspace of B, then Bo 
is equivalent (that is, linearly isometric) to (B/Bo)* and B*/Bz is equivalent 
to By under the natural mappings. 

We begin with a preliminary lemma which shows the existence of a considerable 
amount of freedom in the choice of definition of the special modulus of convexity 
of a space. 

5.1 Lemma. 


inf ||4,—d5)J—e,11d;}1=1 (2 — |] br + be ||) = infyyo,—-vgiee.tectis1 (2 — || br + & |I). 


Obviously the second term is not greater than the first. On the other hand 
Suppose that || b; || S 1 and ||b, — be || =& 2 «. Ife = 2, db; and by are both 
already of norm 1 and the equality of the lemma is obvious. If « < 2 and 
b = —b), then any chord of length ¢ has a midpoint of greater norm than 0; 
if by  —by , by adding a suitable multiple of b; + b. two new points, b; and b,, 
can be obtained for which || bs + by || 2 || 6:1 + be ||, || bs — bs || = {| br — de || 
and || b; || = 1 for i = 3 or 4, || b; || S$ 1,7 = 3,4. Then there is at least one 
chord bsbs of the unit sphere bisected at (bs + b,)/2; by 2.1 || bs — bs || 2 
I|bs — bu || = « Lemma 2.4 gives the existence of a pair of points b; and bs 
Such that (by + bs)/|| br + bs || = (bs + bs)/|| bs + b6|| and || b; — bs || = «. 
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Note also that the proof of 2.4 shows that b; and bs are between 6; and by so 
| br + bs || = || bs + bs|| 2 || b: + b& ||. Hence the left hand side of the 
desired equation is not greater than the right and equality follows. 

Note that for uniformly convex spaces this is a considerable improvement 
over Lemma 1 of [4]. Also if 6(€) is defined by either side of the equation of the 
lemma, it is possible to show that 6 is continuous on the right for every « < 2. 
In a finite dimensional space it can also be shown that this 6 is continuous on the 
left; the argument uses compactness of the unit sphere and does not generalize. 
However, I know-no example of a space for which the special modulus of con- 
vexity is discontinuous. 


5.2 Lemma. Ifb,,--- , b, are any points of a normed vector space B, there is a 
factor space A = B/Bo such that (1) A is of dimension not greater than n and 
(2) || av, || ati || bs || for i = 1,---,m. 

Let 6, --- , Bn be elements of B* such that || 8; || = 1 and 8,(b;) = || b; ||, 
i = 1,---,n; let Bo = {b| Bib) = O for? = 1,---,n}. Then if @ is not 
linearly dependent on 8; , --- , 8, , Lemma 1 of [5] can be applied to show that 
a solution exists for the set of equations 6,(b) = 62.(b) = --- = 6,(b) = 0, 


B(b) = 1; that is, b is in By but B(b) 0 so B ¢By. Hence Bj is the set of 
linear combinations of the 8; so By , and hence B/By, are of dimension < n. 

On the other hand, if b € a», , then || b; || = 6:(b:) = 6:(b) S || b || so || a, || = 
|| bs ||. 

5.3 Lemma. If A = B/By and B is uniformly convex with a modulus of con- 
vexity 5 continuous on the left, then 6 is a modulus of convexity for A. 

If || a; || = 1 and || a; — a || = e, then for each » > 0 there exists a point b; 
in a; such that || b; || = || a: || (1 + 4). Then || b: — b || = ||a. — m|| 2€ 
so || a1 + ae}| S ||b: + be || S Ql — 4(e/(1 + w))] (1 + w). By continuity 
on the left of 6, || a1 + a@!| S 2(1 — 6(e)). 

5.4 Lemma. [If 6 is monotone, let 5,(e) = lime — 5(e’); then 6; is a modulus 
of convexity for B if and only if it is a modulus of convexity for every factor space 
of B, and if and only if 6; is a modulus of convexity for every two dimensional factor 
space of B. 

6, is continuous on the left so, by 5.3, 6, is a modulus for every factor space 
if it is a modulus for B. If 6; is not a modulus for B, then there exist twopoints 
b; and b: of norm one such that || b: — be || = € while || by; + be || > 2(1 — di(e)). 
By 5.2 there is a two dimensional factor space A in which || as, + 4, || = 
|b: + bel] > 21 — &(e)), |las, — as, || = || db: — be || 2 e and 
'| av; || S || bs || = 1; by 5.1 applied to A, 4, is not a modulus of convexity for A. 

Less precisely this gives 

5.5 THEorEM. B is uniformly convex if and only if there is a common modulus 
of convexity for the factor spaces of B, and if and only if there is a common modulus 
of convexity for the two dimensional factor spaces of B. 


6. Conjugate spaces. 


The results of Part I and §5 can now be combined to yield the principal results 
of this paper. 
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6.1 Lemma. 7 is a modulus of flattening in B if and only if it is a modulus of 
flattening for every two dimensional subspace of B. 

Obviously sup} |; |=1,11;-b211<e [2 — || b: + be ||] is not increased if the b; are 
restricted to lie in a subspace By of B, so the modulus of flattening of B is a 
modulus of flattening in any subspace. On the other hand, if 7 is not a modulus 
of fattening for B, there exist « > 0 and two points 6; and b: such that || b; || = 1, 
|b, + by || S € and [2 — || bi + be ||]/|| bi — be || > ne). Since b, and b, de- 
termine a two dimensional subspace of B containing both 6; + b. and b; — bh, 
the same relations hold in that subspace and 7 is not a modulus of flattening 
there. 

An analogue of 5.4 and 5.5 is given later [Theorem 6.10]; it can not easily be 
proved directly as far as I know. 

6.2 Lemma. If B* is uniformly convex, then B is uniformly flattened. 

Let By be any two dimensional subspace of B and, as before, let By = 
(3 | 6(b) = Oif b e Bo}; then B*/Bz is a two dimensional factor space of B* and 
6; , as in 5.4, is a modulus of convexity for B*/Bj . Since B> is equivalent to 
B*/By, by 4.3 By has a modulus of flattening » determined only by the modulus 
of convexity 6*in B*. By 6.1 7 is a modulus of flattening for B. 

6.3 Corottary. If B is uniformly convex, then B* is uniformly flattened. 

If B, is the completion of B, then B, is known [6] to be reflexive so B, is equiva- 
lent to (B*)*. Since B is dense in B,, B, is also uniformly convex; by 6.2 B* 
is uniformly flattened. 

A direct proof along the line of 6.2 also can be given without using reflexivity 
of B, P 

6.4LemMA. If B* is uniformly flattened, B is uniformly convex. 

Let A be any two dimensional factor space B/By ; then Bo is equivalent to 
(B/Bo)* and is therefore a two dimensional subspace of B*. By 6.1 and 3.6, A 
has a modulus of convexity 6 determined only by the modulus of flattening 
in B*, By 5.5, B is uniformly convex. 

To prove the corresponding result with B and B* interchanged requires a 
lemma related to 5.4 but stronger for its space. A factor space B*/B’ will be 
called a lower factor space of B* if there exists a subspace By of B such that 
B’ = BS. 

6.5 Lemma. If 8’ is a common modulus of convexity for all the two dimensional 
lower factor spaces of B*, then 8* defined by 5*(e) = 8’(€/2)/2 is a modulus of 
convexity for B*. 

If ||@:{] = 1 and ||6. — f&|| 2 € > O, there exist b; and & of 
horm one in B such that (6: — f2)(bi) 2 ||Bi — Bll — «2 = &/2 
and (8; + 82)(be) = || 6: + Be || — ’(e/2). If Bo is a two dimensional subspace 
of B containing b; and b. , C = B*/B¢ is a two dimensional lower factor space 
of B*. If c(8) is the element of C in which @ lies, || c(@:) + c¢(@:) || = 
inf gee, +89) |||, but || B|| = B(be) = (B1 + Be)(be) 2 | Bi + Be || — 8’(€/2) 
80 || c(8:) + c(e) || = ||.6. + Be || — 8’(e/2). Similarly || c(@.:) — ce) || 2 
( — (s)(b:) 2 ¢/2. Applying the hypothesis to C, 2(1 — 8(«/2)) 2 
|| (81) + c(Be) || = || Br + Be || — 8’(€/2), so || Bi + Be || S 21 — 8'(e/2)) + 
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5’(e/2) = 2(1 — 4'(€/2)/2); hence the given function 6* is a modulus of convexity 
in B*, 

6.6 Lemma. If B is uniformly flattened, B* is uniformly conver. 

This is a consequence of 6.1, 3.6, and 6.5. 

These lemmas can now be collected into one principal theorem. 

6.7 THeoreM. B is uniformly convex (flattened) if and only if B* is uniformly 
flattened (convex) and a modulus in one space is determined by that in the other, 

6.8 Corotuary. Every complete uniformly flattened space is reflexive. 

By 6.7, B* is uniformly convex, hence [6] B* is reflexive, so B is reflexive. 

6.9 Lemma. If B’ is a finite dimensional subspace of B*, and By = Bi, = 
(b | B(b) = O if B e B’}, then B’ = By = By. 

Take 6, , --- , 8, linearly independent and such that their linear combinations 
fill up B’; then if 8 is not in B’, the set of equations 6,(b) = --- = 8,(b) = 0, 
8(b) = 1 has a solution [5, Lemma 1] so @ is not in Bo. 

6.10 THEorEM. B is uniformly flattened if and only if there is a common 
modulus of flattening for all the factor spaces of B and a common modulus of flat- 
tening for all the two dimensional factor spaces of B. 

If B is uniformly flattened, B* is uniformly convex. If B/Bp is any factor 
space of B, By is equivalent to (B/Bo)* and has the modulus of convexity 6* 
of B*, hence B/By has a modulus of flattening determined only by 6&*, so the 
factor spaces of B have a common modulus of flattening. 

If B’ is any two dimensional subspace of B* and if By = Bi, by 6.9 B’ = Bi 
so B’ is equivalent to the (B/B,)*. Therefore (B/B,)* is two dimensional and, 
by 3.6, a modulus of convexity in B’ is determined by the given common modulus 
of flattening of the two dimensional factor spaces of B. Hence the two dimen- 
sional subspaces of B* have a common modulus of convexity, so B* is uniformly 
convex and B is uniformly flattened. 


7. Mapping constants. 


In [2] and [4] I considered the norms of isomorphisms of certain finite dimen- 
sional spaces into a uniformly convex space B, Theorems 5.5 and 6.7 can be 
applied to give certain related results. Let A and B be normed vector spaces; 
then as in [4] let K(A, B) = supyjri)<1 infyjajj_1 || Ta ||. Then (A, B) > 0 
if and only if A is isomorphic with some subspace of B. If L, is the n-dimen- 
sional space of points (4, --- , tn) with || (4, ---, tn) || = Dosen | ti | and M, = 
L*. and if B is a space with a modulus of convexity 6 which is continuous on the 
left, 5.1 and Lemma 4 of [4] assert that k(L2,, B) < [1 — 6(2k(L, , B))]” and 
k(M,, B) S [1 — 6(2k(M,, B))]"". These inequalities were used in [4] to 
prove that if B is uniformly convex, then lim, k(Z, , B) = lim, k(M, , B) = 9. 
7.2 is related to this result. 

7.1 Lemma. For any A and B and any & > 0, there exists a factor space C 
of B* such that k(A*,C) > k(A, B) — é. 

If k(A, B) = 0, this is obvious; if not let T be any isomorphism of A into B 
of norm < 1 and define T* from B* to A* by T*8(a) = B(Ta) for all ain A, 
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3in B*. It is well known that every a in A* is the image under 7* of a 8 in B* 
and that 7*8 = @ means 7*8(a) = 0 for all ain A or 8(b) = O for every b in 
B), the image of A under 7’; that is, 7* carries By into the zero element of A. 
Hence T*' defines a 1-1 mapping 7; of A* onto C = B*/B,, where Tia 
c(3) if 7*8 = a (as before, c(B) is the element of C in which 8 lies). 

| T || < 1so|| 7* || S 1; therefore || Ta || = infser, || 8 || = infresee || 6 || 
|a||. By the equivalence of C and Bg , define T,a(b) for b in By by Tya(b) 
a(b) for any B in Tia. Then || Tia || = sup))oj)<1i,ves, | Tie(b) |; if & || a || 
| Ta || < || a|| for all a, then || @ || = sup)jajj<i{ a(a@) | = supjjajj<i| Tia(Ta) | = 
supj|oii<k,besy | Tia(b) | = k || Tia || so || Ti || S 1/k. Hence 7’ = 71;/|| T: || 
is a mapping of A* onto C such that || a@|| = || 7’a|| = k || a@|| for every a 
Hence k(A*, C) > k(A, B) — tif k > k(A, B) — &. 

7.2 ToeorEM. If B is uniformly flattened, that is, if B* is uniformly convex, 
then lim, k(L, , B) = lim, k(M,, B) = 0. 

If A = Ln, C = C, in 7.1, by 7.1, 5.5, and the result quoted from 
[4] k(M,, Ca) S [1 — 6(2k(M,, C,))]""; as n increases, just as in [4] 
kK(M,, Cn) 2 0. For any é > 0 it follows that lim, kK(L,, B) — § S 0 
so lim, k(L,, B) = 0. Interchanging L, and M,, in this argument gives 
lim, k(M,, B) = 0. 

7.3 Corottary. Jf B or B* is isomorphic to a uniformly convex space, then 
lim, k(L, , B) = lim, k(M, , B) = 0. 

This follows from 7.2 and the results of [4]. 

This corollary gives a necessary condition for isomorphism of B or B* with a 
uniformly convex space. It is not known whether the condition is sufficient, 
or, even stronger, whether the condition lim, k(L,, B) = 0 implies that B is 
isomorphi¢ to a uniformly convex space. If the latter hypotheses were true, it 
would imply, by 7.3, the pretty result that every uniformly flattened space is 
isomorphic to a uniformly convex space; that is, that B is isomorphic to a uni- 
formly convex space if and only if B* is isomorphic to a uniformly convex space. 
This seems unlikely, but I know of no counterexamples. 
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ft TRANSFORMATIONS OF WIENER INTEGRALS UNDER TRANSLATIONS 


By R. H. Cameron AND W. T. Martin 
(Received September 20, 1943) 


Introduction 


In his paper on Generalized Harmonic Analysis (in which references to his 
earlier work are given) N. Wiener [I] defines an average or integral over the 
space C of all functions x(t) continuous in 0 S ¢ S 1 and vanishing at ¢ = 0, 
The integral proved to be very useful in the theory developed there. More 
recently, the present authors [II] have shown that the solution of a fairly general 
non-linear equation can be expressed in terms of certain Wiener integrals. In 
view of these rather distinct problems in which the Wiener integrals have been 
useful, it seems worthwhile to develop further certain aspects of the Wiener 
integral. In the present paper we show how the integral transforms under a 
translation, and we consider special cases of translations which seem to lead to 
rather interesting results. Our first (restricted) transformation theorem is as 
follows: 

THEOREM 1. Let Fly] be a functional defined and Wiener summable over C, 
let F[y] be bounded in y(-) for y(-) in any uniformly-baunaled set, and let Fly] be 


i i ul continuous in the sense that if {y‘”(t)} is any sequence, of functions of C which 
| iy converge uniformly in 0 < t S 1 to y(t) then tc ey 
3 (1.1) lim Fly] = Fly). 


Let xo(t) be a given function of C with a first derivative x9(t) of bounded variation 
mO StS 1. Then under the translation 


(1.2) y(t) = x(t) + so(?) 
the Wiener integral undergoes the transformation 


Ww 1 
—| [zp ay 
(1.3) Fly] dwy = e pene 
a 


1 , 
—2f (70(t)de(t) 


Ww 
/ Flx + ale dy Z. 
Cc 


We will recall a basic property of the Wiener integral. Let n be a positive 


integer and let H(m , --- , nm») be a function of n numerical variables m , +** , m- 
Consider a functional H[y(t:), --- , y(tn)] for t:, --- , tn fixed. If H is Wiener 
summable and if 0 < t; S t2 S --- S t, S 1, then by the theory, the Wiener 


integral of H is given by 


[ H{y(t), Sa » y(tn)] dw ¥ 
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The idea to be used in the proof of Theorem 1 consists in approximating to 
the functional F[y] by some functional which depends only upon the values of 
y(t) at some set of n points. This will enable us to use the relation (1.4) and 
thus to work with the known transformation formulas of Lebesque integrals. 

Our second (and more general) theorem is obtained by approximating the 
characteristic functional of a quasi-interval by continuous functionals, thus 
obtaining the measure of a translated quasi-interval. From limits of sums of 
quasi-intervals we find the measure of genera! translated sets and from it the 
translation formula for unrestricted Wiener summable functionals. 

TueorEM 2. Let a(t) be a given continuous function vanishing at t = 0 
and having a derivative xo(t) of bounded variation 0 S t S 1; let T be a Wiener 
measurable subset of C, and let TT be the translation of T by ao(t); 7.¢., let TT 
consist of all functions x(-) of C for which x(t) = y(t) — ao(t) and y(-) «TT. Then 


1 Ww 1 
at Ul 2 al , 
‘ J ,tz0) af i 2f zo (tae) d 


TT 


w . 


(1.5) meas,[I'] = 
Moreover if F{y] is any functional for which either member of (1.6) (below) exists, 


then the other member also exists and the equation (1.6) holds: 


1 
2f zo(trar(t) 


| Fla + ale dy x. 
Tr 


Ww on iz 2 
as) [° Fluldey = 0 em 
r 


2. Proof of Theorem 1 


Let n be a positive integer, denote by t; the poiat 
(2.1) i; = 2 
n 


and for any function y(t) of C define a polygonalized form of y(t) by the relations 


§StS tu, 
ey 4 en ee 





22) yalt) = y(t) + YY =U G4), for 
bai mis i 
The subscript n on a function y(t), x(t), xo(t) ete., will denote that this polygon- 
alizing process has been carried out on the function. 
We form our functional Fly,] for the functions of (2.2). Since y,(¢) depends 
only upon the values of y(t) at the n points 4, ---, tn, it follows that there 
exists a function 


(2.3) H(m oS Mn) 
of n real variables m,--+, m, such that 


Next let M be any positive number. We define two subsets C y and C yon 
of C. The set Cy consists of all functions y(-) of C for which | y(t) | S M for 












Sets eee toe ange Pata eet Th 
Sox Aye ie debekne : 
Sed = 


=: pe ‘ re 
i = Sapte ainileate na clase 
; : ‘ - 
pepe ee alt: é is. 





388 R. H. CAMERON AND W. T. MARTIN 


Glhtmse t's 


1, 
which | y(j/n) | S M forj = 
Cuan = C won ; lim Cu,on = Ce. P 


nono 


and Cy,, consists of all functions y(-) of C {oy 


--,n. We note that 


(2.5) : 
Cu .— Cur if M < M', lim Cs = . 


M—2 


We will denote by 7'C y and TC x,» the images of C y and C y,, under the trans- 
lation (1.2). For example, TC » consists of all functions x(-) of C for which 
a(t) = y(t) — a(t) and y(-)eCy. 

Now by (1.4) and (2.4) we have 


Ww 


Flyn] dwy 
CM,n 


(2.6) M M 15 (nj—nj—1)? 
= 1m | af H(m, eee > Mnye ty j=2 tj—tj-1 dm -*+ dm, 
M M 
where 
ss cake —} 
Yn =m [ti(t,— th) +++ (tr — trad]. 


We next observe that if y(t) is the image of x(¢) under the translation (1.2) 
and if xn(t), 2o,n(t) and y,(t) are the polygonalized functions corresponding to 
x(t), xo(t) and y(t) respectively, then 


(2.7) Yyn(t) = an(t) + 2o,n(t). 

If we write 

(2.8) 25 = ys), & = 2tj), a; = alt), jf = 0,1,---,”, 
then under (2.7) the £’s undergo the translation 

(2.9) nj =&s+4;, j=l, 


On applying the transformation (2.9) to the n-fold Lebesgue integral in (2.5) 
we find that 


ad M—a; M—a, 
Flyal dey = 0 | ae +++ [ diy | H(i. + ar, +++ bo +) 
CM,n - M—a hn fiend 
(2.10) 
— > irtinw? _ 5 (aj-aj-u)?_, 5 (again) Ei—Ei-) 
°@ imi i te °@ j=1 tj—tj-1 -e j=1 tj—tj-1 . 


The next step is to interpret this n-fold Lebesgue integral as a Wiener integral 
(see (1.4)). Interpreting it this way and using (2.8) and the fact that 


x(t;) = ents), — Lo(t;) = Zo,n(ts), 





C for 


trans- 
which 


(1.2) 
ng to 


(2.5) 
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we find 





> [zo(t;)—zo(tj-1)]12 pw 
/ Fla, + on] 


Ww 
[ Fly, dip Y= @ jimi tj—tj-1 
CM,n 


TCM,n 


(2.11) 


n 
—2 D [z0(t ;)—z09(t s-1) Mz (tj) —2 (4 j-3)) 
1 


°@ i= dy X. 


This gives us a transformation formula over C y,, and hence over Cy,» for 
the polygonalized functions under the translation (2.7). To obtain our desired 
transformation formula (1.3) we let n approach infinity, (over the sequence 
1, 2, 2°, 2°,---), and then M. We will use the following two lemmas. 

Lemma 1. Jf y,(t) is the polygonalized form of y(t) as in (2.2) then 








(2.12) lim | Fly] dey = [ Fly] dey. 
LEMMA 2, 
lim > jae = ao(ba)P yg [aalt)) — zo(t-)) katt) — ac) 
an ee ty — tr 


= | tora+2 | a ace, 
0 0 


the convergence being bounded in x(-) for all x(-) in any uniformly bounded set. 
Remark: Since n now varies, it must be mentioned that the points t; = j/n 
vary with n. For the sake of simplicity in writing, we do not add another 
index n to the ¢;. 
Lemmas 1 and 2 when applied to (2.11) will yield the desired theorem at once, 


3. Proof of Lemma 1 
Let y(t) be a given function of C and let ¢ be a positive number. Then there 
exists an integer n> = no(e) such that 


|’ — t’’ | < i 


31 as. ” € 
(3.1) | y(t’) — y(t <5 for all “ 


Withn = mandi; <t< t 341 we have by (2.2) and (3.1) 





Iu) = val | = MD = VO | 10 — 4) + |) — vO 
(3.2) bt 


Hence 


(3.3) lim y,(t) = y(t) uniformly in 0 <7? <1, 
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and by the continuity of F (see (1.1)) we have 


(3.4) lim Fly] = Fly). 


no 


Also, since by hypothesis F is bounded over C » the convergence in (3.4) js 
bounded for y(-) in C4. Thus (2.12) holds for each fixed positive number MV. 
This yields Lemma 1. 


4. Proof of Lemma 2 


For convenience in writing we define 


(4.1) v[x(-); t] = zo(t) + 2x(f) 
and 
42) Pale] = YM = AD yfe-); 4] = vle-); bal. 


Then by the mean-value theorem 
(4.3) Pal] = Qo ao(t;) {le(-)5 6 — vie(-); bal 


for some t; in t;1 St; <i;. By the definition of the Stieltjes integral, since 


z(t) is of bounded variation and y[zx(-), ¢] is continuous in ¢, this expression 
P,,|x| approaches the integral 


(4.4) i] x(t) devlx(+); 


asn-—> 2. Thus, we have proved the convergence in (2.13). We have yet to 
show that the convergence is bounded in z(-) for all z(-) in any uniformly 
bounded set. This is quite easy. Let B be any uniformly bounded set of C. 
This means that there is a constant K = Kg such that 


(4.5) |a(t)| $< K for z(-) €B. 
We apply Abel’s transformation to (4.3); it yields 


n—l 


(4.6) Paw) = aoltn)la(-)5 1] — Do fao(tiss) — ao(t7) Wl2(-); Gl. 
ja 
Now y[x(-); t] = ao(t) + 2a(¢) is bounded in ¢ and x(-) for 0 S$ t S 1, a(-) €B, 
and also 79(t) is of bounded variation in 0 <t<1. Hence the P,[z] are bounded 
in n and 2(-) eB. This yields Lemma 2. 
On applying Lemmas | and 2 and the convergence property (1.1) of F to equa- 
tion (2.11) we obtain 


1 1 
—f (25 (t)12dt—2 fF 26 (t) dz Ct) 
J Jy dy X. 


a7 [Fila = [ __, Fle + ade 


On letting M approach infinity we obtain the desired result (1.3). 
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5. Proof of Theorem 2 


We begin our proof by eastblishing (1.5) and we first do this in the special 


case in which T = J, where J is the quasi-interval 


” Se Poss 
eH) Leewet 2..." 


, 
proper value — ©, so does £; — ¢, etc.) 


Let x:(y) be the characteristic functional of J, (i.e., x:(y) = 1 if yeZ and 0 


otherwise), and let 
(5.2) xnely) = LH ei(y(t)). 
I= 


It is easy to see that F(y) = xz,(y) satisfies the hypotheses of Theorem 1, for 
boundedness and Wiener summability are obvious, and continuity in the uni- 
form topology follows from the continuity of the individual ¢;,.(n). Hence 
(1.3) holds for x7, and we have 


zy (t)dz(t) 


Ww 1 
| Xrelv + ne Se d,2. 
c 


—filzoco rae 


(5.3) [ X1,e(y) dwy = ¢€ 


But it is also obvious that for each y in C, lim.oo x,y] = xzly], for 
if yel, xr,{y] = 1 for all e, while if y¢J, at least one of the inequalities (5.1) 
is not satisfied, and for sufficient small ¢ the corresponding ¢;,.(y(t;)) will be zero. 
Thus letting « —> 0 and applying the principle of monotonic convergence to 
(5.3), we have 


1 
dz(t 
—2f 70) z(t) i 
> 


Ww _f fe’ (2) 12ae 
[ xi(y) dwy = e So ¥ [ xilz + axle 


which is equivalent to (1.5) with T = J. 

We next establish (1.5) in general by progressively enlarging the scope of I’. 
Since both sides of (1.5) are completely additive functions of I’, it follows at once 
that (1.5) holds for any enumerable set of quasi-intervals which have only bound- 
ary points in common. But any measurable set I can be expressed as a set To 
of measure zero plus the limit of a decreasing sequence of sets T;) D T2 D-:- 
in which each I, is the sum of an enumerable set of quasi-intervals with only 
boundary points in common. Applying (1.5) to each I, and taking the limit 
as k — «©, we obtain (1.5) for ! by monotonic convergence. Thus (1.5) holds 
In general, 

Coming now to a consideration of (1.6), we note that 
— f 2p o Vat—2f 'zo(trdz() 


(5.4) E(z)=e 


0<h<--- << 1S" 

(It is permissible for any f; to be —* and any fy to be +2.) Now let 
«> 0 and let ¢;,.(n) be a continuous “trapezoidal” function which equals zero 
outside the interval f; —-€ex9< ; + ¢, equals unity inside the interval 
ii<an< ¢ , and is linear on the remaining intervals. (If t. takes on the im- 
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is a Wiener measurable functional of x(-), and hence that the measurability of 
F(y) on T implies the measurability of E(x)F[z + 2%] on TT. We need therefore 
only consider the absolute value of the functional so far as integrability js 
concerned. 

Let us first consider the case in which the functional F is bounded and non- 
negative. Let 0 < F(y) < M onT, where M is an integer, and let us consider, 
for a fixed positive integer n, the sets T;, such that y eT, if y e T and if 


_ k 
(5.5) a Kies k = 1,2, +++, Mn, 
n n 
Then we have 
k-1 “i k 
(5.6) —— meas, (T;) S / F(y) d~y S — meas, (T,), 
nN lr; n 


and from (1.5), (5.4), and (5.5) we have 


Ww 
k—-1 meas, (Tx) = dill | E{z] it 3 / Fix + ao] E[a] Ay x 
n n TT, TT, 


(5.7) 


Ww 


< od Elz] d, x = k meas, (I;). 
NTT, n 


But (5.6) and (5.7) imply that 


1 


im Fly] dw Y yet . Fla + rol E(x) dw < s meas, (T;,) 


and we obtain on adding for k = 1, 2,---, Mn 
J Fly] dwy — / Fla + aE (x) doz! < : meas, (I). 
r TT | n 


Letting n — ~, we obtain the equality of these integrals, and (1.6) is established 
for non-negative bounded functionals. 

Next take a non-negative functional F which is not bounded, and let F y(y) = 
min (M, F(y)). Then we have (1.6) holding for F , and hence for Ff’, by mono- 
tonic convergence. Finally, if F is any real functional, the theorem holds for 
||. Then if the integrals exist for | F |, they exist for the positive part of 
F and the negative part of F, and (1.6) holds for both and hence for F itself. 
This concludes the proof of Theorem 2. 


6. An application of the translation theorem 


By applying the translation formulas of Theorems 1 and 2 to various special 
cases of functionals F[y] we are able to obtain formulas for the evaluation of 
various Wiener integrals. To illustrate this, we shall give a new proof of a 
special case of a theorem of Paley and Wiener [ITI]. 
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Lemma 3. Let a(t) be real and of bounded variation on 0 < t S 1, and let a pee 


be so normalized that : 
61) a(1) = 0. We 
Let : | | 
(6.2) A= / l [a(t)? dt ne 


and let G(u) be a (real or complex) measurable function defined on —-~ <u < &. t 
Then a necessary and sufficient condition that 


G [ x(t) da | 


be a Wiener measurable function of x(-) over C is that 


Before giving the proof of this lemma, we will derive a corollary to it. ah 
Corottary. Let B(t) be a real function of class L, on 0 S t S 1, let eet th 


e“'G(Au) | 

be of class L; on —~2% <u< «©. Moreover, if this condition is satisfied, | a 

as ’ 1 " —y2 Hi] } 

(63) [ ¢ | z(t) dat) | dz = Fe [ela au. | i | 
1 - 





1 1 2 petal 11 i 
(6.4) A= i I | I B(é) ae dt, ial 











and let G(u) be a (complex) measurable function on —~x <u < «©. Thena ! Li 
necessary and sufficient condition that Bali £yiil 
1 ?. 
G 1 [ sow a| 
0 
be Wiener summable over C is that eG(Au) be of class Ly on —-~ <u < &. s hy 


Moreover, we will then have 


(6.5) fe G | I " B()a(t) at| a a 7 [ e"G(Au) du. 


The corollary follows from Lemma 3 by putting 


(6.6) a(t) = — / B(E) dé. 


By specializing the function G in (6.5) we obtain various results. For exam- 
ple, if G(u) = wu?” we find 


r. | TORO aul or ie vn [te au 


(6.7) 
a A (= 5 ), 
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In the next section, we prove Lemma 3. 


7. Proof of Lemma 3 


We carry through the proof of Lemma 3 in successive stages. 
Srer 1. We establish (6.3) for 


(7.1) G(u) = é 


where \ is an arbitrary real number. Take 

. df’ 

(7.2) w(t) = > [ aie) at 
0 


Ww 
and apply the translation formula (1.3) of Theorem 1 to the integral | 1-dyy 
. 
under the translation y(t) = x(t) + a(t). Thus 


Ww Ww _ te’ (4) 2at—2 fz? (4) az (t) 
(7.3) 1=/ dey = [ l-e S,\* Jor dy x, 
Cc Cc 
so that 
'ra'(t)J2at W _.f'2'(t)dz(t) 
(7.4) ge : =| e 2J 70 dex, 
Cc 
or 
AZ ¢l 1 
FF eas = € a aetna — 
Cc 
7.5 
5) W nf iz(tda Ct) 
= | g** def. 
Cc 
A direct calculation yields 
1 e —u2 Au = 
(7.6) ale e~"du=e 4 
and thus (6.3) holds for G(u) = e“ with ) real: 
Ww nf (2 (tde(t) 1 me 
7.7 e°? ot = | —u? Au ’ 
(7.7) [ dw Xx ae « e" du 


Step 2. We next establish (6.3) for G(u) = e“ with \ complex. (While the 
Wiener integral is originally defined for real functionals, we can easily extend 
the definition to complex functionals by breaking into real and imaginary parts). 

If A is real, we have (6.3) for G(u) = e*“ and e *“ and hence for G(u) = cosh 
Au; the existence of the integral is guaranteed by our translation theorem, as 
applied in Step 1. Now in the domain | \| < A, the function e” is dominated 
by 2 cosh Aw. If we consider the left member of (7.7) as a function of \ and 
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integrate around a contour, we are able to interchange the order of integration 


af ie(eda(e) 


by the mixed Fubini theorem. But the integrand e is analytic in 


\ for each x(-) in C, and its integral around a closed contour in the )- plane is 
gero. Hence, by Morera’s theorem the integral 


Ww 1 
/ Meroe (t) 


Cc 


wv 


is analytic in A. Obviously, the right member of (7.7) is analytic in \. Since 

both members of (7.7) are analytic in \ and since they are equal for \ real, the 

equality (7.7) must persist for complex values of \. This completes Step 2. 
Srep 3. We establish (6.3) when G(w) is a real absolutely continuous function 

vanishing outside a finite interval and having an essentially bounded derivative. 
Let g(v) be the Fourier transform 


(7.8) g(v) = Bs i. e“’G(u) du. 


Then g(v) is an entire function of v and is of class LZ, on the real axis, and 


(7.9) G(u) = [ e'“"g(v) dv. 


Thus 
r " if - dat | ah -f" if {oh poem av) i} - 
= {. g(v) {f" agre dz) dv 


4 


= [ g(v) iw [ ce" a} dv 
= v7 é: eo” if e'”4'9(v) iv} dt 


9 =z a e-"G(Ad) dt, 
and (6.3) holds for the function G of Step 3. (The changes of integration are 
justified hy Fubini’s theorem, since g(v) is of class L, , and the complex exponen- 
tials are of absolute value 1). 

Step 4. We establish (6.3) when G(w) is a real bounded measurable function 
Vanishing outside a finite interval. This is done by the use of a smoothing proc- 
ess on G(w) and the principle of dominated convergence. We omit the details. 

Sree 5. We next establish the general theorem for real non-negative G(u). 
This is established in the customary way by use of the principle of monotone 
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convergence. The existence of one side proves the existence of the other, and 
hence, we obtain the desired necessary and sufficient condition of Wiener sum. 
mability. 

Srep 6. The case of general complex-valued functions is established by 
combining the four parts, real positive, real negative, pure imaginary positive 
and pure imaginary negative. 

This establishes the general lemma, including summability of the integral, 

Lemma 3 and the Corollary furnish means of calculating various Wiener 
integrals. 
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